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Abstract

We develop a rigorous framework for the description of general local composite observables
in Euclidean quantum field theories. The approach is nonperturbative and combines renor-
malisation group ideas with techniques of stochastic analysis. Via renormalisation dictated
by sufficiently precise approximate solution theory of corresponding flow equations, we con-
struct various local observables of the sine�Gordon model on the full space up to �2< 6�,
including highly singular ones such as vertex fields exp(i��(y)) in the optimal Wick regime
j<e(�)j < 4� /� and derivatives of arbitrarily high order, i.e. @��(y) for any multiindex
� 2 N02. Applications of the approach include a direct proof of smoothness of observable-
inserted correlation functions, and verification that the constructed objects satisfy a version
of the prefactorization algebra axioms adapted to our setting.
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1 Introduction

The purpose of this paper is to develop an understanding of observables of Euclidean (quantum)
field theories, i.e. to provide a nonperturbative, probabilistic framework for the construction and
analysis of nonlinear functionals of certain generalized random fields. Euclidean field theories
are notoriously difficult to construct and describe, in part owing to the need for renormalisation:
heuristically, their laws are given by the Radon�Nikodym derivative

�d�(�)/ e
�
¡�
Z
Rd
V~(�(x))dx

�
d�(�)�

with � a measure on S 0(Rd) that is not supported on any space of bona fide functions, thus making
the expression V~(�(x)) for general nonlinear V~ a priori ill-defined. To give rigorous meaning to
such measures �, one therefore needs to understand how the nonlinearities give rise to singularities,
and remove them in a way that does not lead to trivial objects.
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After a random field '1 with Law('1)= � has been constructed, one would like to study expres-
sions of the form

R Q
j q
(j)(�(yj))d�(�) with yj 2Rd and q(j) nonlinear functions. One then finds

themselves facing the above renormalisation problem again. What is even worse, the q(j) are
allowed to be much more singular than V~ , in fact so much that for any field '1, it is not guaranteed
that after renormalisation, the �correct� object Jq(j)('1(yj))K exists as an S 0(Rd)-valued random
variable (take, for example, monomials of sufficiently high order derivatives of '1).

Our approach is based on the scale-by-scale coupling of the free field with the interacting EQFT
[5]. In this framework, the target random field '1 is realised as the terminal value of a field-valued
Markov process ('t)t2R+. The interpretation of the parameter t is energy scale or resolution; the
law of 't is the Wilsonian effective description of the interacting field theory. The infinitesimal
generator L V of the process is determined by the effective potential (Vt)t2R+ of the theory, which
in turn is given by the solution of the renormalisation group flow equation.

To renormalise a nonlinear functional q of the field '1, one then needs to study the kernel of the
unbounded operator L V . Since precise control of the Polchinski equation is in general difficult
without a priori knowledge about the theory, we construct scale-dependent functionals (qt)t2R+
such that L Vqt0 approximately in some appropriate topology. To obtain the full nonperturbative
correlation functions, we then employ a probabilistic correction. Indeed, by Ito's formula, the
process Q := (Qt)t2R+, where

Qt := qt('t)+E
�Z

t

1
L Vqs('s)ds

��������'t�; (1.1)

is a martingale in the filtration of '. Whenever the martingale Q is closed with �('1)-measurable
terminal value, the random variable Q1 is the functional q1('1) of the UV-complete field one
is interested in. However, the above martingale, and hence the expectation hQi :=E[Q0], is well-
defined even if q1('1) fails to exist as a random element of S 0(Rd). This latter failure of existence
is indeed the case for sufficiently high Euclidean dimension d or sufficiently singular functional q1
(e.g. Wick square of the free field in d= 4, cf. [2], see also [1]). We define the martingales Q as
the observables of the theory '1, and denote by Jq(')K :=Q where q is the �classical core� of the
functional they arise as renormalisations of; see Section 2 for precise definitions.

We carry out the above program for various observables of the infinite volume massive sine�Gordon
model, which is defined as follows. Given a T <1, � 2 Cc1(R2) with � (x)2 [0; 1], � 2R, � > 0,
denote by

�T
�(�) :=ZT

¡1exp
�
¡�
Z
R2
�(x): cos(��(x)):T dx¡ cT

�
d�T(�) (1.2)

where �T is the centered Gaussian measure with covariance
R
0

T
s¡2exp(¡s¡1(¡�R2+m2))ds,m>0,

: �:T denotes Wick ordering with respect to �T , cT is a diverging constant corresponding to vacuum
energy renormalisation, and ZT is a normalisation constant to keep �T a probability measure.
A limit of f�T

�(�)gT ;� as T !1 and �! 1R2 is called an infinite-volume sine�Gordon(�2; m; �)
measure. The construction of the interacting scale interpolation process ('t)t2R+, which we take as
starting point, was carried out for this model in [29] in the regime �2< 6�. Our first main result
is the following

Theorem 1.1. Let �2< 6�, m> 0, �2R, fix y 2R2. There exists a process ('t)t2R+ such that
�T
�(�)! Law('1) weakly in H¡"(hxi¡n) for every " > 0, n> 2 as T!1 and �! 1R2, possibly

along a subsequence. The following local observables associated to ' exist:

� J'k(y)K for any k 2N0

� J@�'(y)K for any multiindex �2N02

� J@�ei�'(y)K for any �2C with real part j<e(�)j< 4�/� and multiindex �2N02.

In each of these cases, there exist scale-dependent functionals qt with limt!1 kqt('t)¡QtkL1=0.

2



We emphasize that our method does not require smallness of the coupling constant � for any
purposes.

The condition j<e(�)j< 4�/� on the Wick renormalised vertex field Jei�'(y)K is conjectured to be
optimal [35]. The way we achieve this condition is through a novel screening mechanism developed
for external vertex insertion, i.e. sharp L1 bounds on the propagator of the corresponding linear-
ised Polchinski equation; see Section 5.2 and in particular Lemma 5.4 below. This can be considered
the main model-specific contribution of the paper.

In our framework, the product of observablesQ(1),Q(2) is again a martingale, denoted byQ(1)?Q(2),
that satisfies the approximation property

lim
t!1





(Q(1)?Q(2))t¡Qt
(1)

Qt
(2)





L1=0:

As a consequence, whenever the martingales are closed and therefore their terminal value exists as
a random variable, we have

hO(1)?O(2)i=E
�
O1
(1)

O1
(2)�;

a property that any sensible notion of product should satisfy. The details of the definition of the
product ? are given in Section 2.

Denoting the linear span of above observables considered in Theorem 1.1 by OWloc, the following
result shows that we can construct any finite products of elements of OWloc, provided they are
local at distinct points. Moreover, we prove that OWloc admits a structure similar in spirit to the
prefactorization algebras of Costello�Gwilliam [18],[19].

Theorem 1.2. Suppose (�2; m; �) satisfy the conditions of Theorem 1.1. For any Q(1); : : : ;

Q(n)2OWloc localized at pairwise distinct points y1; : : : ; yn2R2, their product Q(1)?: : :?Q(n) exists.
Moreover, the assignment

(Q(1); : : : ;Q(n)) 7!Q(1)?: : :?Q(n)

is associative, commutative, n-linear, and admits identity.

In particular, given disjoint finite index sets J ;L;M �N, fkjgj2J �N0, multiindices f�lgl2L�N02,
f�mgm2M �C with j<e(�m)j< 4�/�, we prove that the correlation functions*Y

j2J
J'kj(yj)K

Y
l2L

J@�l'(yl)K
Y
m2M

Jei�m'(ym)K
+

(1.3)

exist for any fyigi2J[L[M �R2 such that yi1=/ yi2 whenever i1=/ i2. It is natural to ask about
the smoothness of such correlation functions in the insertion points yi. As the integral kernel of
(¡�+m2)¡1 is smooth outside the diagonal, we expect the same property to be inherited for the
observable-inserted correlation functions. Given an n2N, the big diagonal Diagn is defined as

Diagn := f(x1; : : : ; xn)2 (R2)n:9i=/ j 2f1; : : : ; ng s:t: kxi¡xjk=0g:

We then have the following

Theorem 1.3. Suppose (�2; m; �) satisfy the conditions of Theorem 1.1. For any Q(1); : : : ;
Q(n)2OWloc, the correlation functions

(y1; : : : ; yn) 7! hQ(1)(y1)?: : :?Q(n)(yn)i

are C1 on (R2)n nDiagn.

We note that our proof strategy is general and relies only on the translation invariance of the
Gaussian free field.
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1.1 Related literature
Composite observables are important not only from the viewpoint of physical applications, but
also from that of pure mathematics: studying the structure of observables in quantum field theory
has inspired progress in functional analysis [30],[3] and various subfields of algebra and geometry
[13],[33],[43]. We highlight, in particular, the work of Costello�Gwilliam [18],[19], which in turn
served as an inspiration for us to set up the framework of Section 2.4.
As we have mentioned, our approach builds on the scale decomposition process ' of the interacting
field theory. This point of view can be traced back to [7]; we refer to [46], [24] for this perspective
in the context of fermionic theories. As we have mentioned in the introduction, in the present
work we rely on the construction of the sine�Gordon scale decomposition process obtained in [29].
See also the preprint [5] for a conjectural framework for the description of Euclidean field theories
based around the process '.
The sine�Gordon model is an important example of a scalar bosonic interacting quantum field
theory. The parameter � in (1.2) governs the singularity of the perturbation, and hence the
difficulty of the renormalisation problem; in our convention, naive Wick renormalisation of the
potential is sufficient when �2<4�, and the theory is superrenormalisable/subcritical in the regime
�2< 8�. It has a long history of mathematically rigorous study with various methods in various
parameter ranges, see e.g. [27], [23], [42], [4], [6], [14], [36] and references therein.
We would like to highlight the continuous-scale renormalisation group approach to the model that
relies on convergence of perturbation theory of the effective potential, initiated by the breakthrough
work of Brydges�Kennedy [15] in the parameter range �2<16�/3 and extended to �2<6� recently
by Bauerschmidt�Bodineau [7]. Such perturbation theory is in fact nontrivial owing to the non-
polynomial nature of the cosine� see the series of papers [12], [38], [37], the recent work [36], and
for similar problems in the context of regularity structures, [32] and [16]. Many of the technical
difficulties we face in this paper stem from reconciling how this �Mayer-type� perturbation theory
behaves in the presence of the external field insertions of Theorem 1.1.
Rigorous construction of composite observables of the sine�Gordon model has been of great interest,
in part because of the Coleman correspondence [17], a conjectured duality between massless
sine�Gordon and massive Thirring model observables. For partial verification, see [11], [22], [10]
and references therein. In the Wick regime �2< 4� and in the presence of an adiabatic/finite
volume cutoff, [26] and [34] studied the insertions of products of first-order derivatives, Jei��(y)K
for j�j= � < 4�

p
, and the stress-energy tensor. For the massless model in infinite volume at

the free fermion point �2= 4�, the vertex fields Jei��(y)K for j�j< 4�
p

have been constructed
recently in [9] with imaginary multiplicative chaos techniques, and the corresponding one-point
function has been shown to satisfy the Lukyanov�Zamolodchikov formula [35]. See Remark 6.3
for a discussion of parameter regimes of (�; �) in relation to our construction.
For general scalar bosonic EQFTs, the Osterwalder�Schrader axioms ([40], [41]) imply real analyti-
city of the Schwinger functions at non-coinciding points (see [28], Chapter 19). As for smoothness
of observable-inserted correlation functions, the only proof we are aware of is for the Seiberg
bound-constrained vertex operators of Liouville conformal field theory [39], relying on the Gaussian
Multiplicative Chaos construction of the model [21]. Our proof is based on a direct flow equation
argument, applies for all composite observable insertions we consider, and relies only on translation
invariance of the free field. Moreover, the argument itself does not rely on smallness assumption
of the coupling �, and hence, in principle can be employed in cases where full verification of the
OS axioms is not yet known.

1.2 Notation
We write N= f1; 2; : : : g, N0=N[f0g, and R+= [0;1). Given an `2N0, denote by

1: ` := f1; : : : ; `g; 1: 0 := ;:

For index sets I1; I2� 1: `, we denote their union by I1
U
I2 instead of I1[ I2 when I1\ I2= ;.

Throughout the paper, unless stated otherwise, � denotes an element of Cb1(Rd) with �(x)2 [0; 1].
We either take �� 1 or �(x) := �R(x) := %(x/L) for some L> 0 and % fixed compactly supported
test function.
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Given an x2Rd and t� 0, set

hxi := 1+ jxj2
p

; lt := 1+ log(1_ t):

We do not keep track of logarithmic factors throughout the paper, hence the exponent c of ltc may
change between occurrences.

Write A.B if A�CB for some constant C > 0 independent of the variables and cutoffs under
consideration, and A�B if A.B and B .A. Dependence of C on parameters is sometimes
indicated by subscripts.

For a multiindex �2N0d, denote

j�j :=
X
k=1

d

�k; @� :=
Y
k=1

d

@zk
�k

For a Banach space E, we write Lp(
;E) for the corresponding Bochner-Lebesgue space.

Given a real Hilbert space E and a bounded linear functional f 2L(E;R), we denote by f ]2E
the unique vector induced by the Riesz�Frechet isomorphism: hf ]; eiE= f(e) for all e2E. For a
Frechet differentiable functional f :E!R, we denote its derivative at � 2E by Df j�2L(E;R),
and abbreviate (Df j�)] to Df ]j� or Df j�

] .

Once an arbitrary filtration (Ft)t�0 is fixed, we write Et :=EtF :=E[�jFt]. Conditional expectation
with respect to the Brownian filtration (Ft

B)t�0 is denoted by EtB.
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(EP/Z534328/1). P.P. is supported by the EPSRC Centre for Doctoral Training in Mathematics
of Random Systems: Analysis, Modelling and Simulation (EPSRC Grant EP/S023925/1).

P.P. would like to thank Christopher Beem, Tom Klose, Jaka Pelai£, Andrea Pitrone and Martin
Peev for useful discussions and comments on earlier versions of the manuscript and related topics.

Special thanks go to Sarah�Jean Meyer for countless insightful conversations.

This paper has been written in TEXMACS (www.texmacs.org). All colons and semicolons of this
article were generated by P.P.

2 General theory of stochastic observables

2.1 Motivation
The basis of our approach to local composite operators is that from a renormalisation group
point of view, the natural notion of an observable of a field theory is a martingale with respect to
the filtration generated by the multiscale description of the theory, instead of a functional of the
interacting field. In this subsection we sketch the motivation behind this idea; the discussion here
is semi-informal and rigorous mathematics starts in Section 2.2.

Let (G_ u)u2R+ be such that
R
0

1
G_ udu= (¡�+m2)¡1, and denote by �s;t the centered Gaussian

measure with covariance Gs;t :=
R
s

t
G_ udu, s� t 2 [0;1]. Suppose we have access to the effective

potentials (Vt)t2[0;1], a family of functionals satisfying the RG equation

Vs(�)=¡log
Z
S 0
e¡Vt(�+�)d�s;t(�) (2.1)

for all s� t2 [0;1] (see e.g. [8] for a review for mathematicians). We then may define the renor-
malised/effective measure �t as

d�t(�) :=Zt¡1e¡Vt(�)d�0;t(�); (2.2)

interpreted to be the part of the model that is visible to a detector of resolution at most t. Here
the normalisation constant Zt is chosen so that �t is a probability measure.
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One way to think about the RG equation (2.1) is that it gives rise to the scale description process
't we mentioned in the introduction, and encodes the Markov property. To see this, define for
bounded Borel functions h:S 0(Rd)!R the linear operator

Ps;th(�) := eVs(�)
Z
S 0
e¡Vt(�+�)h(�+ �)d�s;t(�):

Note that we can express taking expectation with respect to the effective measures in terms of the
action of Ps;t. Indeed, using (2.1) and (2.2),Z

S 0
h(�)d�t(�) = 1R

S 0e
¡Vt(�)d�0;t(�)

Z
S 0
e¡Vt(�)h(�)d�0;t(�)

= 1
e¡V0(0)

Z
S 0
e¡Vt(0+�)h(0+ �)d�0;t(0+ �)

= P0;th(0):

We also see that Ps;th� 0 whenever h� 0, Ps;t1= 1 and, as h is bounded, V1 is assumed to be
bounded from below and �s;t is a probability measure, by dominated convergence Ps;t preserves
pointwise convergence. Moreover, as lims!t�s;t= ��=0 weakly we obtain Pt;t= id. Finally, the
Chapman�Kolmogorov identity is a consequence of the convolution semigroup property of Gaussian
measures: for all s�u� t we have �s;t= �s;u � �u;t, thus

Ps;uPu;th(�) = eVs(�)
Z
S 0
e¡Vu(�+�)Pu;th(�+ �)d�s;u(�)

= eVs(�)
Z
S 0
e¡Vu(�+�)eVu(�+�)

Z
S 0
e¡Vt(�+�+�)h(�+ � + �)d�u;t(�)d�s;u(�)

= eVs(�)
Z
S 0
e¡Vt(�+�)h(�+ �)d�s;t(�)

= Ps;th(�):

Thus Ps;t(�; A) :=Ps;t1A(�), �2 S 0, A2B(S 0) defines a Markovian transition kernel describing
the evolution of the measures �t:

Ps;t� �s(A) :=
Z
S 0
Ps;t1A(�)d�s(�)

=
Z
S 0
eVs(�)

Z
S 0
e¡Vt(�+�)1A(�+ �)d�s;t(�)d�s(�)

= 1
e¡V0(0)

Z
S 0
e¡Vs(�)eVs(�)

Z
S 0
e¡Vt(�+�)1A(�+ �)d�s;t(�)d�0;s(�)

= 1
e¡V0(0)

Z
S 0
e¡Vt( )1A( )d�0;t( )

= �t(A):

(2.3)

Hence, by Kolmogorov's consistency theorem2.1 there exists a probability space (
;A ; P) with
associated Markov process ('t)t2R+ in its canonical filtration Ft :=�('s:s� t) such that Law('t)=
�t.

In the usual probabilistic approach to EQFTs ([28], [44]), observables are defined as real-valued
functionals f1 of '1, or equivalently by a Doob�Dynkin argument as �('1)-measurable random
variables F1: 
!R. Given such an observable F1, we may define Ft as conditional expectation
with respect to Ft. Explicitly, setting Ft := ft('t) with

ft(�) :=Pt;1f1(�)= eVt(�)
Z
S 0
e¡V1(�+�)f1(�+ �)d�t;1(�);

2.1. All the EQFTs we are interested in are expected to be supported on some weighted Sobolev space of sufficiently
low regularity, hence we may replace S 0 with these spaces so that the assumption of Polishness on the state space
is satisfied.
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by (2.3) we see that for all s� t,

E[ft('t)jFs] =E[Pt;1f1('t)j's] =Ps;tPt;1f1('s)=Ps;1f1('s)= fs('s):

In particular, expectation is preserved along the flow:Z
S 0
ft(�)d�t(�)=

Z
S 0
Pt;1f1(�)d�t(�)=

Z
S 0
f1(�)dPt;1� �t(�)=

Z
S 0
f1(�)d�1(�)

That is, we constructed a martingale F =(Ft)t2R+ with L1(
)-limit F1 such that Ft is the effective
description of the original observable F1: it contains details only up to resolution t and averaging it
with respect to the effective measure �t yields the same result as averaging the original observable
F1 with respect to the UV-complete EQFT �1. Thus observables, in the usual sense, may be
identified through their multiscale effective description with a subset of martingales with respect
to the scale decomposition filtration F .

It is a well-established fact that the random variable language is insufficient for a proper description
of composite observables: it has been shown in [2] that the Wick square of the Gaussian free field,
defined through analytic continuation of the Wick square of the relativistic free field, cannot exist
as an S 0(Rd)-valued random variable for d�4. That is, h:'2:; giS 0;S, g2S(Rd) is not a real-valued
random variable, i.e. the problem is not only �spatial� but also �probabilistic� regularity. One
expects a similar result for high enough Wick powers also in d=3. The approach taken in [2] is
to regard such objects as S 0(Rd)-valued bona fide Hida distributions; see [1] for further discussion
on this.

To circumvent the above issue, we thus define observables to be all F -martingales. This is a proper
generalization to the random variable language: those martingales that are not closed (equivalently,
by Doob's martingale convergence theorem, not uniformly integrable) do not correspond to an
observable F1 in the traditional picture. Intuitively, this generalization has, in some sense, similar
flavour to that of classical versus generalized functions: the notion of observable is �completed� by
getting rid of uncomfortable convergence issues in the t!1 limit; yet the rigidity in the structure
of a martingale preserves enough information so that important computations can still be carried
out. Moreover, as we will see, the multiscale point of view inherent in the martingale description
is actually helpful in proving properties of observables.

2.2 Definitions and setting

Denote by H a Hilbert space densely and continuously embedded into S 0(Rd), where the latter is
endowed with the strong topology. For practical purposes, it is convenient to take H :=Hk;`(Rd)=
B2;2
k (hxi¡`) with k; `> 0 a polynomially weighted Sobolev space of positive regularity. The para-

meter k will be chosen based on the particular observables we are interested in, e.g. we will usually
assume that H ,!C so that point evaluations �x are continuous functionals on H; this can be
achieved with k >d/2 by Morrey's inequality.

Let us fix a probability space (
;A ; P). Consider a filtration F = (Ft)t2R+ on (
;A ; P) and a
stochastic process '= ('t)t2R+ adapted to F such that 't: 
!H for every finite t. We assume
that 't converges at least P-a.s. in the weak* topology of S 0 to a random variable '1: 
!S 0.
Denote by Et[�] :=E[�jFt].

The interpretation of this setting is as follows. Law('1) is the probability measure we are inter-
ested in (usually an EQFT, but note that the framework is more general), the process ' is the
scale interpolation process of '1 associated to the coarse-graining procedure encoded in F ; that
is, 't for a t <1 is the effective field theory accessible at resolution smaller than t. Finally, H is
simply the state space of coarse-grained fields.

In the traditional probabilistic setting, observables are real-valued random variables measurable
with respect to �('1) and integrable under Law('1); equivalently, by the Doob�Dynkin rep-
resentation, we can think of them as functionals of the random field '1. We call such objects
probabilistic observables. In contrast, we have the following
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Definition 2.1. A real-valued2.2 F -martingale is called a stochastic observable.

The set of stochastic observables is denoted by O=O(Rd;F ;P); it naturally admits a vector space
structure under t-wise addition and multiplication by scalars. The space of probabilistic observables
is denoted by Op; associating to each probabilistic observable X its Doob martingale X, i.e.

Xt :=E[X jFt];

it is clear that Op�O. When no confusion may arise, we shall call stochastic observables simply
observables.

Just as probabilistic observables can be thought of functionals of '1, we may ask if an observable
Q is such that Qt is also measurable with respect to 't, so that by Doob�Dynkin we can think of
it as a functional of the coarse-grained field 't (consider, e.g., the Doob martingales associated to
probabilistic observables when ' is a time-homogeneous diffusion and F is its natural filtration).
This leads us to try to parametrize the space of observables with families of scale-dependent
functionals of H.

Definition 2.2. A function q:R+�H!R is said to be a germ for an observable Q if

lim
t!1

kQt¡ qt('t)kL1(
)=0: (2.4)

Based on this definition, there is a natural notion of equivalence relation on the space of scale-
dependent functionals: given q; q~:R+�H!R, we write q�' q~ if

lim
t!1

kq~t('t)¡ qt('t)kL1(
)=0:

Denoting by [q]' the corresponding equivalence classes, i.e. [q]'= q+ [0]', where

[0]' :=
n
r:R+�H!R: lim

t!1
krt('t)kL1(
)=0

o
;

the elements of the quotient space are represented by observables: if q is a germ of an observable
Q, then all q~2 [q]' are also germs for Q, since

kQt¡ q~t('t)kL1(
)�kQt¡ q('t)kL1(
)+ kq~('t)¡ q('t)kL1(
)! 0; (2.5)

conversely, if q is a germ for both Q;P2O, then for all t2R+

kQt¡PtkL1(
) = kEt[QT ¡PT ]kL1(
)
� kQT ¡PT kL1(
)
� kQT ¡ qT('T)kL1(
)+ kPT ¡ qT('T)kL1(
)

(2.6)

vanishing as T!1, i.e. Q=P.

A collection of observables Q :=
�
Qt
(x)	

x2Rd is called an observable field. Note that while in our
definitions we always took Rd, it is not hard to generalize the discussion to the case where spacetime
is a Riemannian manifold M .

As the notations O(Rd;F ; P) and �'; [q]' suggest, the space of observables and the equivalence
classes of germs depend on the filtration F and the scale decomposition process '. This might
seem strange at first, but it is in fact natural: the physically relevant information of an observable
is encoded in the t=0 scale.

2.2. Strictly speaking then, vertex fields correspond to a pair of observables.
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Definition 2.3. A state is the linear functional h�i:O!R given by hOi :=E[O0].

One might think of the situation as follows: we are given a fixed set of abstract symbols Obs,
containing, for example f�; �n; (@��)n; exp(�); : : : g; the choice of (
;A ;P;F ; ') then induces a
partial function �F ;':Obs!O with a corresponding germ structure. What we are really interested
in is the set �F ;'(Obs) of physically relevant observables. Given a different choice (F~ ; '~), as long
as both �F ;' and �F~ ;'~ are injective and their domain is the same, there exists a bijection between
the physically relevant observables under the different representation, i.e. �F ;'(Obs)w�F~ ;'~(Obs).

From now on, we will work in the following representation. Consider the heat kernel decomposition
of the covariance operator (¡�+m2)¡1 of the massive Gaussian free field given by

Qt :=
1
t2
e
¡
�
¡�+m2

t

�r
;

defined via functional calculus or Fourier multipliers. Moreover, denote by G_ t :=Qt2. By a standard
computation, the L2(Rd) integral kernel kt

Q of Qt and G_t(x¡ y)= kt
Q2 of G_ t=Qt

2 is given by the
formulae

kt
Q(x; y)= td/2¡1

(2�)d/2
e
¡ t

2
jx¡yj2

e
¡m2

2t ; and G_t(x¡ y)=kt
Q2(x; y)= td/2¡2

(4�)d/2
e
¡ t

4
jx¡yj2

e
¡m2

t (2.7)

We can regard Qt2L(L2(Rd);H) (see e.g. Lemma A.7), denote by Qt�:H!L2(Rd) its adjoint, and
define the scale interpolation of the free field, an H-valued Gaussian process

Bt :=
Z
0

t

QsdWs

where W is a cylindrical Brownian motion on L2(Rd). The fact that the stochastic integral is well-
defined and converges to the Gaussian free field B1 is well-known, but to be self-contained we
prove it in Appendix A along with other basic heat kernel estimates.

For reasons that will be clear soon, we require the following property from the filtration F .

Definition 2.4. A filtration F is called admissible if ' is F -adapted and B is an F -martingale.

In the latter part of this paper, we take the scale decomposition process ' to be that of the
sine�Gordon model; ' and the admissible filtration F is constructed in Theorem 4.4 below.

In general, the basic structure one requires from ' is that it can be represented as a scale-dependent
perturbation of the free field process B, i.e. it is an Ito diffusion of the form 't=Zt+Bt where
the drift process Z is

Zt=¡
Z
0

t

G_ sDVs('s)ds (2.8)

where V :R+�H!R is a sufficiently nice scale-dependent functional on the field configuration
space H. The parabolic generator of ', denoted by L V , is the operator

L Vft(�) := @tft(�)+ hDftj�;¡G_ tDVtj�i+
1
2
Tr[QtQt�D2ftj�] (2.9)

defined for sufficiently nice f :R+�H!R. We will frequently abuse notation to write

Tr[QtQt�D2ftj�] =Tr[G_ tD2ftj�] =�G_ t
ft(�);

see Lemma B.1 and Notation B.2 for justification.
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2.3 Coherence
Germs serve to parametrize the space of observables. In some cases, the correspondence between
observables and germs is bijective: the germ itself completely determines the martingale. The
canonical example is when q solves the backward Kolmogorov PDE: indeed, in this caseQt := qt('t)
is a local martingale. It is convenient to ask for germs that solve the backward equation only
approximately in some suitable sense so that the corresponding martingale can still be obtained
from the knowledge of q alone. Such germs are called coherent and this section is concerned with
explaining how to �reconstruct� the unique observable from a coherent germ and establish precise
conditions that guarantee this can be done. The reconstruction is done via a simple application
of Ito's formula, we thus start with recalling some notations from infinite-dimensional stochastic
calculus; see e.g. [20] for more details.
Recall that given processes Q; f satisfying sufficiently strong measurability conditions with Qt2
L2(L2(Rd);H) and ft 2H such that P

¡R
0

T kQt�ftkL2(Rd)2 dt <1
�
= 1, and setting, for an L2(Rd)-

cylindrical Brownian motion W ,Z
0

T

hft; QtdWti :=
Z
0

T

Q~ t
fdWt with Q~ t

f:L2(Rd)!R Q~ t
f(u) := hft; QtuiH;

then kQ~ t
fkL2(L2(Rd);R)

2 = kQt�ftkL2(Rd)2 and hence the stochastic integral
R
0

T hft; QtdWti is a well-
defined continuous R-valued stochastic process.
Also recall that given an L2(L2(Rd);H)-valued predictable integrand process F, in order for a
stochastic integral

R
0

T�tdWt to be a H-martingale, it suffices that �t2HW2 ([0; T ];L2(L2(Rd);H)),
i.e. that

E
Z
0

T

k�tkL2(L2(Rd);H)
2 dt <1:

Thus for the stochastic integral
R
0

T hft; QtdWti to be a real-valued martingale, it suffices that

E
Z
0

T

kQ~ t
fkL2(L2(Rd);R)

2 dt=E
Z
0

T

kQt�ftkL2(Rd)2 dt <1:

Given a T 2R+, we denote by qT the restriction of q:R+�H!R to [0; T ]�H!R.

Definition 2.5. A functional q:R+�H!R is called coherent if

1. For each T 2R+, the functional qT is continuous on [0; T ]�H, and the partial derivatives
@t, D, D2 are bounded and continuous on bounded subsets of [0; T ]�H.

2. For each T 2R+, we have E
R
0

T kQt�DqtT j't
] kL2(Rd)2 dt<1, where Q is the operator in the heat

kernel interpolation.

3. It holds that Z
0

1
kL Vqs('s)kL1(
)ds<1: (2.10)

Lemma 2.6. (reconstruction) Suppose q is a coherent functional and ' is an Ito diffusion with
generator L V. Then

1. For each T 2R+ there exists a unique observable QfT g defined as Qt
fT g := qt

T('t)+ rt;T
q for

t2 [0; T ] and extended to R+ by QT
fT g, where

rt;T
q :=Et

Z
t

T

L Vqs('s)ds: (2.11)

2. There exists a unique observable Q with germ q defined as Qt := qt('t)+ rt;1
q such that

lim
T!1





Qt¡Qt
fT g





L1(
)=0
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for each t2R+.

Proof. As we have already indicated, this is a simple application of Ito's formula.

1. Indeed, fixing [s; t]� [0; T ], by condition 1. we can apply Ito's formula to obtain

qt
T('t)= qs

T('s)+
Z
s

t

L Vqu
T('u)du+

Z
s

t

hDquT j'u
] ; QudWui:

By condition 2. and admissibility, the last term is a martingale, thus we have that

EsQt
fT g= Es

�
qs
T('s) +

Z
s

t

L Vqu
T('u)du+

Z
s

t

hDquT j'u
] ; QudWui

�
+ EsEt

Z
t

T

L Vqu
T('u)du=

qs
T('s)+Es

Z
s

t

L Vqu
T('u)du+EsEt

Z
t

T

L Vqu
T('u)du=Qs

fT g

so QfT g is a martingale. The condition (2.4) is satisfied trivially.

2. For each t2R+, for all T � t

Qt¡Qt
fT g=Et

Z
T

1
L Vqs('s)ds

so that (2.10) yields by conditional Jensen inequality, Fubini and dominated convergence
that 



Qt¡Qt

fT g




L1(
)

�








Z

T

1
L Vqs('s)ds










L1(
)

�
Z
R+
1[T ;1)kL Vqs('s)kL1(
)ds! 0

as T!1. Since theQfT g are martingales, this implies thatQ is also a martingale. Similarly,
(2.4) follows from (2.10). �

Let us fix some terminology for objects we see in the construction for future reference.

Definition 2.7. The observable Q of the previous lemma is called the reconstruction of q.

It is clear from the linearity of L V and the triangle inequality that coherent functionals form a
vector space. Moreover, the corresponding linear structure induced on a subset of observables via
the Ito reconstruction �lift� is compatible with the linear structure of O (i.e. t-wise addition and
scalar multiplication). More precisely, we make the following

Definition 2.8. Denote by Ô the vector space of coherent functionals. Define the reconstruction
map R as

R: Ô!O ; (R(q))t := qt('t)+ rt;1
q :

The reconstruction map is linear: given q(a); q(b)2 Ô, linearity of the generator L V yields

(R(q(a)+ q(b)))t = (q(a)+ q(b))t('t)+ rt;1
q(a)+q(b)

= qt
(a)('t)+ rt;1

q(a)+ qt
(b)('t)+ rt;1

q(b)

= (R(q(a)))t+(R(q(b)))t
= (R(q(a))+R(q(b)))t

so that R(q(a)+ q(b))=R(q(a))+R(q(b)); homogeneity is also trivial.

Definition 2.9. Let Oc :=Ran(R)�O be the linear subspace of O consisting of those observables
that are Ito reconstructions of coherent germs.
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The above reconstruction reduces the existence of composite observables to the construction of
coherent functionals q, which in turn depends largely on estimates of the scale decomposition pro-
cess ' and its generator L V . Once one has a sufficient control over these objects, the construction
of coherent germs can be achieved in a systematic manner based on ideas of renormalisation group
flow equations, see Section 2.6 below.
This shift in perspective of putting coherent functionals in the center of attention validates the
following slight abuse of terminology: from now on, we will often call a scale-dependent functional
q:R+�H!R a germ (without specifying the corresponding martingale Q for which (2.4) holds);
the tacit assumption is that such a functional will turn out to be coherent, and thus indeed a germ
(in the strict sense of Definition 2.2) of its reconstructed observable.

Remark 2.10. (Connection to RG flow equations) Heuristically, it is easy to see how our
framework connects to Wilsonian ideas. Suppose we are searching for the family of pairs (Vt; q~t)t2R+
such that the perturbed interaction

Vt
� :=Vt+ �q~t (2.12)

satisfies the RG equation (2.1). One obtains from the resulting flow of perturbed renormalised
densities (e¡Vt

�

)t2R+ the evolution of the effective description of the observable: indeed,

¡@�e¡Vt
�j�=0= q~te¡Vt;

which yields the expectation of qt under the effective measure, cf. (2.2). By a standard argument,
we get from (2.1) the observable-perturbed Polchinski equation

@tVt
�+ 1

2
�G_ t

Vt
�= 1

2
hDVt�; G_ tDVt�i:

Taking �=0 we obtain the usual Polchinski equation for the potential Vt, while taking @� at �=0
gives the observable flow equation

@tq~t+
1
2
�G_ t

q~t= hDq~t; G_ tDVti;

which is precisely the backward Kolmogorov PDE L Vq~=0.
In light of (2.12), the functional q~t has the geometric interpretation of a tangent vector at Vt to
the (formal) manifold of effective interactions M. The Polchinski equation gives rise to a vector
field � on M:

�(Vt) :=¡
1
2
�G_ t

Vt+
1
2
hDVt; G_ tDVti:

The family (Vt)t2R+ is then an integral curve of this vector field, and the evolution of q~t2 TVtM
describes how a tangent vector is transported along such a curve by �. Our martingales Q contain
the information of such a flow in an abstract way, without having to give meaning toM: indeed, for
each t, we can employ a Doob�Dynkin representation to obtain a functional Qt= q~t('t). Allowing
for coherent functionals (qt)t2R+ in this picture has the interpretation of a family of approximate
tangent vectors that are sufficiently close to the actual q~ such that the defect can be recovered via
the correction procedure of Lemma 2.6.

2.4 Observable product
Observables of a quantum field theory do not form an algebra: we do not expect to be able to
multiply any two observables. From a mathematical point of view, in the Euclidean setting this is
ultimately a consequence of the singularity of the covariance of the random field '1 on the diagonal
in d� 2. From a physics perspective, it is related to the fact that the effect of a measurement (i.e.
coupling of a measurement device with the physical system) on a quantum system is considerable,
hence taking two measurements of a quantum particle simultaneously yields incoherent results.
Thus in most axiomatic frameworks of quantum field theory (see e.g. Haag�Kastler�Araki axioms
[30],[3] factorization algebras [18],[19]), there is a notion of locality: �combining� measurements
should be possible only for observables that are supported on disjoint spacetime regions.

12



It is well-known that the space of martingales is not stable under taking pointwise (with respect
to t) products. To have a well-defined notion of observable product in the stochastic observable
language, we leverage the fact that germs parametrize the space of observables: given two observ-
ables, we can multiply their respective germs. The idea is then to use the reconstruction map R to
push forward the product to the space of observables; we note the analogy with theory of regularity
structures [31].

When the product germ happens to be coherent, by the Ito reconstruction lemma it gives rise
to a unique observable, which we take to be our definition of the product observable provided it
approximates the pointwise products of observables in L1(
) in the UV. In our setting, the failure of
the algebra structure is then encoded in the nontrivial condition that the product germ is coherent.

Definition 2.11. Let fQ(j)gj=1n be observables with coherent germs fq(j)gj=1n , respectively, and
write qI :=

Q
i2I q

(i). If for every nonempty I � 1:n, we have that

1. qI is coherent,

2. for any partition P of I,

lim
t!1











R(qI)t¡YJ2P R(qJ)t












L1(
)

=0; (2.13)

then we say that the tuple (q(1); : : : ; q(n)) is compatible and call the martingale Q(1)?: : :?Q(n) :=
R(q1:n) the observable product .

Remark 2.12. The UV L1(
) approximation property (2.13) is what intuition expects the product
should behave like: we would like to have, for all t2R+, that

(O(1)?O(2))t= lim
T!1

Et
�
OT
(1)

OT
(2)� (2.14)

in L1(
), and when the martingales Q(1);Q(2);Q(1)?Q(2) are closed, to have

hO(1)?O(2)i=E
�
O1
(1)

O1
(2)�: (2.15)

The statements (2.14) and (2.15) follow from (2.13) trivially: indeed,



Et�OT
(1)

OT
(2)�¡ (O(1)?O(2))t






L1(
) =





Et�OT
(1)

OT
(2)¡ (O(1)?O(2))T

�




L1(
)

�




OT

(1)
OT
(2)¡ (O(1)?O(2))T






L1(
)

vanishing as T!1; closedness of Q(1)?Q(2) implies



(O(1)?O(2))1¡Qt
(1)

Qt
(2)





L1(
) � k(O(1)?O(2))1¡ (O(1)?O(2))tkL1(
)

+




(O(1)?O(2))t¡Qt

(1)
Qt
(2)





L1(
)

vanishing as t!1, which, coupled with Ot
(1)

Ot
(2)!O1

(1)
O1
(2) in probability (implied by conver-

gence of O(j)), yields that (O(1)?O(2))1=Q1
(1)

Q1
(2) almost surely.

The formulae of the above remark are not the only reason for requiring the condition (2.13). Let
q(a)�'p(a) coherent germs forQ(a) and q(b)�'p(b) are coherent germs forQ(b) such that q := q(a)q(b)

and p := p(a)p(b) are coherent. To have a well-defined notion of the observable product, we then
want that p and q reconstruct the same martingale, i.e. that R(q(a)q(b)) =R(p(a)p(b)). Leaving
condition (2.13) out of the definition of compatibility leaves us unable to prove this consistency
result in general: there is no guarantee that q(a)q(b)�' p(a)p(b).
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Proposition 2.13. If q(a)�' p(a) are coherent germs for Q(a) and q(b)�' p(b) are coherent germs
for Q(b) such that (q(a); q(b)) and (p(a); p(b)) are compatible, then q(a)q(b)�'p(a)p(b). Consequently,
R(q(a)q(b))=R(p(a)p(b)).

Proof. Indeed, 



qt(a)qt(b)('t)¡ pt(a)pt(b)('t)



L1(
)
�




qt(a)qt(b)('t)¡R(q(a)q(b))t






L1(
)+





R(q(a)q(b))t¡Qt
(a)

Qt
(b)





L1(
)

+




pt(a)pt(b)('t)¡R(p(a)p(b))t






L1(
)

+




R(p(a)p(b))t¡Qt

(a)
Qt
(b)





L1(
)

vanishes as t!1 by coherence and compatibility. Combining the fact that q(a)q(b)�'p(a)p(b) with
(2.5) and (2.6) yields R(q(a)q(b))=R(p(a)p(b)). �

In light of the discussion above, we do not expect the product ? to be a well-defined binary operation
on the space Oc of observables possessing coherent germs. Regardless, it is well-defined as a partial
function and is easily seen to satisfy the following properties.

Proposition 2.14. The partial binary operation ?:Oc�Oc*Oc is

1. commutative in the following sense: let O(a);O(b)2Oc with coherent germs q(a); q(b), respect-
ively. Then (q(a); q(b)) is compatible if and only if (q(b); q(a)) is compatible, and when they
are it holds that

O(a)?O(b)=O(b)?O(a):

2. distributive in the following sense: if O(a);O(b);O(c) 2 Oc are such that (q(a); q(b)) and
(q(a); q(c)) are compatible, then O(a)?O(b); O(a)?O(c) and O(a)?(O(b)+O(c)) exist and

O(a)?(O(b)+O(c))=O(a)?O(b)+O(a)?O(c):

3. associative in the following sense: if O(a);O(b);O(c)2Oc, are such that (q(a); q(b); q(c)) is
compatible, then

(O(a)?O(b))?O(c)=O(a)?O(b)?O(c)=O(a)?(O(b)?O(c)):

4. unital in the following sense: there exists a unique observable 1= (1t)t2R+ 2Oc given by
1t := 1 such that O?1 exists for all O2Oc and O?1=O.

Proof. Commutativity, associativity and unitality are trivial.

For distributivity, note that by linearity of L V and the triangle inequality, we have that q(a)(q(b)+
q(c)) is coherent. Hence



R(q(a)(q(b)+ q(c)))t¡Ot

(a)¡
Ot
(b)+Ot

(c)�




L1(
)

�




R(q(a)q(b))t¡Ot

(a)
Ot
(b)





L1(
)

+




R(q(a)q(c))t¡Ot

(a)
Ot
(c)





L1(
)

vanishing as t!1, yielding existence of O(a)?(O(b)+O(c)). �

Remark 2.15. The reverse implication for distributivity is not true, as seen by the following simple
example. Let 't :=Bt be the scale interpolation of the free field and let x2Rd, d�2. Consider the
germs q(a)= q(b) := �x and q(c) :=¡�x. These are coherent and the corresponding observables are
Q(a)=Q(b)=Bt(x) and Q(c)=¡Bt(x). The germ q(a)(q(b)+ q(c)) = 0 is coherent, the observable
O(a)?(O(b)+O(c)) exists and is the constant zero martingale. However, O(a)?O(b) and O(a)?O(c)

do not exist, in the sense that e.g. q(a)q(b)= �x2 is not coherent; renormalisation is needed to define
such a product.
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2.5 Germ subspaces
It is important to know when the product of observables exists. The previous definitions suggest
to introduce subspaces of germs that help determining whether they are compatible. The rest of
this section is concerned with setting up such machinery.

Given M 2N, �=(�1; : : : ; �M)2CM, y=(y1; : : : ; yM)2 (Rd)M, denote by

h�; �(y)i :=
X
j=1

M

�j�(yj):

Moreover, given �a2CMa;�b2CMb we define their join by

�aY�b := (�a;1; : : : ; �a;Ma; �b;1; : : : ; �b;Mb)2CMa+Mb

and similarly yaY yb. Obviously

h�aY�b; �(yaY yb)i= h�a; �(ya)i+ h�b; �(yb)i: (2.16)

Definition 2.16. Let �;�2R, c�0, p2 [1;1],M 2N, �2CM, y2 (Rd)M. Consider the seminorm

kqkÔp;�;y
�;�;c := sup

t2R+
hti¡�lt¡cke¡h�;'t(y)iqt('t)kLp(
)+ sup

t2R+
hti�+1lt¡cke¡h�;'t(y)iL Vqt('t)kLp(
)

for a germ q:R+�H!R such that L Vq is well-defined. Define the associated subspaces of germs

Ôp;�;y
�;�;c :=

�
q:R+�H!R : kqkÔp;�;y

�;�;c <1
	

We call the parameter � 2R the superficial degree of divergence, and � > 0 the accuracy of per-
turbative approximation.

The �; y in the notation is frequently suppressed when this does not lead to confusion. Clearly,
for any "> 0, we have

Ôp+"
�;�;c� Ôp

�;�;c
; Ôp

�;�;c� Ôp
�+";�;c; Ôp

�;�;c� Ôp
�;�¡";c; Ôp

�;�;c� Ôp
�;�;c+": (2.17)

Denote

Ôp
�;� :=

[
c�0

Ôp
�;�;c

; Ô1¡
�;�;c :=

\
p2[1;1)

Ôp
�;�;c

; Ô1¡
�;� :=

\
p2[1;1)

[
c�0

Ôp
�;�;c

:

Note that this definition of the Ô1¡
�;� space allows for p-dependent logarithmic corrections, as

opposed to the smaller space
S
c�0

T
p2[1;1)

Ôp
�;�;c. The applications we consider in this paper do

not require this stronger property, hence for our purposes the weaker space suffices, even though
the germs we will construct in fact lie in the stronger one.

The purpose of the objects introduced is the quantitative description of compatibility.

Lemma 2.17. (factorization lemma) Let �j ; �j ; pj ;Mj ;�j ; yj, j21:n, be as in Definition 2.16,
and denote by �=�1Y : : : Y�n, y= y1Y : : : Y yn. Suppose qhji2 Ôpj;�j;yj

�j;�j , and for all j1=/ j22 1:
n we have

sup
t2R+

hti�+1










e¡h�;'t(y)iTr�G_ tDqthj1i('t)Dqthj2i('t)� Y

j21:nnfj1;j2g
qt
hji('t)












Lp(
)

<1

for a p2 [1;1], � 2R satisfyingX
j21:n

pj
¡1� p¡1; � �

^
j21:n

 
�j¡

X
m2(1:n)nfjg

�m

!
:
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Then
Q
j=1
n qhji2 Ôp;�;y

�;� for any � with
P
j21:n�j ��.

Proof. Clearly

hti¡
P
j=1
n �j











 Yj21:n qthji('t)











Lp(
)

�
Y
j21:n

hti¡�j




qthji('t)



Lpj(
):

The generator of the product can be bounded as

hti�+1










L V

 Y
j21:n

qt
hji
!
('t)












Lp(
)

�
X
j=1

n

hti�j+1




L Vqt

hji('t)





L
pj(
)

Y
m=/ j

hti¡�m




qthmi('t)



Lpm(
)

+
X
j<k

hti�+1










Tr�G_ tDqthjiDqthki� Y

m2/fj;kg
qt
hmi('t)












Lp(
)

:

Coupled with (2.16) and (2.17), the statement follows. �

Remark 2.18. The reason for the exponential weights e¡h�;'t(y)i in Definition 2.16 is to allow for
2 dimensional theories in the general framework, where observables of the form exp(��(y)) play an
important role. In turn, such exponentials do not behave well with the Hölder inequalities of the
above lemma (consider e.g. the d=2 Gaussian free field) and require slightly different treatment.
Since we are going to apply the general theory on such a 2 dimensional model, we will see how the
general case of allowing exponentials work and closes the arguments; for theories and observables
that are not of this generality, one may always take �=0 as a special case.

2.6 The strategy of the construction

In order to find q such that (2.10) holds, we need to have a good understanding of the solution
theory of the observable flow equation L Vq=0, i.e.

@sqs+
1
2
�G_ s

qs= hDqs; G_ sDVsi (2.18)

To do this, we construct `�-th order approximate germs with a Picard iteration scheme: we let

q[�`
�] :=

X
`�`�

q[`]

where q[0]� 0, and q[`] for `� 1 is defined to be the solution of

@sqs
[`]+ 1

2
Tr
�
G_ sD2qs

[`]�= X
`0+`00=`



Dqs

[`0]; G_ sDVs
[`00]� (2.19)

with appropriate boundary conditions (see the next section), where the V [`] are iterates of a Picard
scheme similar to (2.19) of the Polchinski equation for the potential V ; namely, V [0]� 0 and for
`� 1, V [`] solves

@sVs
[`]+ 1

2
Tr
�
G_ sD2Vs

[`]�= 1
2

X
`0+`00=`



DVs

[`0]; G_ sDVs
[`00]�: (2.20)

Set V [�`�] :=
P
`�`�V

[`] and write F [`] :=DV [`].

We are now going to show semi-heuristically that solving (2.19) up to high enough order `� gives
a good approximating germ, i.e. for which L Vq[�`

�]�`� 0 in a suitable sense.
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Suppose there exists an ~̀2N such that for any `0� ~̀, the canonical Ito remainder associated to
the germ F [�`

0](y), denoted by rF
[�`0]

, exists, and

lim
t!1





Ft[�`0]('t)(y)¡F [�~̀]('t)(y)





L1(
)

=0: (2.21)

Denote by ~̀ the smallest of such integers. Combining (2.21) with (2.5) yields that all truncations
with `0� ~̀ reconstruct the same observable (field), which we denote by fFs(y)gs�0 and call the
effective force.

For any `2N0, write

G_R[>`] :=

8>>>><>>>>:
G_ rF

[�`]
if `� ~̀X

`00=`+1

~̀

G_ F [`
00]+G_ rF

[�~̀]
if `< ~̀:

(2.22)

Lemma 2.19. Letting q[�`
�] :=

P
`�`� q

[`] where q[0]� 0, and q[`] for `� 1 is defined via (2.19),
we have

L Vq[�`
�]=¡

X
`�`�

hDq[`]; G_R[>(`�¡`)]i: (2.23)

Proof. To simplify notation, write Fs
[`] :=Fs

[`]('s) and similarly for q[`]: Then Ito reconstruction
and (2.22) gives that for arbitrary `�2N0 we have

G_ F =G_ F [�`
�]+G_R[>`

�]: (2.24)

Thus compute with (2.9) and (2.19) that

L Vq[�`
�] =

�
@s+

1
2
�G_

�
q[�`

�]¡hDq[�`�]; G_ F [�`�]i¡ hDq[�`�]; G_R[>`�]i

=
X
`�`�

X
`0+`00 = `
`;`0;`00 2 N0

hDq[`0]; G_ F [`00]i¡
*X
`�`�

Dq[`];
X
`�`�

G_ F [`]
+
¡hDq[�`�]; G_R[>`�]i

= ¡
X

`0;`00 � `�

`0+`00 � `�+1

hDq[`0]; G_ F [`00]i¡
*X
`�`�

Dq[`]; G_R[>`
�]

+
:

Pick an `0� `�. Then the first sum runs over all the G_ F [`
00] with�

`00+ `0 � `�+1
`00 � `�

�
, `�¡ `0+1� `00� `�;

thus X
`00=`�¡`0+1

`�

G_ F [`
00]+G_R[>`

�] =
X

`00=`�¡`0+1

`�

G_ F [`00]+(G_ F ¡G_ F [�`�])

= G_ F ¡G_ F [�(`�¡`0)]

= G_R[>(`
�¡`0)]

where we used (2.24) twice. �

Within the rest of this subsection, we tune the discussion to the d=2 sine�Gordon model in regime
�2< 6�; nevertheless, the ideas introduced are general at their core and should extend to other
models mutatis mutandis.
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Suppose that there exists a fixed �� 0, the superficial degree of divergence of the observable (cf.
Definition 2.16), for which we can prove the formal estimate



Dqs[`]



Lp(
). hsi�¡(`¡1)� (2.25)

where � := 1¡ �2

8�
2 (0; 1] is the distance from criticality, and that we also have the bound



G_ sRs[>`]



L1(
;L1). hsi¡�¡`�¡1 (2.26)

modulo logarithmic corrections.
Plugging these into (2.23), using Holder and Young's inequalities and kG_skL1. hsi¡2, we formally
obtain 



L Vqs

[�`�]




L1(
) �

X
`�`�






Dqs[`]; G_ sRs[>(`�¡`)]�



L1(
)
.

X
`�`�

hsi�¡(`¡1)�hsi¡�¡(`�¡`)�¡1

. hsi�¡`��¡1:

(2.27)

Since � > 0, choosing `� large enough then yields an arbitrarily precise approximate solution qs
[�`�]

of the equation L Vq=0, i.e. we can construct germs qs
[�`�]2 Ô1¡

�;� with arbitrarily high accuracy of
perturbative approximation � (cf. Definition 2.16). The construction of observables and observable
products will then follow from the general theory developed so far, in particular the factorization
lemma (Lemma 2.17) and Ito reconstruction (Lemma 2.6).
Note that in the above argument we relied on the postulated bounds (2.21) and (2.26) which of
course need to be proven first before we can move on to the construction of various germs q. It is
not too difficult to see that in fact these can be obtained in a similar vein to what we have explained
just now for general observables, by proving (2.25) for the germ of the force F with superficial
degree of divergence � := 1¡ �.
To construct the effective force and hence the sine-Gordon measure, in the regime �2< 6�, it is
sufficient to develop the equation (2.20) up to order `�= 3, and in general, to some `�(�2) that
blows up as we approach criticality �2! 8�. However, since our observables can have arbitrarily
high superficial degree of divergence �, we are forced to exploit the high order cancellations in
Lemma 2.19, and hence need to develop the iterative scheme to arbitrarily high `� for any �2> 0;
indeed, cf. (2.27).
The following sections carry out the above roadmap rigorously. Section 3 is concerned with studying
(2.20); as a consequence of the bounds derived there, Section 4 constructs the effective force,
and verifies (2.21) and (2.26). Section 5 constructs q[`] for various observables by solving the
equation (2.19). Finally, Section 6 finishes the construction and proves Theorems 1.1 and 1.2.

2.7 Renormalisation via flow equations
Constructing observables of a field theory requires additional renormalisation on top of the renor-
malisation of the model itself. Indeed, taking general nonlinear functionals Q('1) of an already-
renormalised EQFT '1 might introduce new divergences that need to be accounted for. An
interesting aspect of these additional singularities is that they can be especially severe: in the
language of previous sections, the superficial degree of divergence �� 0 can be arbitrarily large.
In contrast, power counting arguments suggest that the renormalisation of the model itself needs
to take care of only relatively mild singularities.
Curing the aforementioned arbitrarily severe singularities, in general, requires introducing arbit-
rarily many (but finite) renormalisation counterterms; moreover, the form of such counterterms for
complicated nonlinearities may be quite non-obvious. Hence in order to get a complete theory of
composite observable renormalisation, it is desirable to approach the introduction of counterterms
in a systematic and fully automated manner. The requirement of propagating the inductive bounds
(2.25) in ` through the flow equation (2.19) not only offers such a way, but in fact forces it upon
us. The counterterms are generated through an appropriate choice of boundary conditions on the
flow, which we now explain.
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We will construct the germs by making the ansatz

qt
[`];T(�)=

X
a2M




t;T
(a)
; f (a)(�)

�
(2.28)

where 
t;T
(a) are �-independent kernels, f (a)(�) are functionals of the field, and a are multiindices

carrying information about the expansion, containing e.g. reference to `. We require that only
finitely many kernels of the sum are nonzero.

Plugging the above ansatz into (2.19), matching the kernels corresponding to the same basis
element f (a)(�) we obtain a hierarchy of linear ODEs of the form

@t
t;T
(a)+U_ t
t;T

(a)=¡St;T
(a)

for some t-dependent coefficient function U_ t and source term St;T
(a). The latter is a sum over n-linear

functionals of kernels 
t;T
(d). Using the Duhamel principle, we rewrite the equation into mild form


t;T
(a)= eUt;T
T ;T

(a) +
Z
t

T

eUt;sSs;T
(a)ds (2.29)

In order to show an estimate of the form (2.25), we set up the ansatz (2.28) in a way so that the
hierarchy (2.29) is triangular in a; we then solve the system inductively and try to propagate a
bound of the form

9
t;T
(a)9. htiJaKltc (2.30)

with lt := 1+ log(1_ t), where c is a constant that we do not track and may change from line to
line, and 9�9 is a suitable norm compatible with the structure of the flow equation. To this end,
we will aim to show that the integrand of (2.29) satisfies

9eUt;sSs;T
(a)9. hsiJaKlschsi¡1 (2.31)

Kernels with JaK< 0 are called irrelevant: they are expected to remain bounded under the flow
and hence get a trivial UV boundary condition. In contrast, kernels with JaK� 0 need explicit
renormalisation and are called relevant. Thus in general for `� 2 we aim to impose the boundary
conditions


T ;T
(a) =0 if JaK< 0

0;T
(a)=0 if JaK� 0:

(2.32)

It is clear that the case `=1 is slightly different, since it has no contributions from lower iteration
orders, as q[0]� 0.
When JaK< 0, we flow backward : the boundary condition at t=T yields the equation


t;T
(a)=

Z
t

T

eUt;sSs;T
(a) ds (2.33)

which propagates the inductive bound (2.30) using (2.31):

9
t;T
(a)9.

Z
t

1
hsiJaKlschsi¡1ds. htiJaKltc:

In the JaK� 0 case we flow forward : plugging into (2.29) the relevant boundary condition (2.32)
at t=0 we obtain

eU0;T
T ;T
(a) =¡

Z
0

T

eU0;sSs;T
(a) ds;
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which, since ¡U0;T +U0;s=¡Us;T , means that 
T ;T
(a) =¡

R
0

T
e¡Us;TSs;T

(a)ds. Plugging this back into
(2.29) yields, as ¡Us;T +Ut;T =Ut;s,


t;T
(a)=¡

Z
0

t

eUt;sSs;T
(a) ds: (2.34)

which again propagates the inductive bound (2.30), via (2.31):

9
t;T
(a)9.

Z
0

t

hsiJaKlschsi¡1ds. htiJaKltc:

In the relevant case JaK� 0, we expect from (2.34) the kernel 
t;T
(a) to blow up as t!1; coupled

with the corresponding basis element,



t;T
(a)
; f (a)(�)

�
is a renormalisation counterterm. Moreover,

the uniform-in-T bounds allow for inductively taking the limit T!1 in the source terms Ss;T
(a),

rendering the counterterm



t;1
(a) ; f (a)(�)

�
also independent of the UV cutoff T .

3 The Polchinski equation of sine�Gordon
In this section we study the Polchinski equation (2.20). The aim is twofold: first, since the observ-
able flow equation (2.19) contains V [`], we expect that proving the source term bound (2.31) for
kernels of the germ q requires a good understanding of kernels of the potential germ V . Second,
as we have already noted, closing the argument in Section 2.6 requires access to the estimates
(2.21) and (2.26) which need to be proven first. While the analysis of the Polchinski equation of
sine�Gordon in the regime �2< 6� is not novel, see e.g. [7], [29], we include a fully self-contained
treatment here partly to fix notation, and partly because we use it to develop ideas, techniques
and motivation that we will use in analysis of the observable flow equations later on.

As a warmup, we first solve the equation (2.20) in the Wick regime �2<4� by choosing the ansatz
(2.28) to be the usual Brydges�Kennedy Mayer expansion. We then explain how the regime �2�4�,
because of the presence of relevant kernels, requires localisation and flowing forward, and hence
induces a generalised kernel representation. Doing so, we prove a sharp screening estimate on the
covariance matrix of the Mayer representation that will turn out to be crucial in the construction
of vertex field observables.

3.1 Warmup: the Wick regime �2< 4�

Given a field configuration �2H, we denote by

 � :=  (�;x) := exp(i���(x)) where � := (�; x)2f¡1; 1g�R2

a vertex field with charge � 2f¡1; 1g at position x2R2. Given a finite index set I �N, we denote
by �I := (�i)i2I, xI := (xi)i2I, �I := (�I ; xI) and define

�(�I) :=
X
j2I

�j

the total charge of the ensemble �I. We write 1: ` := f1; : : : ; `g. The representation (2.28) for the
potential V [`];T is, at first, the Mayer expansion ansatz

Vt
[`];T(�) :=

Z
vt;T
[`] (�1:`) 1:`�(x1:`)d�1:`

:=
X

�1:`2f¡1;1g`

Z
(R2)`

vt;T
[`] (x1:`; �1:`)

Y
j=1

`

ei��j�(xj)
Y
j=1

`

�(xj)dx1:`:
(3.1)

where �2C1(R2), �(x)2 [0; 1] serves as a volume cutoff. The UV cutoff T in the notation of the
kernels vt;T

[`] will be frequently suppressed when it does not lead to confusion. Unless explicitly
stated otherwise, all estimates will be uniform in � and T .
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Plugging the above ansatz into the Polchinski equation (2.20), by the Duhamel principle we obtain
a mild equation for the kernels of the representation. That is, denoting by

G_ t(�I1; �I2) :=¡
�2

2

X
j2I1

X
k2I2

�j�kG_t(xj¡xk); and G_ t(�I) :=G_ t(�I ; �I); (3.2)

for index sets I1; I2; I �N, we have the following simple

Lemma 3.1. Suppose that the kernels vt;T
[`] (�1:`) satisfy the equation

vt;T
[`] (�1:`) = eGt;T(�1:`)vT ;T

[`] (�1:`)

¡
Z
t

T

eGt;s(�1:`)
X

I1]I2=1:`
CjI1j;jI2jvs;T

[jI1j](�I1)G_ s(�I1; �I2)vs;T
[jI2j](�I2)ds

(3.3)

for some positive combinatorial coefficients CjI1j;jI2j, where the sum runs over all I1; I2� 1: ` such
that I1\I2=; and I1[I2=1:`. Then Vt

[`];T, given by (3.1), satisfies the Polchinski equation (2.20).

Proof. A straightforward computation; see Appendix B.2. �

Our goal is now to carry out the program of Section 2.7, i.e. to propagate an inductive bound on
the kernels through the equation (3.3) by a proper choice of boundary conditions. To do this, we
have to define the norm 9�9 in which we estimate.

Given xI := fxigi2I �Rd for a finite index set I �N, denote the Steiner distance by

St(xI) := min
xI�xJ

min
�2c(xJ)

L(�)

where L(�) is the (Euclidean) length of a tree � on Rd, and the second minimum runs over the
set of spanning trees c(xJ) of the points xJ, i.e. over all trees that connect all points of xJ. For a
nonnegative function � that might depend on information about the kernel v[`], in particular `,
and that we will determine later, we then define the weight

!u
�(xI) := exp(� u

p
St(xI)) (3.4)

and the associated Banach norm

9vt[`]9t;�;� := sup
�1

Z ����vt[`](�1:`)����!t�(�1:`)hSt(x1:`)i�d�2:`: (3.5)

for some � � 0 to be specified later.

The Steiner weight !u� forces exponential localization of the kernels as we approach the UV; its role
will become apparent later on. For the renormalised potential itself, we will need it for technical
reasons when �2�4� in Section 3.2 below; for constructing the sine�Gordon model alone, we could
have taken �:=0 in the Wick regime �2<4�. However, even in this regime, proving the existence
of general observable products require UV localization of their germs (see Lemma 6.5 below), which
in turn needed to be inherited from the potential sector.
The scale-independent weight hSt(x1:`)i� is required to control the infinite-volume limit for the
observables. We will sometimes suppress the � and �-dependence in the notation when it does not
lead to confusion, and also frequently take � := & 2R+ constant.

It is seen inductively from (3.3) that the kernels vt
[`] are invariant under permutations under the

index set 1: `, hence in fact

9vt[`]9t;�;�= sup
�j

Z ����vt[`](�1:`)����!t�(�1:`)hSt(x(1:`))i�d�(1:`)nfjg
for any j 2 1: `. The following simple lemma shows that these norms are compatible with the
structure of the flow equation (3.3).
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Lemma 3.2. Let & ; � 2R+ be arbitrary. Then

9vt[jI1j](�I1)G_ t(�I1; �I2)vt[jI2j](�I2)9t;& ;�.�9vt[jI1j]9t;& ;�9vt[jI2j]9t;& ;� hti¡2 (3.6)

Proof. Indeed, given any trees �i connecting xIi and � an edge between a point in xI1 and xI2, we
have that �1[ �2[ � connects xI1]I2, thus

St(xI1]I2)= min
xI1]I2�xJ

min
�2c(xJ)

L(�)� min
xI1�xJ

min
�2c(xJ)

L(�)+ min
xI2�xJ

min
�2c(xJ)

L(�)+ d~(xI1; xI2)

where d~(xI1; xI2) := inf(a;b)2xI1�xI2 ja¡ bj`2(Rd). It then follows from the triangle inequality that

!t
&(�I1]I2) � !t

&(�I1)!t
&(�I2)e

& t
p

d~(xI1;xI2)

hSt(xI1]I2)i� .� hSt(xI1)i�hSt(xI2)i�hd~(xI1; xI2)i�:
(3.7)

Then Young's convolution inequality gives

9vt[jI1j](�I1)G_ t(�I1; �I2)vt[jI2j](�I2)9t;& ;�
� sup

�1

Z ������vt[jI1j](�I1)!t&(�I1)G_ t(�I1; �I2)e& t
p

d~(xI1;xI2)vt
[jI2j](�I2)!t

&(�I2)hSt(x1:`)i�
������d�2:`

. 9vt[jI1j]9t;& ;�9vt[jI2j]9t;& ;� sup
y

Z
R2
jG_t(x¡ y)e& t

p
jx¡yjhx¡ yi� jdx:

We then conclude from Lemma A.2. �

We impose the boundary conditions

v0;T
[1] : = �

2
vT ;T
[`] : = 0 for `� 2:

(3.8)

The motivation for the `=1 boundary condition is that at resolution t=0, inserting it into (3.1)
we obtain

V0
[1];T(�)=

X
�12f¡1;1g

Z
R2

�
2
ei��1�(x1)�(x1)dx1=�

Z
R2
cos(��(x))�(x)dx

the expected form of the sine�Gordon potential with coupling �. The boundary conditions at `�2
follow from the naive power counting argument of Section 2.7, see the proof of the following

Lemma 3.3. Let �2<4�, � >
1

2
. Take & 2R+ arbitrary. With the boundary conditions (3.8), the

system of equations (3.3) admits a solution satisfying

9vt;T[`] 9t;&.�t(�thti¡1)`¡1�hti1¡`� (3.9)

where �t :=
j�j
2
e
�2

2
Gt(0).

Proof. For `=1, since v�;T
[0] � 0, the source term of (3.3) vanishes, and plugging in t=0 we obtain

�
2
= v0;T

[1] (�1)= vT ;T
[1] (�1)eG0;T(�1)= vT ;T

[1] (�1)e
¡�2

2
G0;T(0)

which yields vT ;T
[1] (�1)=

�

2
e
�2

2
G0;T(0); plugging it back to (3.3) gives

vt;T
[1] (�1)= vT ;T

[1] (�1)eGt;T(�1)=
�
2
e
�2

2
G0;T(0)e

¡�2

2
Gt;T(0)= �

2
e
�2

2
G0;t(0):
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It satisfies, for any & � 0

9vt;T
[1] (�1)9t;&=�tsup

x1

je& t
p

0j=�t� e
�2

8�
log(1_t)�hti1¡�;

verifying the bound (3.9) at `= 1. Hence from now on we assume ` � 2. With the irrelevant

boundary condition vT ;T
[`] =0, we estimate (3.3) via Lemma 3.2 and the inductive assumption by

9vt[`]9t;& .
Z
t

1
keGt;s(�1:`)kL1

X
I1]I2=1:`

9vs[jI1j](�I1)G_ s(�I1; �I2)vs[jI2j](�I2)9t;&ds

�
Z
t

1
keGt;s(�1:`)kL1

X
I1]I2=1:`

9vs[jI1j](�I1)G_ s(�I1; �I2)vs[jI2j](�I2)9s;&ds

.
Z
t

1
keGt;s(�1:`)kL1

X
I1]I2=1:`

9vs[jI1j]9s;& hsi¡29vs[jI2j]9s;&ds

.
Z
t

1
keGt;s(�1:`)kL1�s(�shsi¡1)jI1j¡1hsi¡2�s(�shsi¡1)jI2j¡1ds

.
Z
t

1
keGt;s(�1:`)kL1�s(�shsi¡1)`¡1hsi¡1ds:

where we used that t�s to bound the norms. Now as x 7!G_u(x) is a positive definite function, with
t�s it follows that keGt;s(�1:`)kL1.1. Moreover, the assumptions � >1/2 and `�2 combined with

�s
`hsi¡`�hsi¡`�

make the above integral convergent, verifying (3.9). �

3.2 Extension to �2< 6�

When �2� 4�, the proof of Lemma 3.3 breaks down. Based on the discussion of Section 2.7, one
might naively try to change boundary conditions when the backward integral diverges and flow
the corresponding kernels forward . Ultimately this will turn out to be the solution, however the
implementation requires us to be careful and first make two remarks about the structure of the
flow equation. First, we note that some kernels are in fact irrelevant in the entire subcritical regime:

Example 3.4. (2-point case) Even if �2�4�, the `=1 case of Lemma 3.3 goes through without
modification, so that in the `=2 case (3.3) reads, up to constants and the volume cutoff �, as

vt;T
[2] (�1:2)� vT ;T

[2] (�1:2)eGt;T(�1:2)¡
Z
t

T

eGt;s(�1:2)�s
2G_s(x1¡x2)ds: (3.10)

Note that Gt;s(�1:2) depends on the total charge �(�1:2) :=�1+�22f¡2;0; 2g of the contribution:

Gt;s(�1:2) :=¡�2(Gt;s(0)+ (1�(�1:2)=/ 0¡ 1�(�1:2)=0)Gt;s(x1¡x2)):

For the charged contributions j�(�1:2)j= 2, the particles repel each other and the supremum is
attained as x1¡x2!1 (recall that t� s and x 7! G_u(x) is positive):

sup
x1:2

¡ �2Gt;s(0)¡ �2Gt;s(x1¡x2)�¡�2Gt;s(0):

On the other hand, in the neutral case j�(�1:2)j= 0 the particles attract each other and form a
dipole, cancelling the ¡�2Gt;s(0) gain:

sup
x1:2

¡ �2Gt;s(0)+ �2Gt;s(x1¡x2)� 0:
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Thus

sup
x1:2

eGt;s(�1:2). (�t�s¡1)j�(�1:2)j: (3.11)

Hence for charged contributions we gain from the covariance matrix Gt;s(�1:2) compared to the
naive bound keGt;s(�1:2)kL1. 1 we had in the previous proof and this gain is sufficient to restore
integrability and flow backward. In the neutral case, the naive bound was in fact sharp, the integral
in (3.10) is divergent and the kernel is relevant.

The following analysis on the screening mechanism of Gt;s generalizes the estimate (3.11) to the
`-point case. Since it serves as a base point to the more general case of the external vertex field
insertion of Section 5.2, we decide to include a full self-contained proof.

Lemma 3.5. (Individual screening) Let t� s. Then there exists a constant C such that for all
xg; xb; z 2R2 with jxg¡xbj � jxb¡ z j we have

Gt;s(xb¡ z)¡Gt;s(xg¡ z)�C:

Proof. See Appendix A.2. �

We can bootstrap the above estimate by recursively extracting neutral pairs from Gt;s.

Lemma 3.6. (Screening bound on GGGGGGGGGt;s) Let t� s. Then

sup
x1:`

eGt;s(�1:`).`�t
j�(�1:`)j�s

¡j�(�1:`)j: (3.12)

Proof. For simplicity denote � :=�(�1:`). First suppose the ensemble is purely charged, i.e. j�j=`.
Then �j�k=1 for all j ; k 2 1: `, so

eGt;s(�1:`)= exp

0@¡`�2
2
Gt;s(0)¡ �2

X
j<k

Gt;s(xj¡xk)

1A� exp
�
¡`�

2

2
Gt;s(0)

�
=�t`�s

¡`; (3.13)

verifying (3.12). Suppose from now on that j�j � `¡ 1; we will show that we can remove neutral
clusters from Gt;s(�1:`) until we arrive at a purely charged subset of particles �~1:j�j2 (f¡1; 1g�
R2)j�j and so that

eGt;s(�1:`). eGt;s(�~1:j�j); (3.14)

the statement then follows from applying (3.13) to the purely charged sector �~1:j�j.
Since j�j � `¡ 1, there is at least one neutral pair, i.e. j+; j¡2 1: ` such that �j+�j¡=¡1. Denote
by k+; k¡ the index of a closest of such neutral pairs, i.e. a pair � := f(+1; xk+); (¡1; xk¡)g2 (f¡1;
1g�R2)2 such that

jxk+¡xk¡j= min
j+;j¡:�j+�j¡=¡1

jxj+¡xj¡j:

By possibly relabeling the points, we distinguish the purely charged core and the ensemble of
neutral pairs with � being the last, i.e. we assume �1; : : : ; �j�j= sgn(�) and �j�j+j=¡�j�j+j+1
for all j 2 1; : : : ; `¡ j�j ¡ 1 and k¡=/ k+2f`¡ 1; `g The covariance matrix factorizes accordingly:

eGt;s(�1:`)= eGt;s(�1:(`¡2))e2Gt;s(�1:(`¡2);�)eGt;s(�):

By positive definiteness of G_u we have eGt;s(�). 1. By construction, for all j 2 1: (`¡ 2)

jxk+¡xk¡j �

(
jxk¡¡xj j if �j=1
jxk+¡xj j if �j=¡1

:
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Thus we may bound the cross term by

2Gt;s(�1:(`¡2); �)=¡�2
X
j=1

`¡2

�j(Gt;s(xk+¡xj)¡Gt;s(xk¡¡xj)).`C

by applying Lemma 3.5 with the choice

xb :=xk¡; xg :=xk+ z :=xj if �j=1
xb :=xk+ xg :=xk¡ z :=xj if �j=¡1:

Hence we obtain eGt;s(�1:`). eGt;s(�1:(`¡2)), and repeat the above extraction procedure inductively
until only the purely charged core remains, yielding (3.14). �

The screening bound ensures that non-neutral configurations can be flown backward. Moving on to
the neutral configurations, they are relevant and hence need to be flown forward, cf. Section 2.7.
However, as the following example shows, naively changing the boundary condition does not work.

Example 3.7. (The need for localisation) Let �2� 4�. As we have seen in the previous
example, the `=2 neutral kernel is relevant. Trying to naively change the boundary condition and
flow forward yields the equation

vt;T
[2] (�1:2)�

Z
0

t

eGt;s(�1:2)�s
2G_s(x1¡x2)ds:

It is clear that the Steiner weight in the norm 9�9t;& for & > 0 is incompatible with this equation.
But even when & =0 we face problems: now, as s� t, the covariance matrix behaves differently:
now Gt;s is negative, so in the neutral case the particles escape to infinity and we have

sup
x1:2

¡ �2Gt;s(0)+ �2Gt;s(x1¡x2)�¡�2Gt;s(0);

thus keGt;s(�1:2)1j�(�1:2)=0jkL1.�t2�s¡2 and trying to flow forward

9vt;T
[2] (�1:2)1�(�1:2)=09t;0 .

Z
0

t

9eGt;s(�1:2)1�(�1:2)=0�s2G_s(x1¡x2)9t;0ds

.
Z
0

t

keGt;s(�1:2)1�(�1:2)=0kL1�s2kG_s(x)kL�1ds

. �t
2

Z
0

t

hsi¡2ds

. �t
2

as the integral converges. The bound 9vt;T
[2] (�1:2)1�(�1:2)=09t;0. �t2 is worse than the expected

inductive estimate �t(�thti¡1). That is, naively trying to flow forward in the case when the back-
ward integral diverges, the covariance matrix will cause the forward integral to converge, breaking
the induction. The problem, as we noted above, is particles escaping to infinity; evaluating eGt;s(�1:2)

at x1=x2=0 gives

eGt;s(0)1�(�1:2)=0= e
¡�2Gt;s(0)+�2Gt;s(0)=1

and thus formally replacing the L1 bound on eGt;s(�1:2) with the above diagonal evaluation we
obtain, with lt := (1+ log(1_ t))Z

0

t

eGt;s(0)1�(�1:2)=09�s2G_s(x1¡x2)9t;0ds .
Z
0

t

�s
2kG_s(x)kL�1ds

.
Z
0

t

�s
2hsi¡2ds

. �t
2hti¡1ltc
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with for some c2R+ when �2� 4�, which is the expected inductive bound.

To sum up the above example, flowing forward requires forcing Gt;s(�1:`) to be evaluated on its
diagonal. Implementing rigorously the idea of forcing the covariance matrix onto the diagonal in a
way that also adheres to the weighted norms when & >0 requires the introduction of a localisation
scheme.

The localisation scheme we employ is based on the generalisation of the Mayer expansion ansatz
(3.1). Thus from now on, we work in the following generalised ansatz:

Vt
[`];T(�) :=

X
a2M

Z
vt;T
[`](a)(�a)	a(�a)�(xa)d�a (3.15)

where 	a(�a) are functionals of the field configuration � to be determined, called field content , and
the index set M is called the basis of the representation, again to be determined. We shall employ
the formal notation



vt;T
[`](a);	a

�
for terms in the above sum.

The way we determine M and 	a(�a) is inductive: we start from the `=1 case with assuming the
naive Mayer ansatz (3.1) as before. Supposing (3.15) is already determined up to a fixed iteration
order `¡1, we compute the corresponding bilinear term on the right-hand side of (2.20) using V [0]�
0. The so-defined source term then undergoes a post-processing based on the relevance/irrelevance
of the associated kernels, involving localisation when it is needed. The basis of the extended
representation at level ` is then determined by adhering to the field contents of the possibly localised
source term.

Let us carry out the above general strategy. Starting at the `=1 order case, we choose (3.15) to
be the naive Mayer ansatz (3.1) as before; with the boundary condition v0;T

[1] := �

2
, we obtain, as in

the first half of the proof of Lemma 3.3,

9vt;T[1] (�1)9t;&=�t�hti1¡�

for any & � 0. Then (3.3) gives the `=2 equation

@t


vt
[2];  1:2

�
+ 1
2
�G_ t



vt
[2];  1:2

�
=


Bt
[2];  1:2

�
(3.16)

where we denoted



Bt
[2](�1:2);  1:2

�
:= ¡�

2

2
�1�2

Z
vt
[1](�1)vt

[1](�2)�(x1:2)G_t(x1¡x2) 1:2d�1:2

�
Z
�t
2�(x1:2)G_t(x1¡x2) 1:2d�1:2

For charged terms we can send this backward via the screening estimates on the covariance matrix,
hence in this case the post-processing is to just leave the source term as it is.

For neutral terms, as we have seen above, this is not the way to go, hence we need to �clear� the
source term hB[2];  1:2i from the right-hand side of (3.16). We achieve this by decomposing it into
a local part that will be sent forward, and a more regular remainder that can be flown backward.
Concretely, for �1=¡�2, let

 1:2=
 1:2¡ 1
jx1¡x2j{

jx1¡x2j{+1 := 1:2{ jx1¡x2j{+1

where {> 0 to be determined. Based on this split, the source term decomposes as



Bt
[2];  1:2

�
= �2

2

Z
�t
2�(x1:2)G_t(x1¡x2)dx1:2+

�2

2

Z
�t
2�(x1:2) 1:2{ jx1¡x2j{G_t(x1¡x2)dx1:2

:=


Bt
[2](0); 1

�
+


Bt
[2]({)(x1:2);  1:2{

�
:
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Note that Bt
[2]({) is a function on (R2)2, while Bt

[2](0) is a number.

The above localisation thus left us with nonzero source terms corresponding to the field contents
1;  1:2{ . Thus (3.16) is now replaced with the following hierarchy of equations:

@t


vt
[2](0); 1

�
+ 1

2
�G_ t



vt
[2](0); 1

�
= Bt

[2](0)

@t


vt
[2];  1:2

�
+ 1

2
�G_ t



vt
[2];  1:2

�
= 0

@t


vt
[2]({);  1:2

{ � + 1
2
�G_ t



vt
[2]({);  1:2

{ � = Bt
[2]({)

The point of the localisation was that we eliminated the source term from the equation of the naive
term



vt
[2]
;  1:2

�
, which we saw we cannot estimate in the neutral case. To ensure that it stays this

way, i.e. that the action of the functional Laplacian �G_ t
on  1:2

{ does not generate contributions
with field content  1:2 (which would result in the source term of the form f

¡
vt
[2];({)� in the equation

of vt
[2], reintroducing the problem we encountered in the previous example), we proceed with an

abstract integration by parts argument: compute

1
2
�G_ t

hv[2]({);  1:2{ i = 1
2
�G_ t

�
v[2]({);

 1:2¡ 1
jx1¡x2j{

�
= 1

2
�G_ t

hv[2]({)jx1¡x2j¡{;  1:2¡ 1i

� hG_ t(�1:2)v[2]({)jx1¡x2j¡{;  1:2i
= hG_ t(�1:2)v[2]({)jx1¡x2j¡{;  1:2¡ 1+1i
= hG_ t(�1:2)v[2]({);  1:2{ i+ hG_ t(�1:2)v[2]({)jx1¡x2j¡{ ; 1i:

Hence denoting by Ht := @t+G_ t(�1:2) and

A
¡
vt
[2]({)� := 
G_ t(�1:2)vt[2]({)jx1¡x2j¡{ ; 1� :=Z G_ t(�1:2)vt[2]({)(�1:2)jx1¡x2j¡{�(x1:2)dx1:2;

the `= 2 equation (3.16) in the naive representation is replaced with the following hierarchy of
equations for the kernels, labelled by the field contents on the left:

�(�1:2)= 0:
1 @tvt

[2](0) + A
¡
vt
[2]({)� = Bt

[2](0)

 1:2 Htvt
[2] = 0

 1:2
{ Htvt

[2]({) = Bt
[2]({)

(3.17)

Crucially, as a consequence of our post-processing, the kernel of the naive field content  1:2 satisfies
a linear ODE with vanishing source term and zero boundary conditions, hence is identically zero.

The system (3.17) is the result of the post-processing in the neutral case. For the sake of direct
comparison, we formulate the result of the above-discussed trivial post-processing in the charged
case (cf. (3.16)):

�(�1:2)=/ 0:
1 @tvt

[2](0) = 0
 1:2 Htvt

[2] = Bt
[2]

 1:2
{ Htvt

[2]({) = 0

(3.18)

We summarize the obtained representation in the following

Lemma 3.8. (Change of basis) Let Vt
[1] be given in terms of (3.1), and let

Vt;T
[2] (�)=

X
�1:22f¡1;1g2



vt;T
[2](0)(�1:2); 1

�
+


vt;T
[2] (�1:2);  1:2

�
+


vt;T
[2]({)(�1:2);  1:2{

�
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with kernels satisfying (3.17) when �(�1:2) = 0 and (3.18) when �(�1:2) =/ 0. Then
�
Vt;T
[`]	

`2f1;2g
satisfies the Polchinski equation (2.20) up to level `=2.

In this new basis, circumventing the issues highlighted in Example 3.7, we can propagate the correct
inductive estimates and thus extend the result of Lemma 3.3 to the case �2� 4�:

Lemma 3.9. Let �22 (0; 8�), { 2 (0; 2] such that {> �2¡ 4�
2�

=2(1¡ 2�), take & ; �2R+ arbitrary.
Then imposing the boundary conditions

vT ;T
[2] := 0; vT ;T

[2]({) := 0; and
vT ;T
[2](0) := 0 if �2< 4�

v0;T
[2](0) := 0 if �2� 4�

(3.19)

on the system of equations (3.17), (3.18), we have, with lt := (1+ log(1_ t)) and some c2R+, the
upper bounds

9vt;T[2](0)9t;& 9vt;T[2] 9t;& 9vt;T[2]({)9t;&
�(�1:2)=/ 0 0 �t(�thti¡1)ltc 0

�(�1:2)= 0 k�kL1�t(�thti¡1)ltc 0 �t(�thti¡1)ltchti
¡{
2 :

Moreover, for any �� 0 we have

9vt;T
[2]({)(�1:2)jx1¡x2j�9t;&.�t(�thti¡1)ltchti¡

{+�
2 : (3.20)

Proof. Whenever a kernel is the solution of a linear ODE with vanishing source term, it vanishes
identically.

In the charged case �(�1:2)=/ 0, we estimate similarly to Lemma 3.3, the only difference being the
reliance on the screening bound (3.12): indeed, with j�(�1:2)j=2

9vt;T
[2] 9t;& �

Z
t

1
keGt;s(�1:2)kL19vs;T

[1] 9s;&2 hsi¡2ds.�t2
Z
t

1
hsi¡2ds.�t2hti¡1:

In the neutral case �(�1:2) = 0, for the nonlocal remainder we use the gain from the smoothing
kernel j�j{: by Lemma A.2,

9Bt[2]({)9t;&.�t2kj�j{G_t(�)e& t
p
j�jkL�1.�t

2hti¡2hti¡
{
2 (3.21)

which allows to send the kernel backward; with keGt;s(�1:2)kL1. 1

9vt[2]({)9t;&.
Z
t

1
keGt;s(�1:2)kL19Bs[2]({)9s;&ds.

Z
t

1
�s
2hsi¡2hsi¡

{
2ds.�t2hti¡1hti¡

{
2 (3.22)

since the integral converges due to the condition on {: indeed, 2(1¡ �)¡1¡ (1¡2�)¡ "=¡". The
source term of the local part is

9Bt[2](0)9t;& =
��������Z
(R2)2

�t
2�(x1:2)G_t(x1¡x2)dx1:2

��������
� �t

2t¡1e
¡m2

t k�kL1sup
x1

Z
Rd
�(x2)e

¡tjx1¡x2j2

4 dx2

. �t
2hti¡2k�kL1:

To estimate A
¡
vt
[2]({)�, note that in the neutral case

G_ t(�1:2)��¡(G_t(0)¡G_t(x1¡x2))
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so that with 1�!t& it follows from Lemma A.3 that

9A
¡
vt
[2]({)�9t;& =

����������
Z
(R2)2

G_ t(�1:2)
jx1¡x2j{

vt
[2]({)(�1:2)�(x1:2)dx1:2

����������
.










 G_ t(�1:2)jx1¡x2j{












L1

Z
(R2)2

����vt[2]({)(�1:2)�����(x1:2)!t&(x1:2)hSt(x1:2)i�dx1:2
�











 G_ t(�1:2)jx1¡x2j{












L1

9vt[2]({)9t;&k�kL1

. hti¡1+
{
2�t

2hti¡1hti¡
{
2k�kL1

Hence, since by locality
����vt[2](0)����=9vt[2](0)9t;&=9vt[2](0)9s;& for all s; t2R+, when �2<4�,1¡ � <

1/2 the irrelevant boundary condition yields

9vt[2](0)9t;&.
Z
t

1
9A
¡
vs
[2]({)�9s;&+9Bs[2](0)9s;&ds. k�kL1Z

t

1
�s
2hsi¡2ds. k�kL1�t2hti¡1

since the integral converges, while if �2� 4�, 1¡ �� 1/2 the relevant boundary condition yields

9vt[2](0)9t;&.
Z
0

t

9A
¡
vs
[2]({)�9s;&+9Bs[2](0)9s;&ds. k�kL1Z

0

t

�s
2hsi¡2ds. k�kL1�t2hti¡1lt

since the integral diverges. Finally, (3.20) follows from (3.21) and (3.22) by replacing { with
{+�. �

Remark 3.10. Unifying the notation, with the above lemma, we have proven in the `=2 case
the inductive bound

9vt;T[2]({)9t;& ;�.��t(�thti¡1)`¡1ltchti
¡{
2 ; { 2 (0; 2][f0g

which holds even for v[2] if one insists on it corresponding to {=0 by an abuse of notation (as we
have seen, even though v[2] and its localisation v[2](0) satisfy the same estimates, it is crucial that
we treat them as different kernels in order to prove said estimates).
Also note that the estimate depends on � only in the case of the vacuum energy term v[2](0).

Remark 3.11. For future reference, we record that as G_ t(�1:2)=¡�2(G_t(0)+�1�2G_t(x1¡x2)),

vt;T
[2]({)(�1:2)=

�2

2

Z
t

T

eGt;s(�1:2)�s
2�(x1:2)jx1¡x2j{�1�2G_s(x1¡x2)ds

is symmetric under charge conjugation i.e. under �1:2$�1:2 :=¡�1:2.

The previous two Lemmas tell us that in the the charged case �(�1:2)=/ 0 the field content is  1:2,
hence it propagates the field content  1:` further down the induction, i.e. for any V [jI j]=hv[jI j];  jI ji,
the bilinear term 


DVt
[2]1�(�1:2)=/ 0; G_ tDVt

[jI j]�
will have associated field content  jI j+2. On the other hand, the neutral term has the dipole field
content f1;  1:2{ g. Compute

D
¡

vt
[2](0); 1

�
+


vt
[2]({);  1:2

{ ��= vt[2]({)jx1¡x2j¡{ 1:2X
j=1

2

�j�xji� (3.23)

so that for example

DVt

[2]1�(�1:2)=0; G_ tDVt
[1]�� 
vt[2]({)G_ t(�1:2; �3)v[1]; jx1¡x2j¡{ 1:2 3�:
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Now a priori we have two options:

1. we try to absorb the divergence jx1¡x2j¡{ into G_ t(�1:2; �3), leaving us with the field content
 1:3.

2. create a new dipole, i.e. pick a {~ so that

jx1¡x2j¡{ 1:2 3= jx1¡x2j¡{( 1:2¡ 1+1) 3= jx1¡x2j{~¡{ 1:2{~  3+
 3

jx1¡x2j{
;

which yields the decomposition

DVt

[2]1j�(�1:2)j=0; G_ DVt
[1]� � 


vt
[2]({)G_ t(�1:2; �3)v[1]; jx1¡x2j¡{ 1:2 3

�
=

*Z
vt
[2]({)(x1:2)

G_ t(�1:2; �3)
jx1¡x2j{

v[1](x3)dx1:2;  3

+

+

*
vt
[2]({) G_ t(�1:2; �3)

jx1¡x2j{¡{~
v[1];  1:2

{~  3

+
:= hB 3(x3);  3i+ hB 1:2{~  3(x1:3);  1:2

{~  3i:

(3.24)

This induces a change of basis in the `=3, j�(�1:3)j=1 case, which would then create further
modifications along the induction in `, making the representation (3.15) differ significantly
from the classical Mayer ansatz (3.1).

It turns out that in the case �2< 6�, since we may choose { := 1 (cf. Lemma 3.9), option 1. is
viable: it is possible to negate the divergence jx1¡x2j¡1 of the dipole, hence returning to the Mayer
ansatz from `� 3 onwards. This is shown in the following

Lemma 3.12. Let { 2 (0; 1], & ; � � 0, c> &. Suppose �1:2 is neutral, i.e. �1=¡�2. Then for any
kernel kt(�I), I � 3: `

|||||||||||||||||||||||||||||||||vt[2]({)(�1:2)G
_ t(�1:2; �I)
jx1¡x2j{

kt(�I)|||||||||||||||||||||||||||||||||
t;&

.9vt[2]({)9t;&+chti
¡2+{

29kt9t;&: (3.25)

Moreover, when �3:4 is also neutral, i.e. �3=¡�4,

|||||||||||||||||||||||||||||||||vt[2]({)(�1:2) G_ t(�1:2; �3:4)
jx1¡x2j{ jx3¡x4j{

vt
[2]({)(�3:4)|||||||||||||||||||||||||||||||||

t;&

.9vt[2]({)9t;&+chti¡2+{9vt[2]({)9t;&+c (3.26)

Proof. To prove (3.25), fix j 2 I and denote by y := xj. Then using Lemma A.6 with j�j=0 we
have for any c� 0

jG_t(x1¡ y)¡G_t(x2¡ y)j
jx1¡x2j{

. jx1¡x2j1¡{e¡c t
p
jx1¡yj!t

c(x1:2)e
¡m2

t t
¡1
2

thus writing �ij := jxi¡xj j it follows from (3.7) and d~(x1:2; xI)� jx1¡ y j that

|||||||||||||||||||||||||||||||||vt[2]({)(�1:2)G
_ t(�1:2; �I)
jx1¡x2j{

kt(�I)|||||||||||||||||||||||||||||||||
t;&

. sup
x1

Z ����vt[2]({)(�1:2)!t&(�1:2)����X
j2I

jG_t(x1¡xj)¡G_t(x2¡xj)j
jx1¡x2j{

e& t
p
d~(x1:2;xI)jkt(�I)!t&(�I)jdx2dxI

.
X
j2I

9kt9t;& sup
x1

Z ����vt[2]({)(�1:2)!t&+c(�1:2)�121¡{����e(&¡c) t
p
�1j e

¡m2

t t
¡1
2dx2dxj

.
X
j2I

9kt9t;& 9vt[2]({)j�j1¡{9t;&+csup
x1

Z
e(&¡c) t

p
�1j e

¡m2

t t
¡1
2dxj

. 9kt9t;& 9vt[2]({)9t;&+chti
¡1¡{

2 hti¡1¡
1
2
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where in the last estimate we used (3.20) and that c> &. Thus we proved (3.25) for �=0, and the
same argument extends for any � � 0 after inserting hSt(�)i�.
For (3.26) we proceed similarly: assuming, without loss of generality that �1=�3=1 and �2=�4=
¡1, we have, writing #(x34) :=x3+#(x4¡x3), we have by Lemma A.6 with j�j=1 that

G_ t(�1:2; �3:4)
�12
{ �34
{

��
G_t(x3¡x1)¡G_t(x4¡x1)

�12
{ �34
{ ¡ G

_
t(x3¡x2)¡G_t(x4¡x2)

�12
{ �34
{

= �12
¡{�34

¡{(x3¡x4) �
Z
0

1

rG_t(#(x34)¡x1)¡rG_t(#(x34)¡x2)d#

. e
¡m2

t �12
1¡{�34

1¡{
Z
0

1

e¡c t
p
jx1¡#(x34)jec t

p
�12d#

. e
¡m2

t �12
1¡{�34

1¡{e¡c t
p
�13!t

c(x1:2)!tc(x3:4)

where the last bound follows from

jx1¡x3j ¡#jx4¡x3j � jx1¡x3¡#(x4¡x3)j= jx1¡#(x34)j:

Thus we have, with Kt(i; j) :=
����vt[2]({)(�i; �j)����!t&+c(xi; xj)�ij1¡{

|||||||||||||||||||||||||||||||||vt[2]({)(�1:2) G_ t(�1:2; �3:4)
jx1¡x2j{ jx3¡x4j{

vt
[2]({)(�3:4)|||||||||||||||||||||||||||||||||

t;&

. sup
x1

Z
Kt(1; 2) e(&¡c) t

p
�13e

¡m2

t Kt(3; 4)dx2:4

. 9vt[2]({)j�j1¡{9t;&+csup
x1

Z
Kt(1; 2) e(&¡c) t

p
�13e

¡m2

t dx2:3

. 9vt[2]({)j�j1¡{9t;&+c9vt[2]({)j�j1¡{9t;&+chti¡1

. 9vt[2]({)9t;&+chti
¡1¡{

2 9vt[2]({)9t;&+chti
¡1¡{

2 hti¡1

by (3.20) and c> &. Again, the argument generalizes to any � � 0 after inserting hSt(�)i�. �

Remark 3.13. (Above 6�) When �2>6�, i.e. we need to choose {2 (1;2], Lemma 3.12 cannot
be used. We then have to choose option 2 in the discussion preceding the lemma, creating a �tripole�
in (3.24). The point is that the remainder bilinear term B 1:2{~  3(x1:3) has a lowered divergence
jx1¡x2j¡({¡{~); it turns out that we may pick {~ :=1 so that {¡{~2 (0;1] and Lemma 3.12 can be
used to estimate B 1:2{~  3; on the other hand, B 3(x3) has integration over dx1:2 which provides the
additional smoothing effect to negate the divergence jx1¡x2j¡{. As we have mentioned, the price
to pay is the proliferating change of bases further along the flow, which results in a representation
for V [`] significantly different from the naive Mayer ansatz. We refer to [36] for further discussion
on this issue.

Note that we introduced in (3.5) the function � in the weight, but so far we only took norms with
� := & 2R+. Since the above lemma changes the weight in the norm, this is no longer feasible.
Hence from now on, we take (3.5) with

� :=�(`) := 4¡`:

Lemma 3.12 allows us to finally determine the form of the generalised representation (3.15) for
all `� 3, and subsequently to propagate the induction through the corresponding kernels, i.e. to
extend Lemma 3.3 from �2< 4� to �2< 6�. Define the basis of representation

M := f(`; �1:`;{): `2N0; �1:`2f¡1; 1g`;{ 2f0; 1gg:
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Given an index a := (`; �1:`;{)2M, let us introduce the notation

`(a) := `; �(a) :=�1:`; {(a) :={:

We decompose the basis as M=Mp] (M nMp), where Mp is the subset of indices that needed
nontrivial post-processing, namely

Mp := f(2; �1:2;{): �(�1:2)= 0g

The associated field content of the representation is then

	a :=

8>><>>:
 1:` if a2M nMp;{(a)= 0
0 if a2M nMp;{(a)= 1
 1:2
{ if a2Mp

where  1:2
{ :=

8<:
 1:2¡ 1
jx1¡x2j{

if {> 0

1 if {=0:
(3.27)

We note that this is a redefinition of our previous notation; we have already started moving in this
direction in Remark 3.10.
The boundary conditions are already determined for almost all kernels of the first 2 iteration orders,
cf. (3.19) and v0;T

[1](a) := �

2
when {(a)= 0; what remains is setting

v0;T
[1](a) := 0 if {(a)= 1:

For all kernels with `� 3 we impose the irrelevant boundary condition, i.e. we set

vT ;T
[`](a) := 0 if `� 3; a2M nMp: (3.28)

With this, the boundary conditions have been fixed for all kernels of the index set M.
Having determined the generalised ansatz (3.15), we can now translate the Polchinski equation
(2.20) from Vt

[`];T to a hierarchy of equations for the kernels vt;T
[`](a) of the representation and prove

the inductive bounds on them.

Proposition 3.14. (estimates on the potential kernels) Let �2<6�. Then there exist kernels�
vt;T
[`](a)	

a2M obeying boundary conditions v0;T
[1](a) := �

2
, (3.19) and (3.28), such that

�
Vt
[`];T	

`, given
by (3.15), satisfy (2.20). Moreover, for each a2M and any � 2R+, we have the estimates

9vt;T
[`](a)9t;�(`);�.�t(�thti¡1)`¡1ltchti¡

{(a)
2 (3.29)

for some c= c(a; �2)2R+. All bounds are independent of � except that of a2Mp with {(a)= 0.

Proof. First, we set v�;T
[`](a)� 0 whenever a2M nMp and {(a) = 1. These trivially satisfy (3.29)

and also consistent with the Polchinski equation because of the 0 field content. Thus from now on
we only consider the remaining kernels.
The starting level `=1 is done just as in the proof of Lemma 3.3. The case `=2 has been treated
in Lemma 3.9 (cf. also Remark 3.10 for notation). Thus from now on, suppose `� 3; we will check
(3.29) inductively with the understanding that c2R+ in lt

c is a constant we do not track and may
change from line to line.
Based on Lemma 3.8, the bilinear part of the Polchinski equation (2.20) may be decomposed asX

`0+`00=`



DVs

[`0]; G_ sDVs
[`00]�

=
X

`0+`00=`

*X
b2M

CbD


vs
[`0](b);	b

�
; G_ s

X
c2M

Cc


D


vs
[`00](c);	c

��+
=
0@ X

`0+`00=`
b;c2MnMp

+
X

`0+`00=`
b2Mp;c2MnMp

+
X

`0+`00=`
b;c2Mp

1ACb;c
D
vs[`0](b);	b�; G_ sD
vs[`00](c);	c��
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with Cb; Cc; Cb;c nonnegative combinatorial constants. We treat the three parts in separate cases.

1. Case b; c2M nMp: by (3.27) we compute, just as in the proof of Lemma 3.1, that

D


vs
[jI1j](b);	b

�
; G_ sD



vs
[jI2j](c);	c

��
=Cb;c



vs
[jI1j](b)(�I1)G_ s(�I1; �I2)vs

[jI2j](c)(�I2);  1:`
�

for some constant Cb;c, so that

9vs[jI1j](b)(�I1)G_ s(�I1; �I2)vs[jI2j](c)(�I2)9s;�(`)
. 9vs[jI1j](b)9s;4¡`hsi¡29vs[jI2j](c)9s;4¡`
. 9vs[jI1j](b)9s;�(jI1j)hsi¡29vs

[jI2j](c)9s;�(jI2j)
. �s(�shsi¡1)`¡1hsi¡1lsc

2. Case b2Mp; c2M nMp: computing as in (3.23),



D


vs
[jI1j](b);	b

�
; G_ sD



vs
[jI2j](c);	c

��
=Cb;c

*
vs
[2](b)(�1:2)

G_ s(�1:2; �I2)
jx1¡x2j{

vs
[jI2j](c)(�I2);  1:`

+

where { :={(b)= 1. Hence estimating by (3.25) with c := 2 � 4¡` and using the bounds of
Lemma 3.9 we get, since `� 3

|||||||||||||||||||||||||||||||||vs[2](b)(�1:2)G
_ s(�1:2; �I2)
jx1¡x2j{

vs
[jI2j](c)(�I2)|||||||||||||||||||||||||||||||||

s;�(`)

. 9vs[2](b)9s;3�4¡`hsi
¡2+{

29vs[jI2j](c)9s;4¡`
. 9vs[2](b)9s;4¡(`¡1)hsi

¡2+{
29vs[jI2j](c)9s;4¡`

. 9vs[2](b)9s;�(2)hsi
¡2+{

29vs[jI2j](c)9s;�(jI2j)
. �s(�shsi¡1)`¡1hsi¡1lsc:

3. Case b; c2Mp: it follows from the definition of Mp that this only happens in when `=4.
Similarly to (3.23) we obtain


D


vs
[jI1j](b);	b

�
; G_ sD



vs
[jI2j](c);	c

��
= Cb;c

*
vs
[2](b)(�1:2)

G_ s(�1:2; �3:4)
jx1¡x2j{ jx3¡x4j{

vs
[2](c)(�3:4);  1:4

+

where { :={(b)={(c)= 1. Thus estimating by (3.26) with c := 2 � 4¡` and Lemma 3.9

|||||||||||||||||||||||||||||||||vs[2](b)(�1:2) G_ s(�1:2; �3:4)
jx1¡x2j{ jx3¡x4j{

vs
[2](c)(�3:4)|||||||||||||||||||||||||||||||||

s;�(`)

. 9vs[2](b)9s;4¡(`¡1)hsi¡2+{9vs
[2](c)9s;4¡(`¡1)

. 9vs[2](b)9s;�(2)hsi¡2+{9vs[2](c)9s;�(2)

. �s(�shsi¡1)`¡1hsi¡1lsc:

Hence combining the above cases and using the screening bound (3.12) we get

9vt[`](a)9t;�(`) .
Z
t

1
keGt;s(�1:`)kL1�s(�shsi¡1)`¡1hsi¡1lscds

.
Z
t

1
(�t�s

¡1)j�(�1:`)j�s(�shsi¡1)`¡1hsi¡1lscds

. �t(�thti¡1)`¡1ltc:

where the integral converges because the assumption ` � 3 implies either ` = 3, in which case
j�(�1:`)j � 1, or `� 4, in which case �s(�shsi¡1)`¡1�hsi1¡4�. hsi¡" for some "> 0 as �2< 6�,
� > 1/4. �
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A straightforward consequence of the above uniform bounds is the removal of the UV cutoff T . To
this end, we extend the kernels trivially from [0; T ] to R+; namely, put

v~t;T
[`](a) := vt^T ;T

[`](a) ; (3.30)

for any t2R+; we abuse notation by simply writing vt;T
[`](a) instead of v~t;T

[`](a).

Corollary 3.15. For any � � 0, the 9�9t;�;�-limits

vt;1
[`](a) := lim

T!1
vt;T
[`](a)

exist, are independent of �, and satisfy the bounds (3.29). Moreover, V [`];1;�(�), given by

Vt
[`];1;� :=

X
a2M
`(a)=`

Vt
[`](a);1;� where Vt

[`](a);1;�(�) :=
Z
vt;1
[`](a)(�a)	a(�a)�(xa)d�a (3.31)

satisfies (2.20).

Proof. See Appendix B.3 �

To simplify notation, we frequently suppress reference to �, and also write vt
[`](a) := vt;1

[`](a) and
Vt
[`] :=Vt

[`];1.

4 The effective force observable
With the inductive bounds on the kernels of the representation proven, we may translate them to
estimates on the approximate effective force. We tacitly assume that every object with superscript
T is extended from [0; T ] to R+ trivially, i.e. just as in (3.30) above.

Proposition 4.1. (estimates on the approximate force) Let �2< 6�. Denote by E :=L1 or
L2(hxi¡n) for n> 2. Then with Ft

[`];T ;� :=DVt
[`];T ;�, for all X 2S 0, we have

sup
T

sup
�

sup
�2H





QtFt[`];T ;�(�)



E.�t(�thti¡1)`¡1ltchti¡1: (4.1)

sup
T

sup
�

sup
�2H






DFt[`];T ;�(�); G_ tX�



E.�t(�thti¡1)`¡1ltchti¡1kQtXkE: (4.2)

Moreover, denoting E :=L1 or L2(hxi¡n) for any n2Z, we have

sup
T

sup
�





Qt¡Ft[`];T ;�(�)¡Ft[`];T ;�(�0)�



E.�t(�thti¡1)`¡1ltchti¡1k�¡ �0kE (4.3)

sup
T

sup
�






D¡Ft[`];T ;�(�)¡Ft[`];T ;�(�0)�;G_ tX�



E.�t(�thti¡1)`¡1ltchti¡1kQtXkL1k�¡�0kE (4.4)

Finally, if kQtXkL1<1, then as T!1,

sup
�

sup
�2H





Qt¡Ft[`];1;�¡Ft[`];T ;��(�)



L1+




D¡Ft[`];1;�¡Ft[`];T ;��(�); G_ tX�



L1! 0:

and for n> 2, denoting by L2;¡n :=L2(hxi¡n), as �! 1R2,

sup
T

sup
�2H





Qt¡Ft[`];T ;1R2¡Ft[`];T ;��(�)



L2;¡n+




D¡Ft[`];T ;1R2¡Ft[`];T ;��(�); G_ tX�



L2;¡n! 0:
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Proof. The bounds follow from the estimates of the previous section in a straightforward way.

1. The force bound (4.1):
The vacuum energy contribution vt;T

[2](0) is annihilated by the derivative, thus denoting by

M (b)(xI) :=1b2MnMp
+1b2Mp1{(b)>0jxI(1)¡xI(2)j¡{(b)

we compute

QtFt
[`];T(�)(y) = QtDVt

[`];T(�)(y)

= i�
X

a2M
`(a)=`

Z
�(x1:`)vt;T

[`](a)M (a)(�1:`)
X
j=1

`

�jkt
Q(xj¡ y) 1:`d�1:`:

Hence for a2M nMp, we simply have, uniformly in k�kL1� 1, that





QtFt[`](a);T(�)



L1 . sup
y

Z ����vt;T[`](a)(�1:`)����X
j=1

`

kt
Q(xj¡ y)d�1:`

� 9vt;T
[`](a)9t;�;� sup

y

Z
Rd
kt
Q(x¡ y)dx

. 9vt;T[`](a)9t;�;�hti¡1;

On the other hand, for a 2Mp with { :={(a) = 1, by neutrality �1=¡�2, using Lemma
A.6, and (3.20) yields

����QtFt[`](a);T(�)(y)���� . Z
vt;T
[`](a)(�1:2)

�1kt
Q(x1¡ y)+�2kt

Q(x2¡ y)
jx1¡x2j{

 1:2d�1:2

.
Z
vt;T
[`](a)(�1:2)!tc(x1:2)e¡c t

p
jx1¡yje

¡m2

2t t
1
2dx1:2

. 9vt;T
[`](a)9t;�;�hti¡

1
2

and the L1 statement follows from Proposition 3.14 and Corollary 3.15. The L2(hxi¡n)
statement is done verbatim.

2. The contraction bound (4.2):
Since G_ tX = G_t �X 2C1(Rd), point evaluations make sense and we may compute


DFt
[`](a);T(�); G_ tX

�
(y)

= DFt
[`](a);T(�)[G_ tX](y)

= ¡�2
Z
�(x1:`)vt;T

[`](a)M (a)(�1:`)
X
j;k=1

`

�j�k(G_ tX)(xj)�(xk¡ y) 1:`d�1:`:

When a2M nMp, we simply bound it by

. kG_ tXkL1
Z ����vt;T[`](a)����(�1:`)X

k=1

`

�(xk¡ y)d�1:`

. hti¡1kQtXkL19vt;T[`](a)9t;�;�:

and we conclude from Proposition 3.14 and Corollary 3.15. When a2Mp with { :={(a)=1,
by neutrality �1=¡�2 it is estimated via

.
Z ����vt;T[`](a)����(�1:2) j(G_ tX)(x1)¡ (G_ tX)(x2)jjx1¡x2j

X
k=1

2

�(xk¡ y)d�1:2

. krG_ tXkL19vt;T[`](a)9t;�;�

. hti¡
1
2kQtXkL19vt;T

[`](a)9t;�;�
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by (A.2).

3. The Lipschitz bounds (4.3) and (4.4):

Denoting by  j0 := ei��j�
0(xj), we have

j 1:`¡  1:`0 j=
X
j21:`

jei��j�(xj)¡ ei��j�0(xj)j � �
X
j21:`

j�(xj)¡ �0(xj)j

from which the L1 bounds follow immediately by repeating the argument of (4.1) and (4.2).
Thus from now on, we focus only on the weighted L2 bounds. First let a 2M nMp. Fix
a charge configuration �1:` and pick any j ; k 2 1: `; we have, with the change of variables
r=xj¡ y, zj=0, zm=xm¡xj (m=/ j)

Ij;k(y) =
Z ����vt;T[`](a)(x1:`)����ktQ(xj¡ y)j�(xk)¡ �0(xk)jdx1:`

=
Z ����vt;T[`](a)(z1:`+ y+ r)

����ktQ(r)j�(zk+ y+ r)¡ �0(zk+ y+ r)jdz1:`nfjgdr

=
Z ����vt;T[`](a)(z1:`)����ktQ(r)j�(zk+ y+ r)¡ �0(zk+ y+ r)jdz1:`nfjgdr

where the last equality follows from translation invariance of the kernels vt;T
[`](a). Then by

Minkowski's integral inequality, the estimate ku(�+h)kL2;¡n.h hhijnjkukL2;¡n and

kh�i¡nIj;kkL2.9vt;T[`](a)9t;�;�kktQkL1k�¡ �0kL2;¡n

where hrijnj is eaten by kkt
QkL1 and hzkijnj by the parameter � in the kernel norm. This

shows (4.3) in the case a2M nMp. For a2Mp, we combine the above argument with how
this case was handled in proving (4.1). Finally, (4.4) follows along similar lines from the
proof of (4.2).

4. The T and � limits:
The claim about the T!1 limits follows from Corollary 3.15.

For the claim about the �! 1R2, limit, estimate, when a2M nMp,



Qt¡Ft[`](a);1;�¡Ft[`](a);T ;��(�)



L2;¡n2

�
Z ����������
Z
(1¡ �(x1:`))vt

[`](a)(�1:`)
X
j21:`

�jkt
Q(xj¡ y) 1:`d�1:`

����������
2

hyi¡ndy

. sup
x1:`

j1¡ �(x1:`)j29vt[`](a)9t;�;�2 9ktQ9L12
Z
hyi¡ndy

and apply dominated convergence. On the other hand, when a2Mp with { :={(a)=1, we
use neutrality and Lemma A.6 to get

Z ����������
Z
(1¡ �(x1:2))vt

[`](a)(�1:2)
kt
Q(x1¡ y)¡ kt

Q(x2¡ y)
jx1¡x2j

d�1:2

����������
2

hyi¡ndy

.
Z ��������Z (1¡ �(x1:2))vt

[`](a)(�1:2)e¡c t
p
jx1¡yjec t

p
jx1¡x2je

¡m2

2t t
1
2dx1:2

��������2hyi¡ndy
. t

1
2sup
x1:2

j1¡ �(x1:2)j29vt[`](a)9t;�;�2







e¡c t
p
j�je
¡m2

2t








L1

Z
hyi¡ndy

and again conclude from dominated convergence.

The case of


DFt

[`];T(�);G_ tX
�
follows similarly, by combining the above argument with the

proof of (4.2). �

36



Combining the bounds (4.1) and (4.2), we obtain that for `0; `00 such that `0+ `00� `, we have




DFt[`0];T(�); G_ tFt[`00];T(�)�



L1 . �t(�thti¡1)`
0¡1lt

chti¡1�t(�thti¡1)`
00¡1lt

chti¡1

. (�thti¡1)`ltc
(4.5)

again uniformly in �, �, and T 2 [0;1].

We are in now position to prove the existence of the sine�Gordon scale decomposition process '.
We start with recalling the following

Theorem 4.2. ([29]) Let �2<6� and denote by F~T :=F [�3];T. Then for any �2Cc1 and T 2 [0;1)
there exists a unique solution ('T ;�; R~T ;�) to the equation8>>>>>><>>>>>>:
't
T ;� = ¡

Z
0

t

G_ s(F~s
T ;�('s

T ;�)+R~s
T ;�)ds+Bt

R~t
T ;� = EtB

�Z
t

T
�
@s+

1
2
�G_ s

�
F~s
T ;�('s

T ;�)¡hDF~s
T ;�('s

T ;�); G_ s(F~s
T ;�('s

T ;�)+R~s
T ;�)ids

� (4.6)

satisfying

sup
�

sup
T

kR~t
T ;�kL1(
;L1). j�j+�t4hti¡3 (4.7)

Proof. Existence and uniqueness is Lemma 2.6 and Theorem 2.2 in [29]. The uniform boundedness
estimate (4.7) follows from Lemma 4.1. �

Corollary 4.3. Let n> 2. Then

1. The laws of ('�
T ;�; B�) are tight on Cloc(R+;L2(hxi¡n))2

2. The laws of R~�
T ;� are tight on Lloc

2 (R+; L2(hxi¡n)), equipped with the weak topology of
L2([0; S];L2(hxi¡n)) for each S 2N.

Proof. Fix an S <1. Denote by Z :='¡B. It follows from (4.1), (4.7) and (A.2) that uniformly
in T and �,

sup
t2[0;S]

(kZt
T ;�kL1(
;W 1;1)+ kZ_ t

T ;�kL1(
;L1))�C�;S:

It is clear that W 1;1(R2) is compactly embedded in L2(hxi¡n). Indeed, pick a bounded (uk)�
W 1;1(R2); on every closed ball of R2 we may apply Arzelà�Ascoli, and a diagonal argument allows
to extract a subsequence (ukj) converging locally uniformly on R2 to a u2Cb. By integrability of
hxi¡n, dominated convergence yields ukj!u in L2(hxi¡n).

Then by Lipschitzness obtained from the bound above on Z_ tT , we may use Arzelà�Ascoli to see that
fZ�

T ;�gT ;� lives almost surely in a compact subset of C([0; S];L2(hxi¡n)), hence its laws are tight.

On the other hand, it follows from (4.7) that uniformly in T and �, we have almost surely

kR~T ;�kL2([0;S];L2(hxi¡n))2 =
Z
0

S

kR~s
T ;�kL2(hxi¡n)2 ds.

Z
0

S

j�j+�s4hsi¡3ds;

hence by the Banach�Alaoglu theorem and reflexivity, fR~T ;�gT ;� lives almost surely in a weakly
compact subset of L2([0; S];L2(hxi¡n)). �

By Prokhorov's theorem, the sequence of the above measures admit a weakly convergent sub-
sequence. The next proposition identifies such limits as the laws of the solution to an FBSDE
corresponding to the cutoff-removed effective force coefficients.
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Theorem 4.4. For every accumulation point (�'; �R) of Law('T ;�; R~T ;�)T ;� in Theorem 4.2,
there exists a filtered probability space (
;A ;F ;P) with admissible filtration F such that (';R~)
has law (�'; �R) and solves8>>>>>><>>>>>>:

't = ¡
Z
0

t

G_ s(F~s
1;1R2('s)+R~s)ds+Bt

R~t = EtF
�Z

t

1�
@s+

1
2
�G_ s

�
F~s
1;1R2('s)¡hDF~s

1;1R2('s); G_ s(F~s
1;1R2('s)+R~s)ids

� (4.8)

Proof. Let (T ; �) index a convergent subsequence. By the Skorokhod representation theorem,
there exists a probability space (
;A ;P) and random variables (';R~) such that P-almost surely
'T ;�! ' in C([0; S]; L2(hxi¡n)) and R~T ;�!R~ weakly in L2([0; S];L2(hxi¡n)) for any S.

Convergence of the forward equation

Write Z
0

t

G_ s(F~s
1;1R2('s)+R~s)¡G_ s(F~s

T ;�('s
T ;�)+R~s

T ;�)ds

=
Z
0

t

G_ s(F~s
1;1R2('s)¡F~s

1;1R2('s
T ;�))ds+

Z
0

t

G_ s(F~s
1;1R2('s

T ;�)¡F~s
T ;�('s

T ;�))ds

+
Z
0

t

G_ s(R~s¡R~s
T ;�)ds

The first term vanishes in L2(hxi¡n) due to (4.3), the second due to the convergence result of
Proposition 4.1, and the third weakly in L2(hxi¡n) due to R~T ;�!R~. Indeed, for the latter, note
that for any h2L2(hxi¡n) we have�Z

0

t

G_ s(R~s¡R~s
T ;�)ds; h

�
L2(hxi¡n)

=
Z
0

t

h(R~s¡R~s
T ;�); G_ s�hiL2(hxi¡n)ds¡! 0;

as s 7!G_ s�h is in L2([0; t];L2(hxi¡n)) due to Lemma A.9 (recall Notation B.2). Coupled with the
convergence 'T ;�! ', we obtain that the forward equation of (4.8) holds in the limit.

Convergence of the integrand of the backward equation

We are going to show that the integrands of R~t
T ;� converge to that with the limiting force coeffi-

cients. For any `0; `00� 0,

hDF [`0];1;1R2('); G_ F [`00];1;1R2(')i¡ hDF [`0];T ;�('T ;�); G_ F [`
00];T ;�('T ;�)i

= hD(F [`
0];1;1R2(')¡F [`0];T ;�(')); G_ F [`

00];1;1R2(')i
+ hD(F [`0];T ;�(')¡F [`0];T ;�('T ;�)); G_ F [`

00];1;1R2(')i
+ hDF [`0];T ;�('T ;�); G_ (F [`00];1;1R2(')¡F [`00];T ;�('))i
+ hDF [`0];T ;�('T ;�); G_ (F [`00];T ;�(')¡F [`00];T ;�('T ;�))i

and the first term vanishes in C([0; S]; L2(hxi¡n)) due to the convergence result of Proposition 4.1,
the second due to (4.4), the third due to (4.2) combined with the convergence result of Proposition
4.1, and the fourth due to (4.2) and (4.3).

On the other hand,

hDF~1;1R2('); G_R~ i¡ hDF~T ;�('T ;�); G_R~T ;�i
= hD(F~1;1R2(')¡F~T ;�(')); G_R~T ;�i+ hD(F~T ;�(')¡F~T ;�('T ;�)); G_R~T ;�i
+ hDF~1;1R2('); G_ (R~ ¡R~T ;�)i
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and the first term vanishes in strongly in L2([0; S];L2(hxi¡n)) due to the convergence result of
Proposition 4.1 combined with (4.7), the second due to (4.4) and (4.7). Finally, the third vanishes
weakly in L2([0; S];L2(hxi¡n)). To see this, denote by

As:L2(hxi¡n)!L2(hxi¡n); As(X) :=
D
DF~s

1;1R2('s); G_ sX
E
:

Then it follows from (4.2) that

sup
s2[0;S]

kAskL(L2(hxi¡n))<1:

Hence for every h2L2([0; S];L2(hxi¡n)), we have that A�h2L2([0; S];L2(hxi¡n)), soZ
0

SDD
DF~s

1;1R2('s); G_ s(R~s¡R~s
T ;�)

E
; hs

E
L2(hxi¡n)

ds=
Z
0

S

hR~s¡R~s
T ;�; As

�hsiL2(hxi¡n)ds¡! 0:

Combined with the cancellation induced by the structure of (2.20), the statement follows.

Convergence of the backward equation
Take G T ;� be the filtration generated by PT ;� := ('�

T ;�; B�; R~�
T ;�). Denote by FT ;� its right-

continuous augmentation.

Fix S <1 and let a<b2 [0; S]. Denoting by IT ;� the integrand of the backward equation, for any
G bounded continuous function and h2L2(hxi¡n), by Fubini and the tower rule we have

E

"Z
a

b

G(PT ;�j[0;a])
�
R~t
T ;�¡

Z
t

T

Is
T ;�ds; h

�
L2(hxi¡n)

dt

#

=
Z
a

b

E

"
EtB
�
EtB
�Z

t

T

Is
T ;�ds

�
¡
Z
t

T

Is
T ;�ds;G(PT ;�j[0;a])h

�
L2(hxi¡n)

#
dt

= 0:

By the convergence of IT ;�, R~T ;� and PT ;�, and the uniform tail bounds (4.7) and (4.5), we may
pass to the limit in the above equation. Thus approximating in L2(
) yields

E

"
X

Z
a

b
�
R~t¡

Z
t

1
Is
1;1R2ds; h

�
L2(hxi¡n)

dt

#
=0

for any bounded Ga-measurable X . Now note that the same holds with R~t replaced by

EtF
hR

t

1
Iu
1;1R2du

i
. Thus considering the process

Mt :=
Z
0

t

R~s¡EsF
�Z

s

1
Iu
1;1R2du

�
ds;

we have, for any bounded Ga-measurable X, that

E[X hMb¡Ma; hiL2(hxi¡n)] = 0:

Moreover, M is continuous and F -adapted, so also G -adapted. Hence M is a martingale, and

since it of bounded variation, it is identically zero. Thus R~s=EsF
hR
s

1
Iu
1;1R2du

i
dt
 dP-almost

everywhere.

Admissibility of the filtration
Recall that F was defined to be the usual augmentation of G , the filtration generated by P := ('�;
B�; R~�), so we only need to show that B is an F -martingale. Before removing the cutoffs, since
PT ;�j[0;s] is Fs

B-measurable, we have for any s< t

Law(PT ;�j[0;s]; Bt¡Bs)=Law(PT ;�j[0;s])
Law(Bt¡Bs);
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which passes to the limit. Now let A2Fs. For any s< v < t, we have A2Gv, hence

E[1A(Bt¡Bv)]= 0:

We then conclude from the fact that Bv!Bs in L2(
;L2(hxi¡n)) as v! s. �

Corollary 4.5. Let ' be as in Theorem 4.4 with associated convergent subsequence indexed by
(T ; �). Then for any n> 2 and "> 0, we have

Law('T
T ;�)!Law('1)

weakly in H¡"(hxi¡n).

Proof. Write E :=H¡"(hxi¡n) and Z := '¡B, From (4.1), (4.7) and (A.2) and the embedding
L2(hxi¡n) ,!E we have

sup
T ;�

kZ_s
T ;�kL1(
;E). hsi¡1¡�lsc

so that Z1 := limt!1Zt exists almost surely. Fixing S <1, we have

kZT
T ;�¡Z1kE � kZT

T ;�¡ZS
T ;�kE+ kZS

T ;�¡ZSkE+ kZS¡Z1kE

.
Z
S

T

hsi¡1¡�lscds+ kZS
T ;�¡ZSkE+

Z
S

1
hsi¡1¡�lscds:

Since ZS
T ;�!ZS in E almost surely, the second term vanishes. Then letting S!1 shows kZT

T ;�¡
Z1kE! 0 almost surely. The statement then follows from convergence in probability of BT . �

A process ' in the above theorem is the (UV-complete) scale decomposition process of the massive
sine�Gordon model and Law('1) is the sine�Gordon measure. Let us remark that when the
coupling constant � is small or the volume is finite, the measure is unique.
From now on, we are going to omit the reference to the removed cutoffs in (4.8) and write simply
F~ instead of F~1;1R2.
Let us collect some immediate consequences of this theorem, namely, basic probabilistic estimates
on local functionals of ' that will often be used in what follows. All of these bounds follow
straightforwardly from the decomposition 't=Bt+Zt to a Gaussian B and a bounded drift Z.

Lemma 4.6. Let '=('t)t�0 be the scale decomposition process of sine�Gordon, x2R2, p2 [1;1).
Then for all s<1, n2N, �2R and multiindex �2N2 we have

k(@�'s)n(x)kLp(
).�;p;� hsi
nj�j
2 ls

n; (4.9)

ke�'s(x)kLp(
).�;p;� e
�2p
2
Gs(0) (4.10)

and, for some c2R+,

k@�e�'s(x)kL1(
).�;p;�;� e
�2

2
Gs(0)hsi

j�j
2 ls
c (4.11)

Proof. Denote Z_s :=¡G_ s(F~s('s)+R~s). By Young's convolution inequality, (4.1), (4.7), (A.2), and
subcriticality � > 0 we have

k@�ZskL1(
;L1) �
Z
0

t

kk@�Z_skL1kL1(
)ds

�
Z
0

t

k@�ks
QkL1

¡



QsFs[�3]('s)



L1(
;L1)+ kQsR~skL1(
;L1)�ds
.
Z
0

t

hsi
j�j
2
¡1hsi¡1(�slsc+�+�s4hsi¡3)ds

. hti
j�j
2 :

(4.12)
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When j�j=0, for any q 2 [1;1), by Gaussianity of B, hypercontractivity and (4.12) we have

k's(x)kLq(
).q kBs(x)kL2(
)+ kkZskL1kL1(
). Gs(0)
p

+1.�(1+ log(1_ s));

and the claim then follows from Hölder with q := np. When j�j � 1, since for the 2kth Hermite
polynomial it holds that He2k(0; �)� �k, we have

E[(@�Bt)2(x)]= (¡1)j�j(@2�Gt)(0) � @�
2�

�Z
0

t

s¡1e
¡m2

s e
¡s

4
j�j2ds

���������
�=0

.
Z
0

t

s¡1e
¡m2

s

Y
i=1

d

s2�iHe2�i(�i; s¡1)e
¡s

4
j�j2
����������
�=0

ds

.
Z
0

t

e
¡m2

s sj�j¡1ds

. htij�j:

The estimate (4.10) follows simply from

ke�'s(x)kLp(
). ke�Bs(x)kLp(
)




e�kZskL1(R2)






L1(
). e

�2p
2
Gs(0)e�C�:

For (4.11), recall that given jointly Gaussian vectors (X;Y ), we have

E[eha;X iehu;Y i] = e
1
2
ha;�XaiE[ehu;Y +�XYai]

for every u, where �X and �XY are the corresponding (cross-)covariance matrices. Thus

E[eha;X iF (Y )]= e
1
2
ha;�XaiE[F (Y +�XYa)]

for any polynomial F , so that denoting by P� the polynomials obtained from Faà di Bruno,

k@�e�Bt(x)kL1(
) = E[e�Bt(y)jP�(fBt�(x)g���)j]

= e
�2

2
Gt(0)kP�(f@�Bt(x)+ aCov(@�Bt(x); Bt(x))g���)kL1(
);

and since

Cov(@�Bt(x); Bt(x))= (¡1)j� j@�Gt(0). hti
j�j
2 lt
c;

we get

k@�e�Bt(x)kL1(
). e
�2

2
Gt(0)hti

j�j
2 lt
c:

Then using the above L1 bounds on Z,

k@�e�'t(x)kL1(
) = k@�(e�Bt(x)e�Zt(x))kL1(
)
.
X
���

�
�
�

�
k@�e�Bt(x)kL1(
)k@�¡�e�Zt(x)kL1(
)

. e�C�e
�2

2
Gt(0)hti

j�j
2 lt
c

as requested. �

Proposition 4.7. (existence of the effective force observable and its remainder) Let
�2< 6�, y 2R2. Then

1. for any ~̀2N with ~̀>�¡1¡ 1, the germ F [�
~̀](y) is coherent, and for any `0� ~̀, it satisfies

(2.21).

2. for any `�2N0, G_R[>`
�], given by (2.22), is well-defined and satisfies (2.26).
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Proof. Using the symmetry of vt
[`](a) under permutations of indices (which extends to the UV

limit by the proof of Corollary (3.15)),

Ft
[`](�) = i�

X
a2M
`(a)=`

Z
�(x1:`)vt

[`](a)M (a)(�1:`)
X
j=1

`

�j�xj 1:`d�1:`

= i�`
X

a2M
`(a)=`

Z
�(x1:`)vt

[`](a)M (a)(�1:`)�1�x1 1:`d�1:`:

:=
X

a2M
`(a)=`

Ft
[`](a)(�):

We may represent Ft
[`](a) as a function y 7!Kt

F ;[`](a)[�](y) over Rd via the duality

Kt
F ;[`](a)[�]; h

�
L2(Rd)=



Ft
[`](a)(�); h

�
S ;S 0

for h2S. That is,Z
Rd
Kt
F ;[`](a)[�](y)h(y)dy

=
Z
h(x1)�(x1)

X
�12f¡1;1g

i�`�1 1

Z
�(x2:`)vt

[`](a)M (a)(�1; �2:`) 2:`d�2:`dx1

which yields

Kt
F ;[`](a)[�](y)= �(y)i�`

X
�12f¡1;1g

�1 (�1;y)

Z
�(x2:`)vt

[`](a)M (a)(�1; y; �2:`) 2:`d�2:`:

We abuse notation and write Ft
[`](a)(�) to mean the function Kt

F ;[`](a)[�]. For a2MnMp, we then
simply have, uniformly in k�kL1� 1, that����Ft[`](a)(�)(y)����. sup

�1

Z ����vt[`](a)(�1:`)����d�2:`.9vt;T[`](a)9t;�;�;
whereas for a2Mp, with { :={(a)=1, by neutrality and charge conjugation symmetry of vt;T

[2]({)

(cf. Remark 3.11 and proof of Corollary (3.15))

Ft
[`](a)(�)(y)

= �(y)i�`e+i��(y)
Z
�(x2)vt

[`](a)M (a)(+; y;¡; x2)e¡i��(x2)dx2

¡ �(y)i�`e¡i��(y)
Z
�(x2)vt

[`](a)M (a)(¡; y;+; x2)ei��(x2)dx2

= �(y)i�`
�Z

�(x2)vt
[`](a)M (a)(+; y; x2;¡)(ei��(y)e¡i��(x2)¡ e¡i��(y)ei��(x2))dx2

�
and by the neutrality condition, zeroth order Taylor expansion gives

g(y; x2) := (ei��(y)e¡i��(x2)¡ e¡i��(y)ei��(x2))jy¡x2j¡{

= (1¡ 1)¡ i� (x2¡ y)jy¡x2j{
�
Z
0

1¡
ei�(�(y)¡�(x2

�))+ e¡i�(�(y)¡�(x2
�))
�
r�(x2�)d#

where we denoted x2� := y+#(x2¡ y).
Thus Minkowski's integral inequality, Proposition 3.14 and Lemma 4.6 yields that for any p2 [1;1)



Ft[`](a)('t)(y)



Lp(
).9vt[`](a)9t;�(`);� X

j� j=1
k@�'t(x)kLp(
).�t(�thti¡1)`¡1ltc:

42



It follows that for any `0� ~̀ we have







Ft[�~̀]('t)(y)¡Ft[�`0]('t)(y)






L1(
)

�
X
`=~̀+1

`0 



Ft[`]('t)(y)



L1(
)
. hti1¡�hti¡�~̀ltc

(4.13)

which vanishes as t!1, since ~̀+ 1>�¡1.
Recall that it follows from (2.20) that F [`]=DV [`] satisfies the flow equation

@tFt
[`]+ 1

2
�G_ t

Ft
[`]= 1

2

X
`0+`00=`

D


Ft
[`0]; G_ tFt

[`00]�= X
`0+`00=`



DFt

[`0]; G_ tFt
[`00]�:

Then for any `�2N, we have

=
�
@s+

1
2
�G_ s

�
Fs
[�`�]¡



DFs

[�`�]('s); G_ s
¡
Fs
[�3]('s)+R~s

��
(y)

=
X

`0+`00�`�



DFs

[`0]('s); G_ sFs
[`00]('s)

�
(y)¡

X
`0�`�

X
`00�3



DFs

[`0]('s); G_ sFs
[`00]('s)

�
(y)

¡


DFs

[�`�]('s); G_ sR~s
�
(y)

=
X

`00�4
`0+`00�`�



DFs

[`0]('s); G_ sFs
[`00]('s)

�
(y)¡

X
`0�`�;`00�3
`0+`00�`�+1



DFs

[`0]('s); G_ sFs
[`00]('s)

�
(y)

¡


DFs

[�`�]('s); G_ sR~s
�
(y)

and plugging in (4.2), (4.5) and the bound on R~,X
`00�4
`0+`00�`�






DFs[`0]('s); G_ sFs[`00]('s)�(y)



L1(
) . hti¡5�ltc

X
`0�`�;`00�3
`0+`00�`�+1






DFs[`0]('s); G_ sFs[`00]('s)�(y)



L1(
) . hti¡(`�+1)�ltc






DFs[�`�]('s); G_ sR~s�(y)



L1(
) . hti¡1¡�ltc

so that Fs
[�`�](y) satisfies (2.10) provided `�� ~̀>�¡1¡ 1. Conditions 1. and 2. of Definition 2.5

are checked in a straightforward way, see Lemma 6.1 below. This proves item 1.

To prove item 2, note that it follows from item 1, in particular (4.13), that the reconstructed
observable of the germ F [�`�](y) is the same as F~s('s)+R~s. Therefore, for any `�� ~̀, we may use
the germ F [�`

�] in the generator L V and compute

Rt
[>`�] = Et

Z
t

1
L VFs

[�`�]('s)ds

= Et
Z
t

1�
@s+

1
2
�G_ s

�
Fs
[�`�]¡



DFs

[�`�]('s); G_ s
¡
Fs
[�`�]('s)+Rs

[>`�]��ds
= Et

Z
t

1
¡

X
`0;`00�`�
`0+`00>`�



DFs

[`0]('s); G_ sFs
[`00]('s)

�
¡
X
`�`�



DFs

[`]('s); G_ sRs
[>`�]�ds: (4.14)

Now (4.2) yieldsX
`�`�






DFt[`]; G_ tRt[>`�]�



L1(
;L1) . X
`�`�

�t(�thti¡1)`¡1hti¡1ltc




QtRt[>`�]



L1(
;L1)

. �thti¡2ltc




Rt[>`�]



L1(
;L1)
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where we used that the smoothing effect of the heat kernel forces the right-hand side of (4.14),
hence Rt

[>`�], to be function-valued. Plugging this bound and (4.5) into (4.14),





Rt[>`�]



L1(
;L1). Z
t

1
hsi¡�(`�+1)lsc+ hti¡1¡�lsc





Rs[>`�]



L1(
;L1)ds
hence by backward Grönwall





Rt[>`�]



L1(
;L1) . Z
t

1
hsi¡�(`�+1)lsce

R
t

shui¡1¡�lucduds

. hti1¡�(`�+1)ltc
(4.15)

and (2.26) follows from Young's inequality and kG_tkL1. hti¡2. When `�< ~̀, combine the estimate
just derived with (4.1). �

Similarly to the Taylor expansion for effective force in the previous proposition, we may obtain
Lp(
) bounds on Vt

[`];T('t) that, however, depend on the volume cutoff �. We will not use these
estimates in the following and hence invite the reader to skip the remark below.

Remark 4.8. It holds for any p2 [1;1) uniformly in T that



Vt[`];T('t)



Lp(
). k�kL1�t(�thti¡1)`¡1ltc: (4.16)

Indeed, for a2M nMp, we have via supx2Rd jexp(i��(x))j � 1, �(x)2 [0; 1] and !t& � 1 that

����Vt[`](a);T(�)�����Z ����vt;T[`](a)(�1:`)�����(x1:`)d�1:`. k�kL19vt;T[`](a)9t;�
and the statement follows from Proposition 3.14.

For a 2Mp with {(a) = 0 we obtain trivially
����Vt[`](a);T(�)���� = ����vt;T[2](0)���� = 9vt;T[`](a)9t;� and again

conclude by Proposition 3.14. Given a neutral pair of vertex fields, Taylor expansion around x1
yields by the neutrality condition �1=¡�2 that

 1:2=1+ i��2r�(x1) � (x2¡x1)+  1
X
j� j=2

2
�!
(x2¡x1)�

Z
0

1

(1¡#)@� j(�2;x1+#(x2¡x1))d# (4.17)

thus for an a2Mp, with { :={(a)> 0, we obtain

����Vt[`](a);T(�)����
=
��������Z vt;T

[2]({)(�1:2)�(x1:2)
 �1 �2¡ 1
jx1¡x2j{

d�1:2

��������
�
��������Z vt;T

[2]({)(�1:2)�(x1:2)
i��2r�(x1) � (x2¡x1)

jx1¡x2j{
d�1:2

��������
+

������������
Z
vt;T
[2]({)(�1:2)�(x1:2) �1

X
j� j=2

2
�!
(x2¡x1)�
jx1¡x2j{

Z
0

1

(1¡#)@� j(�2;x1+#(x2¡x1))d#d�1:2

������������
with {�2. The first term is zero by the charge conjugation symmetry of vt;T

[2]({) (cf. Remark 3.11);
hence by Minkowski's integral inequality, (3.20), Lemma 4.6





Vt[`](a);T('t)



Lp(
) . k�kL19vt;T
[2]({)jx1¡x2j2¡{9t;�

X
j� j=2

k@�'tkLp(
)

. k�kL19vt;T
[2]({)9t;�hti¡

2¡{
2 hti1
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and conclude from Proposition 3.14.

Note that the above argument with the first-order Taylor expansion in (4.17) allows for curing
a divergence of order up to { � 2. Since we restrict ourselves to �2< 6�, we could have replaced
(4.17) with zeroth-order Taylor expansion to offset the divergence of order {=1; in this case we
would not have had to rely on Remark 3.11.

5 Observable flow equations

5.1 Polynomial observables

In this section we construct all polynomial observables of the sine�Gordon field by carrying out
the program of Section 2.6. Since the field 't(y) has only logarithmic blowup in the UV t!
1, simple Wick ordering is sufficient to make sense of the observable-inserted correlation func-
tions hJ�n(y)K?J�(x1)K: : :J�(xn)Ki for any n2N; in turn, this is already computed by level `=1
approximation in the flow equation. However, as we want to prove the prefactorization algebra
property of the observables we construct (Theorem 1.2), and in the subsequent sections we will
consider observables Q(z) of arbitrarily high superficial degree of divergence, we need to develop
the perturbative approximation to arbitrary precision even for polynomials in order to conclude
the existence of the products hJ�n(y)K?Q(z)i.
From now on, we fix y2Rd, the point where the observable is localized. Using the notations of the
previous section, we make the ansatz

qt
[`];T(�)=

Z
¡t;T
[`] (�; �1:(`¡1); y) 1:(`¡1)

� d�1:(`¡1) (5.1)

where we denoted  1:(`¡1)
� :=  1:(`¡1)�(x1:(`¡1)), and let

¡t;T
[`] (�; �1:(`¡1); y)=

X
k=0

n


t;T
[`](k)(�1:(`¡1); y)�k(y) (5.2)

with kernels 
t;T
[`](k) to be determined. That is, the start of our induction is the first-order repres-

entation

qt
[1];T(�)=

X
k=0

n


t;T
[1](k)(y)�k(y)

and the periodic structure, i.e. dependence on the vertex fields  1:(`¡1) in qt
[`];T enters only at `�2

iteration order through contact with the Mayer-expanded potential in the flow equation (2.19). It
is straightforward to verify that the above representation is compatible with the structure of the
flow equation (2.19). To this end, recall the definition of G_ s from (3.2); we now also introduce

G_ s(�I ; y) := i
�
2

X
j2I

�jG_s(y¡xj)

for I �N. Due to the nontrivial post-processing of the potential's basis, we also define

M (b)(xI) := 1b2MnMp
+ 1b2Mp1{(b)>0jxI(1)¡xI(2)j¡{(b): (5.3)

Finally, given a finite index set I �N we denote by �I¡1 for the tuple obtained by omitting one
index from I. When such notation appears in the formulae below, each summand is understood
after consistently relabeling all of its remaining variables.

Lemma 5.1. Let V [`] be given by (3.31). Suppose that the kernels 
t;T
[`](k) satisfy the equations


t;T
[`](k)(�1:(`¡1); y)= e

Gt;T(�1:(`¡1))
T ;T
[`](k)(�1:(`¡1); y)+

Z
t

T

eGt;s(�1:(`¡1))Ss;T
[`](k)(�1:(`¡1); y)ds (5.4)
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where

Ss;T
[`](k)(�1:(`¡1); y)

:= (k+1)(k+2)
2

G_s(0)
s;T
[`](k+2)(�1:(`¡1); y)

+ 2(k+1)G_ s(�1:(`¡1); y)
s;T
[`](k+1)(�1:(`¡1); y)

¡
X

I1
U
I2=1:`

(k+1)CjI1j;jI2j
X

b2M:
`(b)=jI2j

¡
vs
[jI2j](b)M (b)

�
(�I2)G_ s(�I2; y)
s;T

[jI1j](k+1)(�I1¡1; y)

¡
X

I1
U
I2=1:`

CjI1j;jI2j
X

b2M:
`(b)=jI2j

¡
vs
[jI2j](b)M (b)

�
(�I2)G_ s(�I2; �I1¡1)
s;T

[jI1j](k)(�I1¡1; y)

(5.5)

for some positive combinatorial coefficients CjI1j;jI2j. Then qt
[`];T, given by (5.1) and (5.2), satisfies

the observable flow equation (2.19).

Proof. A straightforward computation; see Appendix B.2 for details. �

Imposing the boundary conditions


0;T
[1](k) := �n;k


T ;T
[`](k) := 0 if `� 2;

(5.6)

the above hierarchy of equations allows us to estimate the germ kernels 
t;T
[`](k) inductively using

the already established bounds on the potential kernels. We will estimate in the norm

9
t;T[`](k)9t;�;� :=
Z ����
t;T[`](k)(�1:(`¡1); y)����!t�(x1:(`¡1); y)hSt(x1:(`¡1); y)i�d�1:(`¡1) (5.7)

where !u� is given by (3.4) with the control chosen to be � :=�(`) := 4¡` as before, and � � 0 to
be chosen later. The purpose of the weights hSt(x1:(`¡1); y)i� is to control the infinite volume limit.

Proposition 5.2. Let �2< 6�. Then there exist kernels 
t;T
[`](k) satisfying (5.4) with boundary

conditions (5.6), and it holds for any � � 0 that

9
t;T
[`](k)9t;�(`);�. (�thti¡1)`¡1ltc (5.8)

for some c= c(n; k; `,�2)2R+. Moreover, the 9�9t;�;�-limits


t
[`](k) := lim

T!1

t;T
[`](k)

exist, are independent of � and satisfy the bounds (5.8).

Proof. We proceed inductively in `; k; the starting point is (`; k)= (1; n); from which we descend
k! k¡ 1 until k=0 is reached, from which we go to (`; k)= (2; n) and so forth. As before, we do
not track the log-dependence, hence the constant c2R+ in lt

c may change from line to line.

Clearly for `=1 the flow equation computes the Gaussian renormalisation counterterms, hence by
Lemma A.1

9
t;T[1](k)9t;�(1);�=
����
t;T[1](k)(y)����.n;k 1+ Gt(0)n. lt

c:

For the inductive step, we can bound the source term as follows. Of course

9G_s(0)
s;T[`](k+2)(�1:(`¡1); y)9s;�;� . kG_skL19
s;T[`](k+2)9s;�;� . hsi¡1(�shsi¡1)`¡1lsc

9G_ s(�1:(`¡1); y)
s;T
[`](k+1)(�1:(`¡1); y)9s,�;� . kG_skL19
s;T

[`](k+1)9s;�;� . hsi¡1(�shsi¡1)`¡1lsc
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For the terms involving the potential kernels, note that for nontrivial M(b)(xI2) we can use the
technology of Lemma 3.12. Indeed, from (3.25) with c := 2 � 4¡` and (3.29) we see

9vs[jI2j](b)(�I2)M (b)(xI2)G_ s(�I2; �I1¡1)
s;T
[jI1j](k)(�I1¡1; y)9s;4¡`;�

. 9vs[jI2j](b)9s;3�4¡`;�hsi
¡2+{(b)

2 9
s;T
[jI1j](k)9s;4¡`;�

. 9vs[jI2j](b)9s;4¡(`¡1);�hsi
¡2+{(b)

2 9
s;T[jI1j](k)9s;4¡`;�
. �s(�shsi¡1)jI2j¡1hsi¡2(�shsi¡1)jI1j¡1lsc

since jI2j � `¡ 1 apart from the trivial case jI2j= ` when jI1j=0 so that q[0]� 0. The remaining
source term is bounded similarly via a straightforward modification of (3.25) to G_ s(�1:2; y):

9vs[jI2j](b)(�I2)M (b)(xI2)G
_
s(�I2; y)
s;T

[jI1j](k+1)(�I1¡1; y)9s;4¡`;�
. 9vs[jI2j](b)9s;4¡(`¡1);�hsi

¡2+{(b)
2 9
s;T

[jI1j](k+1)9s;4¡`;�
. �s(�shsi¡1)jI2j¡1hsi¡2(�shsi¡1)jI1j¡1lsc:

Combining these estimates and inserting them to (5.5) and (5.4), we obtain

9
t;T
[`](k)9t;�;� �

Z
t

1
keGt;s(�1:(`¡1))kL19Ss;T

[`](k)9t;�;�ds

.
Z
t

1
9Ss;T

[`](k)9s;�;�ds

.
Z
t

1
(�shsi¡1)`¡1lschsi¡1ds

. (�thti¡1)`¡1ltc

by the positive definiteness bound keGt;s(�1:(`¡1))kL1.1 that holds when t� s. This completes the
induction.
The claim about the 9�9t;�-limits follows along the lines of Corollary 3.15. Indeed, we claim that
the limiting kernels are solutions to the equations


t
[`](n)(�1:(`¡1)) = 1 if `=1; k=n


t
[`](k)(�1:(`¡1)) = ¡

Z
0

t

eGt;s(�1:(`¡1))Ss;1
[`](k)(�1:(`¡1); y)ds if `=1; k <n


t
[`](k)(�1:(`¡1)) =

Z
t

1
eGt;s(�1:(`¡1))Ss;1

[`](k)(�1:(`¡1); y)ds if `� 2

(5.9)

where Ss;1
[`](k) are source terms obtained by replacing the 
t;T

[`](k) in (5.5) with the limits 
t
[`](k); this

is well-defined since the system is triangular in (`; k). One then may see inductively that there
exists a sufficiently small "> 0, depending only on �, such that

9
t[`](k)¡ 
t;T
[`](k)9t;�(`);�. (�thti¡1)`¡1ltchti"hT i¡": �

Finally, we can show that the UV-complete germ is indeed a good approximate solution of the
observable flow equation, i.e. we verify rigorously the estimate (2.27). Define

qt
[`](�) :=

Z
¡t
[`](�; �1:(`¡1); y) 1:(`¡1)

� d�1:(`¡1)

¡t
[`](�; �1:(`¡1); y) :=

X
k=0

n


t
[`](k)(�1:(`¡1); y)�k(y)

(5.10)

where the UV limit kernels 
t
[`](k) were constructed in Proposition 5.2.

Proposition 5.3. Suppose �2< 6�, and let 
t;T
[`](k) be as in Proposition 5.2. qt

[�`�] :=
P
`�`� qt

[`],

where qt
[`] is given by (5.10), is in the space Ô1¡;0;y

0;`�� .
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Proof. The boundedness of the complex exponential and 1�!t�(xI) yields

qt
[`](�) =

Z X
k=0

n


t
[`](k)(�1:(`¡1); y)�k(y) 1:(`¡1)

� d�1:(`¡1)

�
X
k=0

n

9
t[`](k)9t;�(`);� j�k(y)j;

so we deduce from (4.9) and (5.8) that for all `� 1 there exists a c= c(n; k; `; �2)2R+ such that
for any p2 [1;1), 



qt[`]('t)



Lp(
). (�thti¡1)`¡1ltc: (5.11)

Since the UV limiting kernels satisfy (5.9), adapting the proof of Lemma 5.1 yields that q[`] satisfy
the observable flow equation (2.19). Thus Lemma 2.19 applies, and computing


Dqt
[`](�); G_Rt

[>(`�¡`)]�
=
Z X
k=0

n


t
[`](k)(�1:(`¡1); y)k�k¡1(y) 1:(`¡1)

� G_Rt
[>(`�¡`)](y)d�1:(`¡1)

+
Z X
k=0

n


t
[`](k)(�1:(`¡1); y)�k(y) 1:(`¡1)

� i�
X

j21:(`¡1)
�jG_Rt

[>(`�¡`)](xj)d�1:(`¡1)

.
X
k=0

n

9
t[`](k)9t;�(`);�(j�k¡1(y)j+ j�k(y)j)




G_Rt[>(`�¡`)]



L1(
;L1);

we obtain from the estimates (5.8), (4.9) and (2.26) that



L Vqt
[�`�]('t)






Lp(
). hti¡`

��¡1lt
c: (5.12)

Combining (5.11) and (5.12) then yields the statement. �

5.2 Vertex fields in the optimal Wick regime
Let y 2Rd be the point the observable is localized; let �2C and denote by

 ~y := exp(i��(y)):

As we will see at the end of this section (Corollary 5.8), the real part of � contains all difficulties
and extending the results in the imaginary direction is straightforward. Since treating the general
complex case from the beginning would only clutter the notation, we temporarily restrict ourselves
to �2R.
Our ansatz for the vertex field germ is

qt
[`];T(�) :=

Z

t;T
[`] (y; �1:(`¡1)) ~y 1:(`¡1)

� d�1:(`¡1) (5.13)

The key to controlling the flow equation for the vertex field is understanding the action of the
functional Laplacian �G_ t

on the field content  ~y 1:(`¡1). To motivate the discussion below, let us
consider the example of the `=2 case explicitly. Then

1
2
�G_ t

[ ~y 1] =¡
�
�2

2
G_t(0)+

�2

2
G_t(0)+���1G_t(x1¡ y)

�
 ~y 1

It is clear that the sign of ���1 influences the behaviour crucially. When t � s, it holds that
¡Gt;s(x1¡ y)� 0, hence the off-diagonal part has L1 bounds

sup
x1

e¡���1Gt;s(x1¡y).
(
1 if ���1� 0
e¡���1Gt;s(0) if ���1� 0

:
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That is, when sgn(�) = �1, the external vertex particle  ~y and the internal  1 repel each other,
behaving like the charged 2-point case  1:2 of the potential, yielding much better bounds than the
case sgn(�)=/ �1, in which case  ~y and  1 attract each other and form a dipole. As such, to simplify
notation, we assume from now on, without loss of generality, that ��0 (so if ��0 everything can
be done verbatim, with the straightforward modification of some signs).
Evaluating the functional Laplacian on the field content  ~y 1:(`¡1) of (5.13) results in

G_ t(y; �1:(`¡1)) :=G_ t(�1:(`¡1))+
�
¡�

2

2
G_t(0)

�
+

0@¡��X
j=1

`¡1

�jG_t(xj¡ y)

1A: (5.14)

We may think ofG_ t(y; �I) as the entrywise sum of a �covariance matrix� [G_ t(y; �I)] which factorizes
as

[G_ t(y; �I)]=

24 ¡�2

2
G_t(0)

¡
G_ t
(�)(�I)

�>
G_ t
(�)(�I) [G_ t(�I)]

352C(1+jI j)�(1+jI j)
where [G_ t(�I)] 2 CjI j�jI j is the usual covariance matrix of sine�Gordon, i.e. [G_ s(�I)]j;k :=
¡�2

2
�j�kG_s(xj ¡ xk), and the off-diagonal vector G_ t

(�)(�I), given by
�
G_ t
(�)(�I)

�
j :=¡

��

2
G_t�j(xj ¡

y), encodes the interaction effect of perturbing the charge structure of sine�Gordon with the
external vertex field exp(i��(y)). The strength of this perturbation depends on the relation �7
� and we expect the two cases to require different ideas to control.
When � > � we expect that adding exp(i��(y)) destroys the usual charge structure, so that
the interaction is dominated by the off-diagonal perturbation term G_ t

(�)(�I). On the other hand,
when �< �, we expect the perturbation to be irrelevant and G_ t(y; �I) to behave similarly to the
sine�Gordon potential, i.e. governed by the bulk covariance [G_ t(�I)]. This observation is leveraged
in the following

Lemma 5.4. (external vertex screening) Let 0��; �, suppose t� s. Then denoting by � :=
�(�1:`) the global charge, we have

sup
x1:`

eGt;s(y;�1:`).` e¡
�2

2
Gt;s(0)(�t�s

¡1)K`e

�
j�j+K`¡j�j

2

�
��Gt;s(0) (5.15)

with K` := j�j if �� � and K` := ` if � ��.

Proof. First suppose that the ensemble �1:` is purely charged, i.e. j�j= `. By positivity of G_u

Gt;s(y; �1:`)

= ¡�
2

2
Gt;s(0)+Gt;s(�1:`)¡��

X
j21:`

�jGt;s(xj¡ y)

= ¡�
2

2
Gt;s(0)¡

�2

2

X
j21:`

Gt;s(0)¡
�2

2

X
j=/ k21:`

Gt;s(xj¡xk)¡��
X
j21:`

�jGt;s(xj¡ y)

� ¡�
2

2
Gt;s(0)¡

`
2
�2Gt;s(0)+ `��Gt;s(0):

(5.16)

yielding the statement. Hence from now on we assume that j�j� `¡ 1 so that there exists at least
one neutral pair; denote by k+; k¡ the index of a closest of such pairs, i.e. a pair � := f(+1; xk+);
(¡1; xk¡)g2 (f¡1; 1g�R2)2 such that

jxk+¡xk¡j= min
j+;j¡:�j+�j¡=¡1

jxj+¡xj¡j:

By possibly relabeling the points, we distinguish the purely charged core and the ensemble of
neutral pairs with � being the last, i.e. we assume �1; : : : ; �j�j= sgn(�) and �j�j+j=¡�j�j+j+1
for all j 2 1; : : : ; `¡ j�j ¡ 1 and (k¡; k+)= (`¡ 1; `). Then split

Gt;s(y; �1:`)=Gt;s(y; �1:(`¡2))+ 2Gt;s(�1:(`¡2); �)+Ct;s(�; y) (5.17)
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where

Ct;s(�; y) := �2Gt;s(xk+¡xk¡)¡ �2Gt;s(0)+��(Gt;s(xk¡¡ y)¡Gt;s(xk+¡ y))

We show that the coloured term, governed by the triangle xk+; xk¡; y, is bounded uniformly by

Ct;s(�; y).
(
C if �� �
��Gt;s(0)¡ �2Gt;s(0) if � ��:

1. If the edge xk+¡ y is a shortest, then the red term is nonpositive, and the blue term is
nonpositive as usual.

2. If the edge xk+¡xk¡ is a shortest, then we can bound the red term with Lemma 3.5, while
the blue term is nonpositive as usual.

3. If the edge xk¡¡ y is a shortest, then

a. when �� �, since the red term in Ct;s is nonnegative,

Ct;s(�; y)� �2(Gt;s(xk¡¡ y)¡Gt;s(0))+ �2(Gt;s(xk+¡xk¡)¡Gt;s(xk+¡ y))

where now the first difference is nonpositive, and the second difference is estimated
via Lemma 3.5 with the prescription z :=xk+, xb :=xk¡, xg := y.

b. when � ��, then ¡�� �¡�2, so

Ct;s(�; y)���Gt;s(xk¡¡ y)¡ �2Gt;s(0)+ �2(Gt;s(xk+¡xk¡)¡Gt;s(xk+¡ y))

and the first difference is bounded by

��Gt;s(0)¡ �2Gt;s(0);

while the second difference is estimated via Lemma 3.5 with the prescription z :=xk+,
xb :=xk¡, xg := y.

The term Gt;s(�1:(`¡2); �) is treated as in the proof of Lemma 3.6: since by construction

jxk+¡xk¡j � j1�j=1xk¡+ 1�j=¡1xk+¡xj j

for all j 2 1: (`¡ 2), we may apply Lemma 3.5 to estimate

2Gt;s(�1:(`¡2); �)=¡�2
X
j=1

`¡2

�j(Gt;s(xk+¡xj)¡Gt;s(xk¡¡xj)).`C:

Thus from (5.17) we obtain

eGt;s(y;�1:`) .` eGt;s(y;�1:(`¡2))+1���(��Gt;s(0)¡�2Gt;s(0))

= eGt;s(y;�1:(`¡2))((�t�s
¡1)2e��Gt;s(0))1���

and repeat the above extraction procedure inductively until only the purely charged core �~1:j�j
remains for which we have seen in (5.16) the bound

eGt;s(y;�~1:j�j). e¡
�2

2
Gt;s(0)(�t�s

¡1)j�jej�j��Gt;s(0): �

Note that the above bounds are not the sharpest in the sense that only the �bad� negative charges
�j=¡1 contribute to divergence in the ���jGt;s(xj¡ y) term; it remains bounded for the �good�
positive ones �j=1.
In light of the previous sections it is now a standard exercise to derive the observable flow equation
of the kernels of the ansatz (5.13).

Lemma 5.5. Let V [`] be given by (3.31). Suppose that the kernels 
t;T
[`] satisfy the equations


t;T
[`] (�1:(`¡1); y)= e

Gt;T(y;�1:(`¡1))
T ;T
[`] (�1:(`¡1); y)+

Z
t

T

eGt;s(y;�1:(`¡1))Ss;T
[`] (�1:(`¡1); y)ds (5.18)
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where G_ t is defined in (5.14) and

¡ Ss;T
[`] (�1:(`¡1); y)

=
X

I1
U
I2=1:`

CjI1j;jI2j
X

b2M:
`(b)=jI2j

¡
vs
[jI2j](b)M (b)

�
(�I2)i�G_ s(�I2; y)
s;T

[jI1j](y; �I1¡1)

+
X

I1
U
I2=1:`

CjI1j;jI2j
X

b2M:
`(b)=jI2j

¡
vs
[jI2j](b)M (b)

�
(�I2)G_ s(�I2; �I1¡1)
s;T

[jI1j](y; �I1¡1)

(5.19)

for some positive combinatorial coefficients CjI1j;jI2j. Then qt
[`];T, given by (5.13), satisfies the

observable flow equation (2.19).

Proof. Straightforward; similar to Lemma 5.1. �

Imposing the boundary conditions


0;T
[1] := 1


T ;T
[`] := 0 if `� 2;

(5.20)

allows us to estimate inductively the germ kernels in the norms (5.7):

Proposition 5.6. Let �2< 6� and 0��< 4�/�. Then there exist kernels 
t;T
[`] satisfying (5.18)

with boundary conditions (5.20), and for any � � 0 it holds that

9
t;T[`] 9t;�(`);�. hti
�2

8�(�thti¡1)`¡1ltc (5.21)

for some c= c(`; �2)2R+. Moreover, the 9�9t;�;�-limits


t
[`] := lim

T!1

t;T
[`]

exist, are independent of � and satisfy the bounds (5.21).

Proof. The boundary condition (5.20) at `=1 computes Wick ordering, so that by Lemma A.1

9
t;T[1] (y)9t;�(1);�= e
�2

2
Gt(0)sup

y

je& t
p

0j � e
�2

8�
log(1_t)�hti

�2

8� ;

verifying (5.21). When ` � 2, to estimate the source term, we use the inductive hypothesis, the
potential bound (3.29), and for nontrivial M (b)(xI2) the technology of Lemma 3.12. Indeed, from
(3.25) with c := 2 � 4¡`

9vs[jI2j](b)(�I2)M (b)(xI2)G_ s(�I2; �I1¡1)
s;T
[jI1j](�I1¡1; y)9s;4¡`;�

. 9vs[jI2j](b)9s;3�4¡`;�hsi
¡2+{(b)

2 9
s;T
[jI1j]9s;4¡`;�

. 9vs[jI2j](b)9s;4¡(`¡1);�hsi
¡2+{(b)

2 9
s;T[jI1j]9s;4¡`;�
. �s(�shsi¡1)jI2j¡1lschsi¡2hsi

�2

8�(�shsi¡1)jI1j¡1

since jI2j � `¡ 1 apart from the trivial case jI2j= ` when jI1j=0 so that q[0]� 0. Similarly, via a

straightforward modification of (3.25) to G_ s(�1:2; y)

9vs[jI2j](b)(�I2)M (b)(xI2)i�G
_
s(�I2; y)
s;T

[jI1j](�I1¡1; y)9s;4¡`;�
. 9vs[jI2j](b)9s;4¡(`¡1);�hsi

¡2+{(b)
2 9
s;T[jI1j]9s;4¡`;�

. �s(�shsi¡1)jI2j¡1lschsi¡2hsi
�2

8�(�shsi¡1)jI1j¡1:
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It follows from (5.19) that the source term satisfies

9Ss;T
[`] (�1:(`¡1); y)9s;�;�. hsi

�2

8�(�shsi¡1)`¡1hsi¡1lsc: (5.22)

Inserting this and the screening bound (5.15) into (5.18) with the boundary condition (5.20) and
denoting by � := �(�1:(`¡1)) the global charge yields

9
t;T[`] 9t;�;�
.
Z
t

1
keGt;s(y;�1:(`¡1))kL19Ss;T

[`] (�1:(`¡1); y)9s;�;�ds

. hti
�2

8�

Z
t

1
hsi¡

�2

8�(�t�s
¡1)K`¡1e

�
j�j+

K`¡1¡j�j
2

�
��Gt;s(0)hsi

�2

8�(�shsi¡1)`¡1hsi¡1lscds

. hti
�2

8�(�thti¡1)`¡1ltc

provided the integral converges. To see that it does, we need to show (cf. Lemma A.1) that

�� :=¡(1¡ �)K`¡1+
�
j�j+ K`¡1¡ j�j

2

�
��
4�
¡ �(`¡ 1)< 0:

Now by Lemma 5.4, either K`¡1= `¡ 1, in which case j�j+ K`¡1¡ j�j
2

� `¡ 1, so by the Wick
regime assumption ��/4� < 1

��<¡(1¡ �)(`¡ 1)+ `¡ 1¡ �(`¡ 1)=0;

or K`¡1= j�j; if so, then j�j=0 is trivial, and otherwise

��<¡(1¡ �)j�j+ j�j ¡ �(`¡ 1)= �(j�j ¡ (`¡ 1))� 0:

Taking the T!1 limit is done similarly to the proof of Proposition 5.2: it is seen inductively that
the limits solve


t
[1](y) = e

�2

2
Gt(0)


t
[`](�1:(`¡1); y) =

Z
t

1
eGt;s(y;�1:(`¡1))Ss;1

[`] (�1:(`¡1); y)ds if `� 2;
(5.23)

where Ss;1
[`] are obtained by replacing the 
t;T

[`] in (5.19) with the limits 
t
[`], by propagating

inductively the bound

9
t[`]¡ 
t;T
[`] 9t;�(`);�. hti

�2

8�(�thti¡1)`¡1ltchti"hT i¡"

for some "> 0 small enough. �

As we have mentioned, in the case � �� the strong influence of the vertex field insertion destroys
the usual charge structure of the covariance matrix. This observation allows for an alternative proof
of the above proposition when the sine�Gordon potential is in its Wick regime �2<4�, which does
not rely on the external screening mechanism of Lemma 5.4 and operates only on a naive estimate
on Gt;s(y; �1:`). This alternative proof is elaborated in the following side remark; we do not use
the ideas presented there in the subsequent sections and hence invite the reader to skip it.

Remark 5.7. (Alternative construction when �2<4�) As promised, we will not use Lemma
5.4 here. Instead, denoting by

]¡ :=
X
j2I

1�j=¡1; ]+ :=
X
j2I

1�j=+1;

from (5.14) we deduce the following naive estimate: when t� s, and �; � � 0, we have

sup
x1:`

eGt;s(y;�1:`) � e
¡�2

2
Gt;s(0)

�
sup
x1:`

eGt;s(�1:`)
��

sup
x1:`

e
¡��

P
j=1
` �jGt;s(xj¡y)

�
. e

¡�2

2
Gt;s(0)(�t�s

¡1)j�(�1:`)je]¡��Gt;s(0);

(5.24)
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where the bound on the Gt;s sector has been proven in (3.12), and for the bound on the last term
note that as G_u� 0, we have

sup
x

exp(¡���Gt;s(x¡ y)) = sup
x

exp(¡��Gt;s(x¡ y)) = 1 if �=1

sup
x

exp(¡���Gt;s(x¡ y)) = sup
x

exp(��Gt;s(x¡ y)) = e��Gt;s(0) if �=¡1

so that only the terms with �j =¡1 contribute. Inserting (5.24) into (5.18), denoting by � :=
�(�1:(`¡1)) the global charge and relying on the inductive estimates (5.22) on the source term
derived in the proof of the above Proposition, we arrive at

9
t;T[`] 9t;�;� .
Z
t

1
keGt;s(y;�1:(`¡1))kL19Ss;T

[`] (�1:(`¡1); y)9s;�;�ds

. �t
j�jhti¡]¡

��

4� hti
�2

8�

Z
t

1
�s
¡j�jhsi]¡

��

4� (�shsi¡1)`¡1hsi¡1lscds:

To finish the induction, it remains to show that this integral converges, for which we need

�`;� :=¡(1¡ �)j�j+ ]¡
��
4�
¡ �(`¡ 1)< 0

for all `�2. When �2<4�, this in turn follows from simple charge algebra. Indeed, since ]++ ]¡=
(`¡ 1) and ]+¡ ]¡= �, we have

]¡=(`¡ 1)¡ ]+=(`¡ 1)¡ ]¡¡ �;

so

2]¡=(`¡ 1)¡ �� (`¡ 1)+ j�j:

Then denoting by R := ��

4�
< 1,

�`;� � ¡(1¡ �)j�j+R j�j+(`¡ 1)
2

¡ �(`¡ 1)

= j�j
�
R

2
¡ 1+ �

�
+(`¡ 1)

�
R

2
¡ �
�

= j�j
�
R
2
¡ 1
2
¡ 1
2
+ �
�
+(`¡ 1)

�
R
2
¡ 1
2
+ 1
2
¡ �
�

= ((`¡ 1)+ j�j)
�
R¡ 1
2

�
+((`¡ 1)¡ j�j)

�
1
2
¡ �
�

and the statement �`;� < 0 follows from �2< 4�, � > 1/2 and the fact that (`¡ 1)¡ j�j and
(`¡ 1)+ j�j cannot be both zero for `� 2. This finishes the alternative construction.

As we have noted in the beginning of the section, it is straightforward to extend the construction
from real � to complex.

Corollary 5.8. Let �2< 6� and �2C with real part j<(�)j< 4�/�. Then the analogue of Pro-
position 5.6 holds, namely we have

9
t[`]9t;�(`);�. e
<(�)2

2
Gt(0)e

¡=(�)
2

2
Gt(0)(�thti¡1)`¡1ltc (5.25)

for some c= c(`; �2)2R+.

Proof. For �=<(�)+ i=(�)2C, we may write

 ~y= ei<(�)�(y)e¡=(�)�(y)
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so that a simple computation gives that Wick ordering is now


t;T
[1] = e

<(�)2

2
Gt(0)e

¡=(�)
2

2
Gt(0)ei<(�)=(�)Gt(0)

verifying the inductive bound (5.25) for `=1. The action of the functional Laplacian is now

G_ tC(y; �1:(`¡1)) = G_ t(�1:(`¡1))+
�
¡<(�)

2

2
G_t(0)

�
+

0@¡<(�)�X
j=1

`¡1

�jG_t(xj¡ y)

1A
+ =(�)2

2
G_t(0)+

0@¡i=(�)�X
j=1

`¡1

�jG_t(xj¡ y)

1A+(¡i=(�)<(�)G_t(0))

(5.26)

so that bounding trivially����������exp
 
¡i=(�)

 
�
X
j

�jGt;s(xj¡ y)+<(�)G_t(0)
!!����������� 1

we get 



eGt;s
C 





L1�ke
Gt;skL1e

=(�)2

2
Gt;s(0)

and adapting the end of the proof of Proposition 5.6 propagates the inductive hypothesis (5.25)
via the screening estimate (5.15) on eGt;s and source term bound obtained just as (5.22). �

Having constructed the UV-complete kernels 
t
[`], we may define

qt
[`](�) :=

Z

t
[`](y; �1:(`¡1)) ~y 1:(`¡1)

� d�1:(`¡1) (5.27)

Proposition 5.9. Suppose �2<6� and �2C with real part j<(�)j< 4�

�
. Then qt

[�`�] :=
P
`�`� qt

[`],

where qt
[`] is given by (5.27), is in the space Ô1¡;i�;y

�;� with � := <(�)2¡=(�)2

8�
, � :=`��¡ <(�)2¡=(�)2

8�
.

Proof. The boundedness of the complex exponential and 1�!t�(xI) yields

e¡hi�;�(y)iqt
[`](�) =

Z

t
[`](y; �1:(`¡1))e¡i��(y)ei��(y) 1:(`¡1)

� d�1:(`¡1)

� 9
t[`]9t;�(`);�

hence (5.25) yields that for all `� 1 there exists a c= c(`; �2)2R+ such that for any p� 1





e¡hi�;'t(y)iqt[`]('t)



Lp(
). hti<(�)2¡=(�)28� (�thti¡1)`¡1ltc: (5.28)

Since the UV limiting kernels satisfy (5.23), it follows just as Lemma 5.5 that q[`] satisfy the
observable flow equation (2.19). Thus Lemma 2.19 applies, and computing

e¡hi�;�(y)i


Dqt

[`](�); G_Rt
[>(`�¡`)]�

= i

Z

t
[`](y; �1:(`¡1)) 1:(`¡1)

�

 
�G_Rt

[>(`�¡`)](y)+ �
X

j21:(`¡1)
�jG_Rt

[>(`�¡`)](xj)
!
d�1:(`¡1)

. 9
t[`]9t;�(`);�




G_Rt[>(`�¡`)]



L1;

we obtain from the estimates (5.25) and (2.26) that



e¡hi�;'t(y)iL Vqt
[�`�]('t)






Lp(
). hti

<(�)2¡=(�)2

8�
¡`��¡1

lt
c: (5.29)
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Combining (5.28) and (5.29) yields the statement. �

5.3 Derivative fields

The polynomial local observables have very mild superficial degree of divergence, hence we could
flow backwards at all levels `� 2 in the representation (5.1). This is not the case for sufficiently
high derivatives of the field anymore and new ideas are needed to solve the flow equation. To see
why, let us compute the source term with the Wick ordered first-order germ qt

[1](�) :=@��(y) with
y 2Rd and �2N0d multiindex. It is


Dqt
[1]; G_ tDVt

[1]�= i�Z �1@y
�G_t(y¡x1)vt

[1]�(x1) 1d�1:

Then it is clear from the bound k@�G_tkL�1. hsi
¡2+ j�j

2 that repeating the strategy of the previous
section does not work here for arbitrary multiindex �, since we would have

9
t;T
[2] 9t;�;�.

Z
t

1
keGt;s(�1)kL19Ss;T

[2]9s;�;�ds.�t
Z
t

1
hsi¡1+

j�j
2 hsi¡1ds

which does not converge when j�j � 2.
The idea then is to change the representation of the germ: the field content in (2.28) will not be
products of vertex fields  1:` as in (5.1); instead, we make a new ansatz. The goal is to shift the
divergence caused by the derivative @� from the kernels to the field content, which is not flown.

Given an index set I � 1: `, define the operator @I by

@If :=
X
j2I

@xjf(x1; : : : ; x`)

where xj 2Rd. Then postulate

qt
[`];T(�)=

8>><>>:

t;T
[1] (y)@y

��(y) if `=1Z

t;T
[`] (y; �1:(`¡1))@1:(`¡1)

�  1:(`¡1)
� d�1:(`¡1) if `� 2

(5.30)

We have to show that this ansatz is compatible with the structure of the equation (2.19). This is
not immediately obvious, since the representation we obtained before for V [`] involves the vertex
fields  1:` without derivatives on them. However, the following lemma shows that translation
invariance and exponential decay of the fluctuation free field covariance G_t ensures that the Picard
scheme (2.19) propagates the original field insertion @y

�� through the induction in such a way that
is compatible with (5.30).

Lemma 5.10. Let q[`];T be given by (5.30) and V [`] by (3.31). Then for any I1] I2=1: ` we have



Dqt

[jI1j];T ; G_ tDVt
[jI2j]�=Z Bt[jI1j;jI2j](y; �1:(`¡1))@1:(`¡1)�  1:(`¡1)

� d�1:(`¡1) (5.31)

for some function Bt
[jI1j;jI2j].

Proof. Since G_t(x1¡x2) is invariant under simultaneous translations, it is straightforward to see
from the induction of Section 3.2 that the same is true for the potential kernels vt

[`](a) (understood
in the degenerate sense for the first-order kernel vt

[1] := �t and the vacuum energy contribution
vt
[2](0)), and also for the divergence-corrected kernels vt

[`](a)M (a) where the correction M (a) was
defined in (5.3). That is, for any z 2Rd we have¡

vt
[`](a)M (a)

�
(�a; x1+ z; : : : ; x`+ z)=

¡
vt
[`](a)M (a)

�
(�a; x1; : : : ; x`):
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When jI1j=1, compute

Dqt

[1];T ; G_ tDVt
[jI2j]�=CjI2ji�
t;T[1] (y) X

b2M:
`(b)=jI2j

Z X
j2I2

�j@y
�G_t(y¡xj)

¡
vt
[jI2j](b)M (b)

�
(�I2) I2

�d�I2:

Fix a charge configuration �I2. For any a2Rd, denote by  I2
� (xI2¡a) the usual vertex field product

evaluated at �(xk¡ a), k 2 I2. Consider

H(a) :=
Z X

j2I2

�jG_t(y¡xj)
¡
vt
[jI2j](b)M (b)

�
(xI2) I2

� (xI2¡ a)dxI2

=
Z X

j2I2

�jG_t(y¡ a¡ zj)
¡
vt
[jI2j](b)M (b)

�
(zI2) I2

� (zI2)dzI2

where in the second line we used the unit Jacobian change of variables zk := xk ¡ a, k 2 I2 and
translation invariance of vt

[jI2j](b)M (b). We compute @a
� in both of these representations. On one

hand, since @a
� I2

� (xI2¡a)= (¡1)j�j@I2
� I2

� (xI2¡a), provided we can differentiate under the integral
(which we postpone to the end of the proof),

@a
�H =(¡1)j�j

Z X
j2I2

�jG_t(y¡xj)
¡
vt
[jI2j](b)M (b)

�
(xI2)@I2

� I2
� (xI2¡ a)dxI2:

while on the other, again provided we can differentiate under the integral,

@a
�H =

Z X
j2I2

�j@a
�G_t(y¡ a¡ zj)

¡
vt
[jI2j](b)M (b)

�
(zI2) I2

� (zI2)dzI2

= (¡1)j�j
Z X

j2I2

�j@y
�G_t(y¡ a¡ zj)

¡
vt
[jI2j](b)M (b)

�
(zI2) I2

� (zI2)dzI2:

Evaluating at a=0, we obtainZ X
j2I2

�j@y
�G_t(y¡ zj)

¡
vt
[jI2j](b)M (b) I2

� �(zI2)dzI2= Z X
j2I2

�jG_t(y¡xj)
¡
vt
[jI2j](b)M (b)@I2

� I2
� �(xI2)dxI2

which means that


Dqt

[1];T ; G_ tDVt
[jI2j]� is of the form (5.31), since jI1j=1 implies jI2j= `¡ 1.

When jI1j � 2, since

D@I
� I= @I

�D I= @I
�

 
i�
X
j2I

�j�xj I

!
= i�

X
j2I

�j
X
���

�
�
�

�
@I
��xj@I

�¡� I
�; (5.32)

writing G_ t(�j ; �k) :=¡�2

2
�j�kG_t(xj¡xk) and I := 1: (`¡ 1), we have



Dqt

[jI1j];T ; G_ tDVt
[jI2j]�

= CjI1j;jI2j
X

b2M:
`(b)=jI2j

Z

t;T
[jI1j](y; �I1¡1)

�
X

j2I1¡1
k2I2

X
���

�
�
�

�
@I1¡1
� G_ t(�j ; �k)

¡
vt
[jI2j](b)M (b)

�
(�I2) I2

�@I1
�¡� I1

�d�I

By similar argument as above, for any j 2 I1¡ 1, for each xj 2Rd, we obtainZ X
k2I2

�k@xj
� G_t(xj¡xk)vt

[jI2j](b)M (b) I2
� (xI2)dxI2=

Z X
k2I2

�kG_t(xj¡xk)vt
[jI2j](b)M (b)@I2

� I2
� (xI2)dxI2
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which, combined with the formula for


Dqt

[jI1j];T ; G_ tDVt
[jI2j]� yields the statement, sinceX

���

�
�
�

�
@I2
� I2

�@I1
�¡� I1

� = @1:(`¡1)
�  1:(`¡1)

�

by the binomial theorem.

It then remains to show we can apply the Leibniz integral rule. Let j 2 I2. For any fixed y 2RdZ ����������Xj2I2 �j@y�G_t(y¡ zj)
¡
vt
[jI2j](b)M (b)

�
(zI2) I2

� (zI2)
����������dzI2.9vt[jI2j](b)9t;& ;�hti j�j+{(b)2

¡2

for any & >0, where in the case {(b)>0 so thatM (b)(zI2)= jz1¡ z2j¡{(b), we proceed as in Lemma
3.12, i.e. leverage neutrality and feed the divergence to

P
j2I2�j@y

�G_t via Lemma A.6.

For the other integral, the function that is needed to be dominated involves @I2
� I2

� , so that the
boundedness of the complex exponential is not sufficient. To control the infinite volume limit, we
need to rely on the Steiner weights in our kernels. Note that for a fixed j 2 I2, we haveY

k2I2

hxki. hxji
Y

k2I2nfjg
hxk¡xjihxji. hSt(xI2)ijI2j¡1hxj¡ yijI2jhyijI2j:

Thus, when {(b) = 0, applying Faà di Bruno to the vertex fields, there exists polynomials P � of
the field and its derivatives such thatZ X

j2I2

�jG_t(y¡xj)
¡
vt
[jI2j](b)M (b)

�
(xI2)@I2

� I2
� (xI2¡ a)dxI2

.
X
j2I2

9vt[jI2j](b)9t;& ;�kG_tkL�1sup
xI2

����������hxj¡ yi¡�hSt(xI2)i¡�Yj2I2 P �(�(xj¡ a))
����������

. 9vt[jI2j](b)9t;& ;�hti¡2
Y
j2I2







h�i¡ �

jI2jP �(�(�¡a))







L1

. 9vt[jI2j](b)9t;& ;�hti¡2k�kHc

for some c, where in the last line we used Besov embedding and chose � large enough. When {>0,
we proceed similarly, the only difference being the use of Lemma A.6:Z

G_t(y¡x1)¡G_t(y¡x2)
jx1¡x2j{

¡
vt
[jI2j](b)�(x1:2)@I2� I2� (x1:2¡ a)dx1:2

. 9vt[jI2j](b)jx1¡x2j1¡{9t;& ;�e
¡m2

t t
¡1
2

Z
e¡& t

p
jx1¡yjhx1¡ yi�dx1

� sup
x1:2

����������hx1¡ yi¡�hSt(x1:2)i¡� Yj21:2 P �(�(xj¡ a))
����������:

The justification for the Leibniz integral rule when jI1j � 2 follows verbatim. �

The point of the above lemma was not just to shift the divergence from the kernels to the field,
but also to do it in such a way that the resulting basis of the representation consists solely of
eigenfunctions of the functional Laplacian �G_ t

. Indeed, translation invariance of G_t ensures that
there are no �trickle down� maps when evaluating �G_ t

on the field content @1:`
�  1:` (as opposed to

the case of the potential, cf. the map A
¡
vt
[2]({)� around (3.17)). This observation leads to

Lemma 5.11. Fix �2N0d multiindex, and let V [`] be given by (3.31). Suppose that the kernels 
t;T
[`]

satisfy the equations


t;T
[`] (�1:(`¡1); y)= e

Gt;T(�1:(`¡1))
T ;T
[`] (�1:(`¡1); y)+

Z
t

T

eGt;s(�1:(`¡1))Ss;T
[`] (�1:(`¡1); y)ds (5.33)
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where

¡Ss;T
[`] (�1:(`¡1); y)

=
X

I1]I2=1:`
jI1j=1

CjI1j;jI2j
X

b2M:
`(b)=jI2j


s;T
[1] (y)G_ s(�I2; y)

¡
vs
[jI2j](b)M (b)

�
(�I2)

+
X

I1]I2=1:`
jI1j�2

CjI1j;jI2j
X

b2M:
`(b)=jI2j


s;T
[jI1j](y; �I1¡1)G_ s(�I1¡1; �I2)

¡
vs
[jI2j](b)M (b)

�
(�I2)

(5.34)

for some positive combinatorial coefficients CjI1j;jI2j. Then qt
[`];T, given by (5.30), satisfies the

observable flow equation (2.19).

Proof. Let I �N be a finite index set. Compute

1
2
�G_ t

[@I
� I

�]

= ¡�
2

2

Z
(R2)2

G_t(z1¡ z2)@xI
�

 X
j1;j22I

�j1�j2�(xj1¡ z1)�(xj2¡ z2) I
�

!
dz1:2

= ¡�
2

2

Z
(R2)2

G_t(z1¡ z2)
X
���

�
�
�

�
@xI
�

 X
j1;j22I

�j1�j2�(xj1¡ z1)�(xj2¡ z2)
!
@I
�¡� I

�dz1:2

=
X
���

�
�
�

�
@xI
�

0@¡�2
2

X
j1;j22I

�j1�j2

Z
G_t(z1¡ z2)�(xj1¡ z1)�(xj2¡ z2)dz1:2

1A@I�¡� I�
=
X
���

�
�
�

�
@xI
� G_ t(�I)@I

�¡� I
�

= G_ t(�I)@I
� I

�

since for any nontrivial multiindex, the translation invariant covariance matrix G_ t(�I) is annihilated
by the diagonal derivative @I=

P
j2I @xj. The statement then follows from Lemma 5.10. �

Imposing the boundary conditions


0;T
[1] := 1


T ;T
[`] := 0 if `� 2;

(5.35)

allows us to estimate inductively the germ kernels in the norms (5.7) and transfer these bounds
onto the germ and its approximate generator.

Proposition 5.12. Let �2< 6� and � 2N0d multiindex. Then there exist kernels 
t;T
[`] satisfying

(5.33) with boundary conditions (5.35), and for any � � 0 it holds that

9
t;T
[`] 9t;�(`);�. (�thti¡1)`¡1ltc (5.36)

for some c= c(`; �2)2R+. Moreover, the 9�9t;�;�-limits 
t
[`] := limT!1
t;T

[`] exist, are independent
of � and satisfy the bounds (5.36). Finally, defining

qt
[`](�) :=

8>><>>:

t
[1](y)@y

��(y) if `=1Z

t
[`](y; �1:(`¡1))@1:(`¡1)

�  1:(`¡1)
� d�1:(`¡1) if `� 2

; (5.37)

it holds that qt
[�`�] :=

P
`�`� qt

[`] is in the space Ô1¡;0;y
j�j
2
;`��¡ j�j

2 .
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Proof. The bound (5.36) is verified similarly to Proposition 5.2 by repeating standard estimates
on the source term (5.34). The T!1 limit is also obtained via a straightforward modification:
defining Ss;1

[`] by replacing the 
t;T
[`] in (5.34) with the limits 
t

[`], it is seen inductively that the
limits solve


t
[1](y) = 1


t
[`](�1:(`¡1); y) =

Z
t

1
eGt;s(�1:(`¡1))Ss;1

[`] (�1:(`¡1); y)ds if `� 2;
(5.38)

by propagating the bound

9
t[`]¡ 
t;T
[`] 9t;�(`);�. (�thti¡1)`¡1ltchti"hT i¡"

for some "> 0 small enough.

We claim that for any `� 1 there exists c= c(`; �2)2R+ such that for every p� 1





qt[`]('t)



Lp(
). htij�j2 (�thti¡1)`¡1ltc: (5.39)

Indeed, when `=1 simply apply (4.9). For `� 2, first note that Faà di Bruno and (4.9) yields for
any b2R, x2R2 that

k@x
�eib't(x)kLp(
). hti

j�j
2 lt
c;

so that denoting by  j(t) := ei��j't(xj), using Minkowski's integral inequality, 1� !t
� and the

multinomial theorem we obtain



qt[`]('t)



Lp(
)
�
Z ����
t[`](y; �1:(`¡1))����k@1:(`¡1)�  1:(`¡1)

� (t)kLp(
)d�1:(`¡1)

�
Z ����
t[`](y; �1:(`¡1))���� X

P
j=1
`¡1�(j)=�

�
�

�(1); : : : ; �(`¡1)

�Y
j=1

`¡1 





@xj�(j) j�(t)





L(`¡1)p(
)d�1:(`¡1)
. 9
t[`]9t;�(`);�hti

j�j
2

and inserting (5.36) yields (5.39). On the other hand, we claim



L Vqt
[�`�]('t)






Lp(
). hti

j�j
2 hti¡`��¡1ltc: (5.40)

Indeed, this follows in the case `=1 simply from (2.26); for `� 2, we proceed similarly as above:
compute with (5.32)




Dqt[`]('t); G_Rt[>(`�¡`)]�



Lp(
)
.
Z ����
t[`](y; �1:(`¡1))����











 X
j21:(`¡1)

�j
X
���

�
�
�

�
@�G_Rt

[>(`�¡`)](xj)@1:(`¡1)
�¡�  1:(`¡1)












Lp(
)

d�1:(`¡1)

.
Z ����
t[`](y; �1:(`¡1))����X

���





@�G_Rt[>(`�¡`)]



L1(
;L1)k@1:(`¡1)�¡�  1:(`¡1)kLp(
)d�1:(`¡1)

. 9
t[`]9t;�(`);�
X
���

hti
j�j
2
¡1¡�¡(`�¡`)�hti

j�j¡j�j
2

where in the last line we used (2.26) to estimate @�G_Rt
[>(`�¡`)] (more precisely, we estimate with

(4.15), Young's inequality, (A.2) and (4.1)). It follows (5.38) that the proof of Lemma 5.11 applies
and thus q[`] satisfy the observable flow equation (2.19). Thus inserting (5.36) in the above estimate
and using Lemma 2.19, we conclude (5.40). Combining (5.39) and (5.40) yields the statement. �
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Similar considerations hold for the derivatives of the vertex field  ~y := exp(i��(y)) with � as in
the previous section. Make the ansatz

qt
[`];T(�)=

Z

t;T
[`] (y; �1:(`¡1))@y;1:(`¡1)

�  ~y 1:(`¡1)
� d�1:(`¡1) (5.41)

where the operator @y;I is defined by

@y;If(y; x1; : : : ; x`) := (@y+ @I)f(y; x1; : : : ; x`):

Similar ideas to those in Lemma 5.10 lead us to the following

Lemma 5.13. Let qt
[`] be given by (5.41) and V [`] by (3.31). Then for all I1] I2=1: ` we have



Dqt

[jI1j]; G_ tDVt
[jI2j]�= Z Bt[jI1j;jI2j](y; �1:(`¡1))@y;1:(`¡1)�  ~y 1:(`¡1)

� d�1:(`¡1) (5.42)

for some function Bt
[jI1j;jI2j].

Proof. Compute

D�@y;I
�  ~y I

� = @y;I
� D� ~y I

�

= @y;I
�

  
i��y+ i�

X
j2I

�j�xj

!
 ~y I

�

!

= i
X
���

�
�
�

� 
�@y

��y+ �
X
j2I

�j@xj
� �xj

!
@y;I
�¡�( ~y I

�)

so that

Dqt

[jI1j]; G_ tDVt
[jI2j]�

= CjI1j;jI2j
X

b2M:
`(b)=jI2j

Z

t
[jI1j](y; �I1¡1)

X
k2I2

X
���

�
�
�

� 
i�@y

�G_ t(y; �k)+
X

j2I1¡1
@xj
� G_ t(�j ; �k)

!

�
¡
vt
[jI2j](b)M (b)

�
(�I2) I2

�@y;I1¡1
�¡� ( ~y I1¡1

� )d�1:(`¡1)

Similarly to the proof of Lemma 5.10, we obtainZ X
k2I2

i�@y
�G_ t(y; �k)

¡
vt
[jI2j](b)M (b)

�
(�I2) I2

�d�I2=
Z X
k2I2

i�G_ t(y; �k)
¡
vt
[jI2j](b)M (b)

�
(�I2)@I2

� I2
�dxI2

and for each fixed xj 2Rd, j 2 I1¡ 1,Z X
k2I2

@xj
� G_ t(�j ; �k)

¡
vt
[jI2j](b)M (b)

�
(�I2) I2

�d�I2=
Z X
k2I2

G_ t(�j ; �k)
¡
vt
[jI2j](b)M (b)

�
(�I2)@I2

� I2
�dxI2:

The statement then follows fromX
���

�
�
�

�
@I2
� I2

�@y;I1¡1
�¡� ( ~y I1¡1

� )= @y;1:(`¡1)
�  ~y 1:(`¡1)

� : �

We then have the analogue of Lemma 5.5 and 5.11:

Lemma 5.14. Fix �2N0d multiindex, and let Vt
[`] be given by (3.31). Suppose that the kernels 
t;T

[`]

satisfy the equations


t;T
[`] (�1:(`¡1); y)= e

Gt;T
C (y;�1:(`¡1))
T ;T

[`] (�1:(`¡1); y)+
Z
t

T

eGt;s
C (y;�1:(`¡1))Ss;T

[`] (�1:(`¡1); y)ds (5.43)
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where G_ tC is defined in (5.26) and Ss;T
[`] in (5.19). Then qt

[`];T, given by (5.41), satisfies the observ-
able flow equation (2.19).

Proof. Similarly to the proof of Lemma 5.11, we have for any I �N finite index set

1
2
�G_ t

[@y;I
�  ~y I

�] =G_ tC(y; �I)@y;I
�  ~y I

�:

The statement then follows from the previous lemma. �

Imposing the boundary conditions


0;T
[1] := 1


T ;T
[`] := 0 if `� 2;

(5.44)

finishes the argument:

Proposition 5.15. Let �2< 6�, �2N0d multiindex and �2C with real part j<(�)j< 4�/�. Then
there exist kernels 
t;T

[`] satisfying (5.43) with boundary conditions (5.44), and for any ��0 it holds
that

9
t;T
[`] 9t;�(`);�. e

<(�)2

2
Gt(0)e

¡=(�)
2

2
Gt(0)(�thti¡1)`¡1ltc (5.45)

for some c= c(`; �2)2R+. Moreover, the 9�9t;�;�-limits 
t
[`] := limT!1
t;T

[`] exist, are independent
of � and satisfy the bounds (5.45). Finally, defining

qt
[`](�) :=

Z

t
[`](y; �1:(`¡1))@y;1:(`¡1)

�  ~y 1:(`¡1)
� d�1:(`¡1); (5.46)

it holds that qt
[�`�] :=

P
`�`� qt

[`] is in the space Ô1¡;i�;y
�;� with � := j�j

2
+ <(�)2¡=(�)2

8�
, � := `�� ¡

<(�)2¡=(�)2

8�
¡ j�j

2
.

Proof. The inductive bound (5.45) follows from comparing Lemma 5.14 with Lemma 5.5 and
applying Proposition 5.6 and Corollary 5.8. Sending T !1 is again routine: defining Ss;1

[`] by
replacing the 
t;T

[`] in (5.19) with the limits 
t
[`], it is seen inductively that the limits solve


t
[1](y) = e

<(�)2

2
Gt(0)e

¡=(�)
2

2
Gt(0)ei<(�)=(�)Gt(0)


t
[`](�1:(`¡1); y) =

Z
t

1
eGt;s

C (y;�1:(`¡1))Ss;1
[`] (�1:(`¡1); y)ds if `� 2;

(5.47)

by propagating the bound

9
t[`]¡ 
t;T
[`] 9t;�(`);�. e

<(�)2

2
Gt(0)e

¡=(�)
2

2
Gt(0)(�thti¡1)`¡1ltchti"hT i¡"

for some "> 0 small enough.

By the multinomial theorem and Faà di Bruno,

e¡hi�;�(y)iqt
[`]

= e¡i��(y)
Z

t
[`](y; �1:(`¡1))@y;1:(`¡1)

� ei��(y) 1:(`¡1)
� d�1:(`¡1)

= e¡i��(y)
Z

t
[`](y; �1:(`¡1))

X
P
j=0
`¡1�(j)=�

�
�

�(0); : : : ; �(`¡1)

�
@y
�(0)ei��(y)

Y
j=1

`¡1

@xj
�(j) j

�d�1:(`¡1)

=
Z

t
[`](y; �1:(`¡1))

X
P
j=0
`¡1�(j)=�

�
�

�(0); : : : ; �(`¡1)

�
P�(0)(f@��(y)g���(0))

Y
j=1

`¡1

@xj
�(j) j

�d�1:(`¡1)
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for polynomials P�(0) with total scaling degree j�(0)j, and consequently by Minkowski's integral
inequality, Hölder, (4.9), 1�!t�, and (5.45) we obtain





e¡hi�;'t(y)iqt[`]('t)



Lp(
). htij�j2 +
<(�)2¡=(�)2

8� (�thti¡1)`¡1ltc: (5.48)

On the other hand, computing

e¡hi�;�(y)i


Dqt

[`](�); G_Rt
[>(`�¡`)]�

= i

Z

t
[`](y; �1:(`¡1))

X
���

�
�
�

�
@y;1:(`¡1)
�

0@�G_Rt[>(`�¡`)](y)+ �
X
j=1

`¡1

�jG_Rt
[>(`�¡`)](xj)

1A
� e¡i��(y)@y;1:(`¡1)

�¡� ei��(y) 1:(`¡1)
� d�1:(`¡1)

and proceeding similarly as above, by (2.26) (more precisely, by (4.15), Young's inequality, (A.2)
and (4.1)), we get



e¡hi�;'t(y)i
Dqt[`]('t); G_Rt[>(`�¡`)]�



Lp(
).9
t[`]9t;�(`);�X

���
hti

j� j
2
¡1¡�¡(`�¡`)�hti

j�j¡j�j
2 :

It follows from (5.47) that the proof of Lemma 5.1 applies and thus q[`] satisfy the observable flow
equation (2.19). Thus inserting (5.45) in the above estimate and using Lemma 2.19, we obtain





e¡hi�;'t(y)iL Vqt
[�`�]('t)






Lp(
). hti

j�j
2
+
<(�)2¡=(�)2

8� hti¡`��¡1ltc: (5.49)

The statement follows from combining (5.48) and (5.49). �

6 Observable products, prefactorization algebra property
In this section we assemble the ideas developed throughout the paper to finish the proof of The-
orems 1.1 and 1.2.

We begin with unifying the notation of the previous section: given a y 2Rd where the germ is
localized, �2N0d, �2C, we write

qt
[`](�)=

Z X
k=0

n


t
[`](�;k)(�1:(`¡1); y)@y;1:(`¡1)

� ¡
�k(y) ~y

(�) 1:(`¡1)
� �

d�1:(`¡1) (6.1)

where  ~y
(�) := ei��(y). This ansatz includes everything we have constructed in the previous section

as special cases, cf. (5.10), (5.27), (5.37) and (5.46).

Recall that to prove existence of observables, in light of the Ito reconstruction (Lemma 2.6), we
need to construct coherent germs. It is intuitively clear that the conditions 1 and 2 in Definition
2.5 are only technical, and the actually constraining part is the coherence estimate (2.10). In the
lemma below we verify these conditions to the ansatz (6.1).

Lemma 6.1. Let qh1i and qh2i be a sum of functionals of the form (6.1). Then �qh1i+ qh2i and
�qh1iqh2i, �2R satisfy Conditions 1 and 2 of Definition 2.5.

Proof. Let m>d/2. Fix a T 2R+ arbitrary, and consider the restriction of qhji to [0; T ]. Take
H :=B2;2

s (hxi¡m) with s > j�j+ d

2
, so that Morrey's inequality yields that @��x are continuous

functionals onH. In particular, given a sequence �r!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !k�kH
�, we have for every x2Rd and � 2C that

(@��r(x))ne��r(x)! (@��(x))ne��(x)
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and similarly for all k�n and � multiindex with j� j � j�j.
As jxj j � jy j+ jxj¡ y j � jy j+St(x1:(`¡1); y), we obtain

Y
j=1

`¡1

hxji. hyi(`¡1)hSt(x1:(`¡1); y)i(`¡1):

Applying Faà di Bruno to the vertex fields in (6.1) we get Pk
� polynomials �(xj) and their deriv-

atives. Then choosing � large enough, by Besov embedding we have,

����qt[`](�)���� . X
k=0

n

9
t[`](�;k)90;�;� sup
x1:(`¡1)

������������hSt(x1:(`¡1); y)i¡�Pk�(�(y))
Y
j=1

`¡1

Pk
�(�(xj))e¡=(�)�(y)

������������
.
X
k=0

n

9
t[`](�;k)90;�;� jhyi�Pk�(�(y))e¡=(�)�(y)j
Y
j=1

`¡1 





h�i¡ �

(`¡1)Pk
�(�(�))








L1

.
X
k=0

n

9
t[`](�;k)90;�;� jhyi�Pk�(�(y))e¡=(�)�(y)jk�kHc

for some c. Combining this with the pointwise convergence above, by dominated convergence we
obtain qt

[`](�r)! qt
[`](�).

On the other hand, we see from the induction on the kernels that t 7! 
t
[`](�;k) and t 7! @t
t

[`](�;k)

are continuous in 9�90;�;�, since 
t[`](�;k) satisfies classically a differential equation with continuous
coefficients. Indeed, for relevant kernels continuity is trivial, and for irrelevant, note that

9
t[`](�;k)¡ 
tr
[`](�;k)90;�.

Z
t^tr

t_tr
keUt^tr;skL19Ss9s;�ds+

Z
t_tr

1
keUt;s¡ eUtr;skL19Ss9s;�ds

for some U�;s=
R
�
sU_ vdv with U_ v a linear combination of G�;s (see the preceding section), hence

continuous in L1. The case of time derivatives follow by induction, as

@t
t
[`](�;k)=U_ t
t

[`](�;k)+St

and we have kU_ tkL1. 1.
Combined with the above argument for the bound on

����qt[`](�)����, we obtain joint continuity on

[0; T ]�H of q[`] and @tq[`]. Boundedness and continuity of D�q[`] and D�2q[`] on bounded subsets of
[0; T ]�H follow along similar lines by noting that (6.1) ensures that they all depend on � through
smooth gradients and Hessians applied to the point evaluations @��x.

For condition 2, note that similarly to the above argument for the bound on
����qt[`](�)����, there exists

an N 2N and polynomial P of �(y) and its derivatives such that

kDq[`]j's
] kH= sup

kvkH�1
jDq[`]j's(v)j.9
t[`](�;k)90;�;� jP ('s(y))e¡=(�)'s(y)jk'skHN:

Then plugging in the bounds on the kernels 9
[`](�;k)9 of the previous section, (4.12) and Lemmas
4.6 and A.9, we obtain that there exists a N~ 2Z such that

E
Z
0

T

kQs�Dq[`]j's
] kL22 ds�

Z
0

T

kQs�kL2(H;L2)2 EkDq[`]j's
] kH2 ds.

Z
0

T

hsiN~ds<1:

We thus have proven that �qh1i+ qh2i satisfy Conditions 1 and 2 of Definition 2.5. Extension to
�qh1iqh2i is straightforward. �
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Proof. (of Theorem 1.1) Consider the germs qt
[�`�] constructed in the previous section. As

we have seen in Propositions 5.3, 5.9, 5.12 and 5.15, they are in the spaces Ô1¡;i�;y
�;� for � :=

j�j
2
+ <(�)2¡=(�)2

8�
and � := `��¡ <(�)2¡=(�)2

8�
¡ j�j

2
. Pick p> 1 arbitrary. Then (4.10) yields



L Vqt

[�`�]('t)





L1(
) � kei��(y)kLp(
)





e¡i�'t(y)L Vqt
[�`�]('t)






Lp
0
(
)

. hti
j�j
2
+
<(�)2

8�
+(p¡1)=(�)

2

8�
¡`��¡1

lt
ckq[�`�]kÔ1¡;i�;y

�;�

so as � > 0, choosing

`� :=

&
j�j
2
+ <(�)2

8�
+(p¡ 1)=(�)

2

8�
+1

�

'
<1 (6.2)

ensures that the germs qt
[�`�] satisfy (2.10). Coupled with the previous lemma, this means that

they are coherent; the statement about existence then follows from Lemma 2.6. The existence of
' and the convergence of measures is the content of Theorem 4.4 and Corollary 4.5. �

A couple of remarks are in order.

Remark 6.2. (Sharp estimates) Obviously the Hölder inequality we use in the above proof
does not give the optimal scaling for exponentials. Instead, recalling the proofs of Propositions
5.9 and 5.15, we see that the field content of qt

[�`�](�) and L Vqt
[�`�](�) is of the form ei��(y)P�(�)

with P� polynomial in �(y);  1:(`¡1) and their derivatives. Thus proceeding similarly to the proof
of (4.11), the sharp estimates



qt[�`�]('t)



L1(
). hti j�j2 +

<(�)2

8� lt
c;





L Vqt
[�`�]('t)






L1(
). hti

j�j
2
+
<(�)2

8�
¡`��¡1

lt
c

follow. We chose to include the suboptimal bounds in the above proof and the subsequent results,
since they suffice for our purposes while having simpler presentation.

Remark 6.3. (Required order of expansion) Clearly, the +1 in (6.2) is not necessary apart
from the edge cases where the fraction, without it, would be an integer. Then using the sharp

estimates in the above remark, recalling that � :=1¡ �2

8�
, �22 (0;8�) and plugging in the saturated

optimal condition j<(�)j�=4� into (6.2), we obtain that the existence of the observable J@�ei��(y)K
in the optimal regime requires the flow equation to be solved up to iteration

`�(�2; �)=
�
4�(�2j�j+4�)
�2(8�¡ �2)

�
: (6.3)

This blows up as approaching criticality, �2!8�, indicating the breakdown of perturbation theory,
and also as �2! 0 due to the allowed superficial degree of divergence blowing up along the
saturation of the condition j<(�)j< 4�

�
.

The function (in �2) inside the ceiling in (6.3) has global minimum at

�min
2 = 8�

1+ 1+2j�j
p with value

¡
1+ 1+2j�j

p �
2

4

When j�j=0, i.e. in the case of the observable Jei��(y)K, the function �2 7! 16�2

�2(8�¡ �2) is symmetric

around its global minimum at the free fermion point, �min
2 =4�, with value 1. That is, exactly at

the free fermion point, even first-order perturbation theory is sufficient to construct the observable
in the full optimal regime j<(�)j< 4�

�
, and none of the screening theory developed in Section 5.2

is required.
As we will soon see, the above considerations are true not only for the 1-point function hJei��(y)Ki,
but also for general n-point functions hJei��(y)K?J�k1(y1)K?: : :J�kn(yn)Ki with y=/ y1: : :=/ yn, since
polynomials of the field have �=0 superficial degree of divergence owing to their log-blowup. For
products with other vertex fields or derivatives, higher `� is needed, so that the decay hti¡� coming
from the accuracy � of the germ can offset the other germs' divergence on top of its own.
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Remark 6.4. (Independence of order of expansion) The previous remark suggests the need
for discussion on whether the observables we construct depend on the order of expansion. Suppose
there exists an `� (not necessarily given by (6.2)) for which the construction of Theorem 1.1 goes
through, i.e. such that

j�j
2
+ <(�)

2

8�
+(p¡ 1)=(�)

2

8�
¡ `�� < 0 (6.4)

for some p > 1. Then for any ~̀> `�, by the proofs of the previous section, in particular (5.11),
(5.28), (5.39), (5.48), we have







qt[�~̀]('t)¡ qt[�`�]('t)






L1(
)

�
X

`=`�+1

~̀

kehi�;'t(y)ikLp(
)




e¡hi�;'t(y)iqt[`]('t)



Lp0(
)

.
X

`=`�+1

~̀

hti
j�j
2
+
<(�)2

8�
+(p¡1)=(�)

2

8� (�thti¡1)`¡1ltc

. hti
j�j
2
+
<(�)2

8�
+(p¡1)=(�)

2

8�
¡`��

lt
c

which goes to 0 as t!1 by (6.4). Thus q[�~̀]�' q[�`
�], and hence by (2.5) the germ q[�

~̀] recon-
structs the same martingale as q[�`

�]. In particular, the correlation functions we constructed are
independent of the order of perturbative approximation.

To construct the observable product, we exploit that the germs obtained as approximate solution
on the observable flow equation (2.18) localize deep in the UV. This is the content of the following

Lemma 6.5. Let qt
[`j]hji, j 2f1; 2g be given by (6.1), localized at y1=/ y22R2, respectively. Then

there exists a K =K(�j ; nj ; �j) and C=C(`1; `2) such that for all p2 [1;1),





e¡ih�;'t(y)iTr�G_ tDqt[`1]h1i('t)Dqt[`2]h2i('t)�



Lp(
). htiKe¡ t
p

C
jy1¡y2j

Y
j21:2

X
kj�nj

9
t;T
[`j](�j;kj)9t;�(`j)

with � :=�1Y�2 := (�1; �2)2C2 and y := y1Y y2 := (y1; y2)2 (Rd)2.

Proof. Evaluating the functional derivative on (6.1), we see that after contraction,
Tr
�
Dqt

[`1]h1i(�)Dqt
[`2]h2i(�)

�
are linear combination of terms of the formZZ Y

j21:2

t
[`j](�j;kj)(�1:(`j¡1); yj)G(�; y)Pkj;�j

� (�)d�1:(`1¡1)d�1:(`2¡1) (6.5)

for some kj � nj, where Pkj;�j
� (�) are polynomials of �(yj);  yj

(�j);  1:(`j¡1) and their derivatives
and where G(�; y) is linear combination of G_ and its derivatives, contracting between the sets
(x1:(`1¡1); y1) and (x1:(`2¡1); y2). Inserting

1=
Y
j21:2

!t
�(yj ; �1:(`j¡1))!¡t

� (yj ; �1:(`j¡1))

with weight !t� defined in (3.4), for any kj 2 1: (`j¡ 1) and multiindices �1; �2, bound

e
¡�(`1) t

p
St(x1:(`j¡1);yj)@xk1

�1 @xk2
�2 G_t(xk1¡xk2)e

¡�(`2) t
p

St(x1:(`j¡1);yj)

. hti
j�1j+j�2j

2
¡1
e
¡ t
p

4`1
jxk1¡y1j

e
¡ t

8
jxk1¡xk2j

2

e
¡ t
p

4`2
jxk2¡y2j

� hti
j�1j+j�2j

2
¡1exp

�
¡ t
p

4`1_`2
jy1¡ y2j

�
e

2

16`1_`2
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where in the second line we absorbed into the Gaussian the polynomial obtained from differenti-
ation, and the last inequality follows, with C := 4`1_`2, from

t
p

C
jy1¡ y2j ¡

2
C2

� 1
8

�
t

p
jxk1¡xk2j ¡

4
C

�
2

+
t

p

C
jy1¡ y2j ¡

2
C2

= t

8
jxk1¡xk2j2+

t
p

C
(jy1¡ y2j ¡ jxk1¡xk2j):

Similar estimates hold when the contraction is G_t(xk1 ¡ y2) and G_t(y1 ¡ y2), with the corres-
ponding weights !¡t� estimated trivially by 1. The statement then follows from Minkowski's integral
inequality, the multinomial theorem, Faà di Bruno, Hölder and Lemma 4.9. �

Proof. (of Theorem 1.2) Given Q(j)2OWloc, by results of the above section we may pick germs

q[�`j
�]hji2 Ô1¡;i�j;yj

�j;�j with �j :=
j�j j
2
+ <(�j)2¡=(�j)2

8�
, �j := `j��¡�j. Choose

`j
� :=

&
1+

P
m=1
n �m+

n

8�

P
m=1
n =(�m)2

�

'
(6.6)

for any j 2 1:n, so that

�1:n :=
^
j21:n

 
�j¡

X
m2(1:n)nfjg

�m

!
=
^
j21:n

 
`j
��¡

X
m=1

n

�m

!
� n
8�

X
m=1

n

=(�m)2+1: (6.7)

Combining Lemma 6.5 with estimates on the kernels 9
t;T
[`j](�j;kj)9t;�(`j), of the previous section

and the fact that q[�`j
�]hji2 Ô1¡;i�j;yj

�j;�j , for any p2 [1;1) we obtain that for any j1=/ j22 1:n,









e¡ih�1:n;'t(y1:n)iTr
h
G_ tDqt

[�`j1
� ]hj1i('t)Dqt

[�`j2
� ]hj2i('t)

i Y
j21:nnfj1;j2g

qt
[�`j�]hji('t)












Lp(
)

. htiK~e¡C t
p

with �1:n :=�1 Y : : : Y�n, y1:n := y1 Y : : : Y yn for some K~ and C =C(`j1
� ; `j2

� ; yj1; yj2). Hence the
conditions of Lemma 2.17 are satisfied and thus we have that the product germ is

q[�`1:n
� ]h1:ni :=

Y
j21:n

q[�`j
�]hji2 Ô1¡;i�1:n;y1:n

�1:n;�1:n

for �1:n :=
P
j=1
n �j and �1:n defined above in (6.7). It is a consequence of (4.10) and jG1(x)j. 1

for all x=/ 0 that for any p2 [1;1), �2Cn, and y 2 (R2)n pairwise distinct, we have

keih�;'t(y)ikLp(
). e
p

2

P
j=1
n =(�j)2Gt(0):

Indeed, h�; 't(y)i= h�; Bt(y)i+ h�; Zt(y)i, Zt is bounded in L1, and h�; Bt(y)i is a centered
Gaussian process with variance

P
j;k=1
m �j�kGt(yj¡ yk).

Thus choosing p>1 small enough, by Hölder the germ q[�`1:n
� ]h1:ni satisfies (2.10). Indeed, by (6.7)





L Vqt
[�`1:n� ]h1:ni('t)






L1(
) � keih�1:n;'t(y1:n)ikLp(
)





e¡ih�1:n;'t(y1:n)iL Vqt
[�`1:n� ]h1:ni('t)






Lp
0
(
)

. hti
p

8�

P
j=1
n =(�j)2hti¡�1:n¡1ltckq[�`1:n

� ]h1:nikÔ1¡;i�1:n;y1:n
�1:n;�1:n

. hti
p¡n
8�

P
j=1
n =(�j)2¡2lt

c

and the statement follows. Coupled with Lemma 6.1, this shows that q[�`1:n
� ]h1:ni is coherent.
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For the existence of the observable product, it then remains to show that (2.13) holds. Denoting
by rhji the canonical Ito remainders (cf. (2.11)) corresponding to the germ q[�`j

�]hji, and by rh1:ni

the remainder corresponding to that of the product, we have









R
 Y
j21:n

q[�`j
�]hji

!
t

¡
Y
j21:n

Qt
(j)












L1(
)

=











 Yj21:n qt[�`j
�]hji('t)+ rt;1

h1:ni¡
Y
j21:n

¡
qt
[�`j�]hji('t)+ rt;1

hji �










L1(
)

�




rt;1h1:ni



L1(
)+ X

I1]I2=1:n
I2=/ ;











 Yj12I1 qt[�`j1
� ]hj1i('t)

Y
j22I2

rt;1
hj2i











L1(
)

where each term in the sum has at least one remainder rt;1
hj2i due to

Q
j21:nq

[�`j�]hji being cancelled.
The fact that





rt;1h1:ni



L1(
) vanishes as t!1 is clear from (6.7):





rt;1h1:ni



L1(
)
�
Z
t

1
hsi¡�1:n¡1keih�1:n;'s(y1:n)ikLp(
)hsi�1:n+1





e¡ih�1:n;'s(y1:n)iL Vqs
[�`1:n� ]h1:ni('s)






Lp
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(
)ds

.
Z
t

1
hsi

p¡n
8�

P
j=1
n =(�j)2¡2ls

cdskq[�`1:n� ]h1:nikÔ1¡;i�1:n;y1:n
�1:n;�1:n

and one must choose p> 1 small enough. Now let "> 0 and denote by q� 0 for which (n+ ")¡1+
q¡1=n¡1. For any I1] I2=1:n with I2=/ ;, by (6.6)
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Y
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Y
j12I1
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)hti¡�j1




e¡ih�j1;'t(yj1)iqt[�`j�]hji('t)



Lq(
)

�
Y
j22I2

Z
t

1
hsi¡�j2¡1ke¡h�j2;'s(yj2)ikLn+"(
)hsi�j2+1







e¡h�j2;'s(yj2)iL Vqs
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� ]hj2i('s)







Lq(
)

ds

.
Y
j21:n

kq[�`j
�](j)kÔ1¡;�j;yj

�j;�j hti
P
j12I1

�j1+
n+"
8�
=(�j1)

2 Y
j22I2

Z
t

1
hsi
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8�
=(�j2)

2¡�j2¡1ds

. hti
P
j21:n

n+"
8�
=(�j)2+

P
j12I1

�j¡
P
j22I2

�j2

= hti
P
j21:n�j+

n+"
8�
=(�j)2¡

P
j22I2

`j2
� �

� hti
"

8�

P
j21:n=(�j)

2¡1
:

and choosing "> 0 small enough we obtain that the germs fq[�`j
�]hjigj=1n are compatible.

It remains to prove associativity, which, in light of Proposition 2.14, entails proving the existence
of product with germs grouped together. Let P be an arbitrary partition of 1:n. For any J 2P ,
repeating the argument in the beginning of the proof, we obtain

q[�`J
�]hJ i :=

Y
j2J

q[�`j
�]hji2 Ô1¡;i�J ;yJ

�J ;�J

for �J :=
P
j2J�j, �J :=Yj2J�j, y1:n :=Yj2Jyj, �j := `j��¡�j

�J :=
^
j2J

 
�j¡

X
m2J nfjg

�m

!
=
^
j2J

 
`j
��¡

X
m2J

�m

!
� n

8�

X
m=1

n

=(�m)2+
X

m2(1:n)nJ
�m+1; (6.8)
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and that the product Q(J) :=Fj2JQ
(j) :=R(q[�`J

�]hJ i) exist. Denoting by rhJ i the corresponding
Ito remainders, 
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again I2 nonempty because of the cancellation of
Q
J2P q

[�`J�]hJ i. Denoting by =(�J)2 :=P
j2J =(�j)

2 and adapting the argument above, for all I1]I2=P with I2=/ ; we obtain
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Z
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P
J12I1

�J1¡
P
J22I2

�J2

. hti
jP j¡n+"

8�
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where the last line follows from (6.8) and I1\I2= ;. Since jP j �n, choosing "> 0 small enough
we obtain that the product FJ2PQ

(J) exist; it then follows from Proposition 2.14 that

Fj21:nQ
(j)=FJ2P(Fj2JQ

(j))

for any partition P of 1:n, as requested.
The claimed algebraic properties of the product then follow from Proposition 2.14. �

Remark 6.6. Combining the compatibility of the germs with Remark 6.4, it follows from Propos-
ition 2.13 that the observable products do not depend on the order of perturbative approximation.

Corollary 6.7. The space of multilocal observables

Omloc
W := spanfFj21:nQ

(j)(yj):n2N;Q(j)2Oloc
W ; yi=/ yj if i=/ jg

is well-defined.

7 Smoothness of correlation functions
This section is concerned with the proof of Theorem 1.3.
In the above section we saw that there exist qhji := q[�`j

�]hji coherent germs for Q(j), given by the
ansatz (6.1), such that (qh1i; : : : ; qhni) are compatible (cf. Theorem 1.2). By Ito reconstruction, we
have

hQ(1)(y1)?: : :?Q(n)(yn)i= q0
h1:ni('0)+E

Z
0

1
L Vqs

h1:ni('s)ds (7.1)

with qh1:ni :=
Q
j21:n q

hji the product germ.

Both of the above terms contain reference to the germ kernels 
t
[`](�;k). The difficulty of the proof is

that such kernels are not smooth in the localization point y. Indeed, differentiating the kernels in y
may destroy the inductions of Section 5: looking e.g. at (5.18), one obtains a term with @y�Gt;s(y;
�1:(`¡1)). The following simple example shows that there indeed exist non-smooth germ kernels.
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Example 7.1. Let � > 0 real and consider the kernel 
t := 
t
[2](�1; y) for the vertex field with

�1 :=¡1. With r :=x1¡ y, the covariance is

G_ t(y; �1)=¡
�
�2

2
G_t(0)+

�2

2
G_t(0)¡��G_t(r)

�
:

Referring back to Lemma 5.5 and (5.20), we have, for a nonzero constant C(t) depending on t,


t(r)=C(t)��
Z
t

1
e��Gt;s(r)G_s(r)ds=C(t)(e��Gt;1(r)¡ 1):

As jr j! 0, we have

Gt;1(r)=
1
4�

Z
t

1
s¡1e

¡m2

s e
¡s

4
jrj2ds= 1

4�
log(jr j¡2)+ gt(r)

for gt(�) uniformly bounded. Hence 
t(r)�t jr j¡
��

2� .

To circumvent this problem, we have to shift all derivatives away from the germ kernels. This is
possible by the following simple but crucial

Lemma 7.2. Let 
t
[`](�;k) be a kernel obtained in Section 5. Then for any h2R2,


t
[`](�;k)(�1:(`¡1); x1; : : : ; x`¡1; y)= 
t

[`](�;k)(�1:(`¡1); x1+h; : : : ; x`¡1+h; y+h):

Proof. It is straightforward to see inductively from the flow equations for the germ kernels
(Lemmas 5.1 5.5 5.11, 5.14) that they inherit translation invariance from the fluctuation cov-
ariance G_t and the potential kernels vt

[`]. �

Proof. (of Theorem 1.3)
To simplify notation, write I := 1: (`¡ 1).

Smoothness of q0
h1:ni('0)

Fix an arbitrary charge configuration �I. Denoting by

�(y; xI) := �k(y)ei��(y)
Y
j2I

�(xj)ei��j�(xj);

the field content, by translation invarianceZ

t
[`](�;k)(xI ; y)@y;I

� �(y; xI)dxI=
Z

t
[`](�;k)(zI ; 0)[@y;I

� �(y; xI)]xI=y+zIdzI:

Since '0=0, we have that q0('0) is a sum of terms of the formZ

0
[`](�;0)(zI ; 0)[@I

��(xI)]xI=y+zIdzI:

Since � 2 Cb1 and the kernel estimates imply 
0
[`](�;k)(�; 0) 2 L1, by the Leibniz integral rule we

obtain that y 7! q0
hji('0) is smooth.

Smoothness of EEEEEEEEE
R
0

1
LLLLLLLLL Vqs

h1:ni('s)ds

The generator of the product is

L Vqh1:ni=
X
j

L Vqhji
Y
k=/ j

qhki+
X
j<k

Tr[G_ DqhjiDqhki]
Y
r=/ j;k

qhri:
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Recall from the proofs of Section 5 the formulae for


Dqt

[`](�); G_ tRt
[>(`�¡`)]�: we have



Dqt

[`](�); G_ tRt
[>(`�¡`)]�=X Z


t
[`](�;k)(�I ; y)�t(�; �I ; y)d�I

with �t functions depending on point evaluations of G_ tRt
[>(`�¡`)]. By translation invariance,Z


t
[`](�;k)(xI ; y)�t(�; xI ; y)dxI =

Z

t
[`](�;k)(zI ; 0)�t(�; zI+ y; y)dzI:

Hence we have, for any � multiindex, that

@y
�


Dqt

[`](�); G_ tRt
[>(`�¡`)]�=X Z


t
[`](�;k)(�I ; 0)@y��t(�; �I+ y; y)d�I

where the validity of the Leibniz integral rule is checked similarly to the end of the proof of Lemma
5.10. Then

sup
y





e¡i�'t(y)@y�L Vqt
[�`�]('t)






Lp(
) � sup

y

X
`=1

`� 



e¡i�'t(y)@y�
Dqt[`]; G_ tRt[>(`�¡`)]�



Lp(
)
. sup

y

X
`=1

`�

9
t[`]9t;�(`)hti
j�j+j�j

2
¡1¡�¡(`�¡`)�

lt
c

. hti
j�j
2
+�¡`��¡1

lt
c

(7.2)

for any p�1 with the standard � of the previous section (i.e. � := j�j
2
+ <(�)2¡=(�)2

8�
) with constants

independent of y.

Similarly, we may shift the derivatives away from the kernels in (6.1) to the field content to obtain

sup
y





e¡i�'t(y)@y�qt[�`�]('t)



Lp(
). hti j� j2 +�ltc: (7.3)

Fix a compact K � (R2)n n Diagn and let j1=/ j2 2 1: n. For any multiindices �j1; �j2, we may

shift the derivatives away from the kernels in @yj1
�j1@yj2

�j2Tr
h
G_ tDqt

[�`j1
� ]hj1i('t)Dqt

[�`j2
� ]hj2i('t)

i
to the

field content and the heat kernel contraction G_t (see e.g. (6.5)). Thus denoting by � :=�j1Y�j2,
y := yj1Y yj2, the proof of Lemma 6.5 goes through and we obtain

sup
y1:n2K







e¡ih�;'t(y)i@yj1�j1@yj2�j2TrhG_ tDqt[�`j1� ]hj1i('t)Dqt[�`j2� ]hj2i('t)i





Lp(
)
. sup

y1:n2K
htiMe¡C t

p
jyj1¡yj2j

. htiMe¡C~ t
p
dK

(7.4)

for some M depending on �j1; �j2, where

dK := inf
y1:n2K

min
j<k

jyj¡ ykj> 0

by the assumption K � (R2)n nDiagn.

Fix m2N. By choosing `j�= `j�(m) large enough, (7.2), (7.3), (7.4) and Lemma 4.6 yields that for
any multiindindex tuple �= �1; : : : ; �n with j� j �m, we haveZ

0

1
sup

y1:n2K





@y1�1: : :@yn�nL Vqs
h1:ni('s)






L1(
)ds<1
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(cf. the proof of Theorem 1.2; see also Remark 6.4). For each fixed t > 0, the bounds above also

imply continuity of (y1;:::; yn) 7!@y1
�1:::@yn

�nL Vqs
h1:ni('s) in L1(
). Thus we may differentiate under

the integrals in (7.1), and the statement follows from dominated convergence. �

A Heat kernel interpolation

A.1 Heat kernel estimates

Here we collect some standard heat kernel estimates. Recall that G_s and ks
Q denote the L2 integral

kernels of G_ s and Qs, respectively, cf. (2.7). Since the bounds are needed mostly for the part of
the paper concerned with the special case of the sine�Gordon model, we take d=2 unless explicitly
stated otherwise.

Lemma A.1. There is a uniformly bounded function h such that

Gt(0)=
1
4�

log(1_ t)+h(t)

Proof. Simply split

Gt(0) = 1
4�

Z
0

1^t
s¡1e

¡m2

s ds+ 1t>1
4�

Z
1

t

s¡1e
¡m2

s ds

= 1
4�

Z
0

1^t
s¡1e

¡m2

s ds+ 1t>1
4�

Z
1

t

s¡1
�
e
¡m2

s ¡ 1
�
ds+ 1t>1

4�
log(t)

:=h(t)+ 1
4�

log(1_ t)

�

Lemma A.2. For any & ; �; �� 0, we haveZ
R2
G_t(x)j�j�e& t

p
jxjhxi�dx . hti¡2¡

�

2

Proof. Indeed, since & � 0, going to spherical coordinates yieldsZ
R2
G_t(x)e& t

p
jxjj�j�hxi�dx . t¡1e

¡m2

t

Z
R2
e
¡ t

4
jxj2+& t

p
jxjj�j�hxi�dx

. hti¡2¡
�

2 :

�

Lemma A.3. For any { 2 [0; 2] we have

sup
x2R2

����������G_t(0)¡G_t(x)jxj{

����������. hti{2¡1

Proof. Using 1¡ e¡u� 1^u for u� 0, we have

G_t(0)¡G_t(x)
jxj{ � t¡1e¡

m2

t

0@ 1¡ e¡
t

4
jxj2

jxj{

1A� t¡1e¡m2

t

�
jxj¡{^ t

4
jxj2¡{

�

and the statement follows from splitting the cases jxj � 2/ t
p

and jxj � 2/ t
p

. �
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Lemma A.4. Fix an arbitrary �2 (0; 1]. For any x2R2 and any t2R+ we have

jG_t(x)¡G_t(0)j. jxj�hti
�

2
¡1
: (A.1)

Proof. Let ft�:R+!R be given by ft�(y) := t¡1exp
�
¡m2

t
¡ t

4
y2/�

�
. Then

jryft�j � y
2
�
¡1
e
¡m2

t e
¡ t

4
y2/�

attains its maximum at y�=Ct¡�/2, so for all y 2R+

jft�(y)¡ ft�(0)j. y sup
y2R+

jryft�j. ye¡
m2

t t
�

2
¡1
:

We then conclude from G_t being radial and noting that with r= jxj we have G_t(x)= ft
�(r�). �

Lemma A.5. For any multiindex �2N02 we have

k@�ks
QkL1. hsi

j�j
2
¡1 (A.2)

Proof. Denote gs := e
¡s

2
j�j2. Note that gs= g1 � f where f(x) := s

p
x, thus by chain rule

@�gs(x)= s
j�j
2 (@�g1)( s

p
x): (A.3)

Hence

k@�gskL1=
Z
Rd
j@�gs(x)jdx= s

j�j
2

Z
Rd
j(@�g1)( s

p
x)jdx= s

j�j¡d
2

Z
Rd
j(@�g1)(x~)jdx~. s

j�j¡d
2 : �

Lemma A.6. Let �2N02 multiindex. We have for any s2R+, c� 0 that

j@�G_s(x1¡ y)¡ @�G_s(x2¡ y)j . jx1¡x2je¡c s
p jx1¡yjec s

p jx1¡x2je
¡m2

s s
j�j¡1
2

j@�ks
Q(x1¡ y)¡ @�ks

Q(x2¡ y)j . jx1¡x2je¡c s
p jx1¡yjec s

p jx1¡x2je
¡m2

2s s
j�j+1
2

Proof. Denote by zi :=xi¡ y. Taylor expansion yields with z(#) := z1¡#(z1¡ z2), #2 [0; 1]

j@�G_s(z1)¡ @�G_s(z2)j � jz1¡ z2j
Z
0

1

jr@�G_s(z(#))jd#:

We have jz1j= jz1¡#(z1¡ z2)+#(z1¡ z2)j � jz1¡#(z1¡ z2)j+ jz1¡ z2j, so as #2 [0; 1]

¡jz1¡#(z1¡ z2)j � jz1¡ z2j ¡ jz1j: (A.4)

On the other hand, since for all b>0; r2R it holds that exp(¡br2)�exp(c2/4b)exp(¡cr), choosing
r := s

p
j� j, b := 1/8 we have for all � that

jr@�G_s(�)j.� s
j�j+1
2 e

¡s

8
j�j2

e
¡m2

s s¡1.c s
j�j¡1
2 e¡c s

p j�j e
¡m2

s

Combining this with (A.4), taking � := z1¡#(z1¡ z2) we obtain

jr@�G_s(z(#))j. s
j�j¡1
2 ec s

p jz1¡z2je¡c s
p jz1je

¡m2

s
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proving the estimate for G_s. For ks
Q, we proceed the same way. �

A.2 Proof of Lemma 3.5

Proof. (of Lemma 3.5) Recall that we want to prove the following: given t� s, there exists a
constant C such that for all x1; x2; z 2R2 with jxg¡xbj � jxb¡ z j we have

Gt;s(xb¡ z)¡Gt;s(xg¡ z)�C:

If jxg¡ z j � jxb¡ z j, then

Gt;s(xb¡ z)¡Gt;s(xg¡ z)� 0:

Thus from now on assume jxb¡ z j � jxg¡ z j. Denoting by r := jxg¡xbj, if r=0, then

Gt;s(xb¡ z)¡Gt;s(xg¡ z)= 0

so that we may assume r > 0. Then we split the scales [t; s] according to r:

Gt;s(xb¡ z)¡Gt;s(xg¡ z)

=
Z
t

s

1fu�r¡2g(G_u(xb¡ z)¡G_u(xg¡ z))du+
Z
t

s

1fu�r¡2g(G_u(xb¡ z)¡G_u(xg¡ z))du

= Ilow+ Ihigh:

In the low region, the Gaussian is flat and the mean value theorem is a good approximation: using
(A.1)

jIlowj . r

Z
t

s

1fu�r¡2ghui
¡1
2du

. r(s^ r¡2)
1
2

. 1:

In the high region we exploit the exponential decay of the Gaussian: since r� jxg¡ z j; jxb¡ z j

jIhighj � 2
Z
t

s

1fu�r¡2gjG_u(r)jdu

.
Z
r¡2

1
u¡1e

¡m2

u e
¡ur

2

4 du

. 1+
Z
r¡2_1

1
u¡1e

¡ur
2

4 du

. 1+
Z
1/4

1
w¡1e¡wdw

= 1+E1(1/4)

yielding the statement. �

A.3 Scale decomposition of the free field

In this section we prove some standard technical results about the heat kernel decomposition
Bt :=

R
0

t
QsdWs of the Gaussian free field.

For the Wiener integral
R
0

t
QsdWs to be well-defined, by standard infinite-dimensional stochastic

integration theory [20] we have to show the following three properties:

1. Qt2L2(L2;H) for every t, i.e. Qt is Hilbert�Schmidt when viewed as an operator from L2

to H.

2. The process (Qt)t2R+ is predictable with respect to the canonical filtration of W .
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3. For every T 2R+, it has to hold that

P
�Z

0

T

kQtkL2(L2;H)
2 dt <1

�
=1:

We take H to be the weighted Sobolev space H :=B2;2k (hxi¡`) with k; `> 0.

Lemma A.7. Suppose `>d/2. Then Qt2L2(L2;H).

Proof. By the Fourier multiplier property of the weighted Sobolev spaces (cf. subsequent remark),
for an ONB (en)n2N of L2,

kQtkL2(L2;H)
2 =

X
n2N

kQt enkH2 �
X
n2N

kh�i¡`(¡�+1)k/2Qt enkL22 = kh�i¡`(¡�+1)k/2QtkL2(L2;L2)
2

That is, Qt is Hilbert�Schmidt as an operator viewed as L2!H if and only if h�i¡`(¡�+1)k/2Qt,
viewed as L2!L2, is Hilbert�Schmidt. Now consider the kernel

Kt(x; y) :=
hxi¡`
(2�)d

Z
Rd
(j� j2+1)k/2

�
1
t2
e
¡j�j2¡m2

t

�
1/2

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
:=Ht(�)

eihy¡x;�id�= hxi¡`F¡1(Ht)(x¡ y)

Since Ht 2 S(Rd), we have that F¡1(Ht) 2 S(Rd), and a standard computation involving polar
coordinates yields khxi¡`kL2(Rd)2 <1 when `>d/2, so

kKtkL2(Rd)2 = kh�i¡`kL2(Rd)2 kF¡1(Ht)kL2(Rd)2 <1:

Hence by Theorem 2.11 of [45], it defines a Hilbert�Schmidt integral operator At:L2!L2 with

kAtkL2(L2;L2)= kKtkL2(Rd�Rd)

On the other hand, for any f 2S,

hxi¡`(Qt(¡�+1)k/2f)(x) = hxi¡`F¡1
 
(j� j2+1)

k

2

�
1
t2
e
¡j�j2¡m2

t

�1
2
F(f)

!
(x)

= hxi¡`
(2�)d

Z
Rd
(j� j2+1)

k

2

�
1
t2
e
¡j�j2¡m2

t

�1
2
�Z

Rd
e¡ihy;�if(y)dy

�
eihx;�id�

= hxi¡`
(2�)d

Z
Rd

Z
Rd
(j� j2+1)

k

2

�
1
t2
e
¡j�j2¡m2

t

�1
2
eihx¡y;�if(y)dyd�

=
Z
Rd

 
hxi¡`
(2�)d

Z
Rd
(j� j2+1)

k

2

�
1
t2
e
¡j�j2¡m2

t

�1
2
eihx¡y;�id�

!
f(y)dy

=
Z
Rd
Kt(x; y)f(y)dy

so A�hxi¡`Qt(¡�+1)k/2. �

Remark A.8. Weighted Besov spaces Bp;q
s;w are defined by multiplying each Littlewood�Paley

block with the weight function, �inside� the Lp and `q norms. However, it can be shown (section
4.2.2 of [25]) that the norm kwf kBp;qs is an equivalent norm forBp;q

s;w. Moreover, it is well-known that
unweighted Besov spaces for p= q=2 coincide with Sobolev spaces. Hence, in particular, we have

kf kB2;2s;w�kwf kB2;2s �k(¡�+1)s/2(wf)kL2:
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On the other hand, by Proposition on p.158 of [25], we have, just as in the unweighted case, the
Fourier multiplier property

kf kBp;qs;w�k(¡�+1)k/2(f)kBp;qs¡k;w:

Hence

k(¡�+1)s/2(wf)kL2 � kf kB2;2s;w

� k(¡�+1)s/2(f)kB2;20;w

� kw(¡�+1)s/2(f)kB2;20
= kw(¡�+1)s/2(f)kL2

Lemma A.9. Let `>d/2 and H :=B2;2
k;`=B2;2k (hxi¡`). For all T 2R+, if k+ d/2> 1, then

E[kBT kH2 ] =
Z
0

T

kQtkL2(L2;H)
2 dt.`;k;d 1+T k+d/2¡1; (A.5)

if d=2, k=0, then

E[kBT kH2 ] =
Z
0

T

kQtkL2(L2;H)
2 dt.`;k;d 1+ log(1_T ): (A.6)

Proof. The fact that

E
�







Z

0

T

QsdWs










H

2
�
=
Z
0

T

kQtkL2(L2;H)
2 dt

is the infinite dimensional version of Ito isometry (see e.g. (4.30) in [20]). To prove the estimates,
we use the previous proof, a change of variables (x; y) 7! (x0; x0¡ y 0) and Plancherel to obtainZ

0

T

kQtkL2(L2;H)
2 dt =

Z
0

TZ
Rd

Z
Rd
(hxi¡`F¡1(Ht)(x¡ y))2dxdydt

= khxi¡`kL2(Rd)2

Z
0

T

kF¡1(Ht)kL2(Rd)2 dt

.`
Z
0

T 1
t2
e
¡m2

t

�Z
Rd
(j� j2+1)ke

¡j�j2

t d�
�
dt:

Now we focus on the d� part of the above integral. Considering the change of variables � 7! t
p
�,Z

Rd
(j� j2+1)ke

¡j�j2

t d�= td/2
Z
Rd
(tj� j2+1)ke¡j�j

2
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:=I
Split

I =
Z
tj�j2�1

(tj� j2+1)ke¡j�j
2
d�+

Z
tj�j2�1

(tj� j2+1)ke¡j�j
2
d� :=I+ II:

Now since e¡j�j
2� 1, we have

I�
Z
j�j2� 1

t

2ke¡j�j
2
d� � 2kVold

�
t
¡1
2

�
.k;d t¡

d

2

thus Z
0

T 1
t2
e
¡m2

t td/2Idt.
Z
0

T

t¡2e
¡m2

t dt. 1:
On the other hand,

II�
Z
tj�j2�1

2ktk(j� j2)ke¡j�j2d� � 2ktk
Z
Rd
j� j2ke¡j�j2d�.k tk
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since Gaussian random variables are in every Lp. Thus when k+ d/2¡ 2>¡1, we haveZ
0

T 1
t2
e
¡m2

t td/2IIdt.
Z
0

T

tk+d/2¡2e
¡m2

t dt.k;dT k+d/2¡1: (A.7)

Putting everything together,Z
0

T

kQtkL2(L2;H)
2 dt.`

Z
0

T

kHtkL2(Rd)2 dt=
Z
0

T 1
t2
e
¡m2

t td/2(I+ II)dt. 1+T k+d/2¡1

proving (A.5). The bound (A.6) follows similarly with the term tk+d/2¡2 in (A.7) being replaced
by t¡1. �

Thus, as (Qt)t2R+ is deterministic hence predictable, we obtained that the stochastic integral is
well-defined, and also get by standard results the following

Corollary A.10. For any t <1, Bt is a Gaussian random variable with covariance operatorR
0

t
Qs
2ds, and Bt2H almost surely.

B Calculus on the space of germs

B.1 Computing the trace

Consider F ;G Frechet differentiable functionals onH. Recall that by Riesz�Frechet representation,
for any F 2 C2(H;R) we have the identification of D2F j� 2 L(2)(H�H;R) with D2F

����
�
] 2 L(H).

Similarly, given F ;G2C1(H;R), the continuous bilinear form

(v; w) 7!DF j�(v)DGj�(w)

is identified with a bounded linear operator DFDG
����
�
] on H:

DF j�(v)DGj�(w)=

¡
DFDG

����
�
]
�
(v); w

�
H:

Lemma B.1. For any F 2C2(H;R) we have

TrH
�
D2F

����
�
]QtQt

��=Z
Rd
D2F j�(kt

Q(�¡z); kt
Q(�¡z))dz

and for F ;G2C1(H;R),

TrH
�
DFDG

����
�
]QtQt

��=Z
Rd
DF j�(kt

Q(�¡z))DGj�(kt
Q(�¡z))dz:

Proof. The kernel representation of Qt ensures that for every f 2L2, h2H, by continuity of the
Bochner integral and kkt

Q(�¡z)kH2L2(dz),

hQt�h; f iL2= hh; Qtf iH=
�
h;

Z
f(z)kt

Q(�¡z)dz
�
H
=
Z
f(z)hh; kt

Q(�¡z)iHdz:

Thus Qt�h(z)= hh; kt
Q(�¡z)iH for almost every z, thus applying the kernel representation again,

QtQt
�h=

Z
kt
Q(�¡z)Qt�h(z)dz=

Z
kt
Q(�¡z)hh; kt

Q(�¡z)iHdz:
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Consider a bounded bilinear form b2L(2)(H�H;R) with Riesz�Frechet representation A2L(H),
i.e. b(v; w)= hA(v); wiH. Then for (en)n2N ONB of H, u=

P
n hu; enien

TrH[AQtQt�] =
X
n2N

hAQtQt�en; eniH

=
X
n2N

�
A

Z
kt
Q(�¡z)hen; kt

Q(�¡z)iHdz; en
�
H

=
Z X
n2N

hAkt
Q(�¡z); eniHhen; kt

Q(�¡z)iHdz

=
Z
hAkt

Q(�¡z); kt
Q(�¡z)iHdz

=
Z
b(kt

Q(�¡z); kt
Q(�¡z))dz:

Here the interchange follows via Fubini from Cauchy�Schwarz, Parseval, and the aforementioned
fact that kkt

Q(�¡z)kH2L2(dz):X
n2N

jhAkt
Q(�¡z); eniHhen; kt

Q(�¡z)iHj �
X
n2N

jhAkt
Q(�¡z); eniHj2

r X
n2N

jhen; kt
Q(�¡z)iHj2

r
� kAkL(H)kkt

Q(�¡z)kH2 :

Applying the above computation with A :=D2F
����
�
] and A :=DFDG

����
�
] yields the results. �

Notation B.2. It follows from (2.7) thatZ
Rd
kt
Q(x¡ �)kt

Q(y¡ �)d�= kt
Q2(x¡ y)= G_t(x¡ y);

thus we write G_ t instead of QtQt� to mean the contractions of Lemma B.1.

Indeed, to highlight the effectiveness of the above abuse of notation, consider F and G to be point
evaluations at x1; x22Rd. Then DFDGj�= �x1
 �x2 and thus

TrH
�
DFDG

����
�
]QtQt

��=Z
Rd
�x1(kt

Q(�¡z))�x2(kt
Q(�¡z))dz= G_t(x1¡x2):

More generally, for functionals F :H!R that depend on a finite jet of � at a point, we have the
following computation.

Example B.3. Fix m2N and consider F :H!R given by

F (�) := f

 O
j�j�m

@��(x)
!
= f �

 O
j�j�m

(�x � @�)�
!

for an f 2C2(RN;R) where N=N(d;m)2N is the number of d-dimensional multiindices of order at
mostm. Note that this includes, as a particular case, every constant coefficient differential operator
P =

P
j�j�m 
�@

� with the induced function fP(a) :=
P
i=1
N 
iai for all a2RN. Here H :=H`

k+m

where k= k(d) is the smallest integer such that H`
k ,!C continuously (Morrey's inequality).

Then chain rule and linearity yields that F 2C1, and DF j�2L(H;R) is given by

DF j� = Df j¡N
j�j�m(�x�@�)�

��
 O
j�j�m

D�xj@�� �D@�j�
!

=
*
rf
 O
j�j�m

(@��(x))
!
; �
+
RN

�
 O
j�j�m

�x � @�
!
;
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that is, denoting by �F :=
N
j�j�m (@

��(x))2RN, we have for every v 2H that

DF j� v=
*
rf(�F);

O
j�j�m

@�v(x)
+
RN

:

Thus

TrH
�
DFDG

����
�
]QtQt

�� = hDGj�
DF j�; G_ ti

=
* X
j�f j�mf ;j�gj�mg

c�f ;�g@
�f�x
 @�g�y; G_ t

+
with

c�f ;�g=(¡1)j�f j+j�gj[rf(�F)]�f � [rg(�G)]�g

where [rf(�F)]�f denotes the partial derivative of f corresponding to the multiindex �f evaluated
at �F .

B.2 Flow equation computations

Proof. (of Lemma 3.1) For simplicity we will sometimes suppress the UV cutoff T in the
notation. Of course

@sVs
[`]= @s

Z
vs
[`](�1:`) 1:`�(x1:`)d�1:`=

Z
@svs

[`](�1:`) 1:`�(x1:`)d�1:`

and

1
2
�G_ s

Vs
[`] = 1

2
Tr
�
G_ sD2

�Z
vs
[`](�1:`) �1:`�(x1:`)d�1:`

��
= ¡�

2

2

Z
vs
[`](�1:`)

X
j;k=1

`

�j�kG_s(xj¡xk) 1:`�(x1:`)d�1:`

=
Z
vs
[`](�1:`)G_ s(�1:`) 1:`�(x1:`)d�1:`:

Noting that

hD 1:`1; G_ sD 1:`2i =

*X
j=1

`1

i��j�xj 1:`1; G_ s
X
k=1

`2

i��k�xk 1:`2

+

= ¡�2
X
j=1

`1 X
k=1

`2

�j�kG_s(xj¡xk) 1:`

= 2G_ s(�1:`1; �1:`2) 1:`

we have, via permutation invariance of the kernels, i.e. e.g. vs
[`1](�1:`1)=vs

[`1](�`2:`) whenever `1+`2=
`, that

1
2


DVs

[`1]; G_ sDVs
[`2]
�

= 1
2

�
D
Z
vs
[`1](�1:`1) 1:`1�(x1:`1)d�1:`1; G_ sD

Z
vs
[`2](�1:`2) 1:`2�(x1:`2)d�1:`2

�
=
ZZ

vs
[`1](�1:`1) 1:`1�(x1:`1)G_ s(�1:`1; �1:`2)vs

[`2](�1:`2) 1:`2�(x1:`2)d�1:`0d�1:`00

=
Z
vs
[`1](�1:`1)G_ s(�1:`1; �1:`2)vs

[`2](�1:`2) 1:`�(x1:`)d�1:`:

Thus, the equation (2.20) is satisfied if vt;T
[`] is such that

@tvt;T
[`] (�1:`)+ vt;T

[`] (�1:`)G_ t(�1:`)=
X

I1
U
I2=1:`

CjI1j;jI2jvt;T
[jI1j](�I1)G_ t(�I1; �I2)vt;T

[jI2j](�I2) (B.1)
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with CjI1j;jI2j combinatorial constants.

It remains to show that if vt;T
[`] solves (3.3), then it satisfies (B.1). For brevity, we denote the right-

hand side of (B.1) by ft, so that (3.3) reads as

vt;T
[`] (�1:`)= vT ;T

[`] (�1:`)eGt;T(�1:`)¡
Z
t

T

fse
Gt;s(�1:`)ds:

The Leibniz integral rule says

@t

Z
a(t)

b(t)

h(t; s)ds=h(t; b(t))@tb(t)¡h(t; a(t))@ta(t)+
Z
a(t)

b(t)

@th(t; s)ds

so in particular with a(t)= t, b(t)=T we have

@t

Z
t

T

fse
Gt;s(�1:`)ds = ¡fteGt;t(�1:`)+

Z
t

T

fs@te
Gt;s(�1:`)ds

= ¡ft+
Z
t

T

fse
Gt;s(�1:`)(¡G_ t(�1:`))ds

= ¡ft¡G_ t(�1:`)
Z
t

T

fse
Gt;s(�1:`)ds:

Hence

@tvt;T
[`] (�1:`) = @t

¡
vT ;T
[`] (�1:`)eGt;T(�1:`)

�
¡ @t

Z
t

T

fse
Gt;s(�1:`)ds

= vT ;T
[`] (�1:`)eGt;T(�1:`)(¡G_ t(�1:`))+ ft+G_ t(�1:`)

Z
t

T

fse
Gt;s(�1:`)ds

= vT ;T
[`] (�1:`)eGt;T(�1:`)(¡G_ t(�1:`))+ ft¡ (¡G_ t(�1:`))

�Z
t

T

fse
Gt;s(�1:`)ds

�
= (¡G_ t(�1:`))

�
vT ;T
[`] (�1:`)eGt;T(�1:`)¡

Z
t

T

fse
Gt;s(�1:`)ds

�
+ ft

= (¡G_ t(�1:`))vt;T
[`] (�1:`)+ ft:

as requested. �

Proof. (of Lemma 5.1) From (5.2) compute

D¡s;T
[`] =

X
k=0

n

k
s;T
[`](k)(�1:(`¡1); y)�(y)k¡1�y

D2¡s;T
[`] =

X
k=0

n

k(k¡ 1)
s;T
[`](k)(�1:(`¡1); y)�(y)k¡2(�y
 �y)

D 1:(`¡1) = i�
X
j=1

`¡1

�j�xj 1:(`¡1)

D2 1:(`¡1) = ¡�2
X
j=1

`¡1 X
k=1

`¡1

�j�k(�xj
 �xk) 1:(`¡1)

Then from (5.1), as

D2qs
[`];T(�)=

Z
¡s;T
[`] D2 1:(`¡1)

� +  1:(`¡1)
� D2¡s;T

[`] +2D¡s;T
[`] D 1:(`¡1)

� d�1:(`¡1)
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we obtain

1
2
�G_ s

qs
[`];T(�) =

Z
 1:(`¡1)

X
k=0

n


s;T
[`](k)(�1:(`¡1); y)�(y)kG_ s(�1:(`¡1))d�1:(`¡1)

+
Z
 1:(`¡1)

X
k=0

n
k(k¡ 1)

2

s;T
[`](k)(�1:(`¡1); y)�(y)k¡2G_s(0)d�1:(`¡1)

+
Z
 1:(`¡1)

X
k=0

n

k
s;T
[`](k)(�1:(`¡1); y)�(y)k¡12G_ s(�1:(`¡1); y)d�1:(`¡1)

Moreover, as

Dqs
[`0](�)=

Z
 1:(`0¡1)
� D¡s;T

[`0]+¡s;T
[`0]D 1:(`0¡1)

� d�1:(`0¡1)

and

DVs
[`00]= i�

X
b2M:
`(b)=`00

Z
vs
[`00](b)(�1:`00)

X
j=1

`00

�j�xj 1:`00
� M(b)(x1:`00)d�1:`00

we obtain for `0; `00 such that `0+ `00= ` by the symmetry of kernels that

Dqs

[`0]; G_ sDVs
[`00]�

=
X

b2M:
`(b)=`00

*
vs
[`00](b)(�1:`00)M(b)(x1:`00)2G_ s(�1:`00; y)

X
k=0

n

k
s;T
[`0](k)(�1:(`0¡1); y); �(y)k¡1 1:(`¡1)

�

+

+
X

b2M:
`(b)=`00

*
vs
[`00](b)(�1:`00)M(b)(x1:`00)2G_ s(�1:(`0¡1); �1:`00)

X
k=0

n


s;T
[`0](k)(�1:(`0¡1); y); �(y)k 1:(`¡1)

�

+

hence the differential flow equation (2.19) for the coefficient of field content  1:(`¡1) can be written
as X

k=0

n

@s
s;T
[`](k)�(y)k+ 
s;T

[`](k)�(y)kG_ s(�1:(`¡1))

+
X
k=0

n
k(k¡ 1)

2

s;T
[`](k)�(y)k¡2G_s(0)+ 2k
s;T

[`](k)�(y)k¡1G_ s(�1:(`¡1); y)

=
X

I1
U
I2=1:`

X
b2M:
`(b)=jI2j

CjI1j;jI2jvs
[jI2j](b)(�I2)M(b)(xI2)G

_
s(�I2; y)

X
k=0

n

k
s;T
[jI1j](k)(�I1¡1; y)�(y)k¡1

+
X

I1
U
I2=1:`

X
b2M:
`(b)=jI2j

CjI1j;jI2jvs
[jI2j](b)(�I2)M(b)(xI2)G_ s(�I1¡1; �I2)

X
k=0

n


s;T
[jI1j](k)(�I1¡1; y)�(y)k:

Matching powers of �(y) we obtain a system of equations for the kernels where corresponding to
�(y)k we have

@s
s;T
[`](k)+G_ s(�1:(`¡1))
s;T

[`](k)=¡Ss;T
[`](k)

and the statement follows from the Duhamel principle similarly to the proof of Lemma 3.1. �

B.3 UV stability estimates

Proof. (of Corollary 3.15) We are going show that for "> 0 sufficiently small depending only
on �, it holds for all t2R+ that

9vt;1[`](a)¡ vt;T
[`](a)9t;�(`);�.�t(�thti¡1)`¡1ltchti¡

{(a)
2 hti"hT i¡": (B.2)
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The identically zero kernels, i.e. those with a2M nMp and {(a)= 1, are trivial. For the nonzero

kernel at `=1, the limit is vt;1
[1](a) :=�e

�2

8�
Gt(0): since t 7!�t is increasing,

9vt;1[1](a)¡ vt;T
[1](a)9t= j�t¡�t^T j=1ft�T gj�t¡�T j=�t1ft�T g

�
1¡ �T

�t

�
=�t1ft�T g

�
1¡ e

�2

2
Gt;T(0)

�
and using that 1¡ e¡x�x for x� 0 and Lemma A.1

9vt;1[1](a)¡ vt;T
[1](a)9t��t1ft�T g

�2

2
GT ;t(0)��t1ft�T g

�2

8�
(log(t_ 1)+C).�tltchti"hT i¡":

Moving on to `�2, referring back to Section 2.7, we are going to show that the limits vt
[`](a) satisfy

vt;1
[`](a) =

Z
t

1
eGt;sSs;1

(a) ds if a is such that vT ;T
[`](a)=0

vt;1
[`](a) = ¡

Z
0

t

Ss;1
(a) ds otherwise;

(B.3)

where Ss;1
(a) are source terms obtained from the limiting kernels; since the system is triangular, we

may proceed inductively. Since bounds of (3.29) are uniform in T , they pass to the limits.

For kernels with irrelevant boundary conditions we have

vt;1
[`](a)¡ vt;T

[`](a) =
Z
t

1
eGt;sSs;1

(a) ds¡
Z
t^T

T

eGt;sSs;T
(a) ds

=
Z
t_T

1
eGt;sSs;1

[`](a)ds+
Z
t^T

T

eGt;s(Ss;1
[`](a)¡Ss;T

[`](a))ds

:= I+ II:

The first term is bounded via Proposition 3.14:

9I9t;�(`) .
Z
t_T

1
keGt;skL19Ss;1

[`](a)9s;�(`)ds

. �t
j�j
Z
t_T

1
�s
¡j�j�s(�shsi¡1)`¡1lschsi

¡{(a)
2 hsi¡1ds

. �t
j�j�t_T

¡j�j�t_T(�t_T ht_T i¡1)`¡1lt_Tc ht_T i¡
{(a)
2

Now choosing ">0 to be small enough, depending only on �, s 7!�s
¡j�j�s(�shsi¡1)`¡1lschsi

¡{(a)
2 hsi"

is decreasing when i

1¡ `�¡ j�j(1¡ �)¡ {(a)
2

+ "< 0 (= (`� 4)_ (j�j � 1)_ ({(a)= 1)_ (� > 1/2)

since � > 1/4 and `� 2; all irrelevant kernels satisfy this condition. Thus

9I9t;�(`).�t(�thti¡1)`¡1ltchti¡
{(a)
2 hti"hT i¡":

To estimate II, we streamline notation by defining



vs;T
[jI1j](b); vs;T

[jI1j](c)�
G_ ;	a

�
via


D


vs;T
[jI1j](b);	b

�
; G_ sD



vs;T
[jI2j](c);	c

��
=



vs;T
[jI1j](b); vs;T

[jI1j](c)�
G_ ;	a

�
where 	a denotes the field content arising from contracting 	b and 	c in the final representation
(that is, possibly after a nontrivial post-processing as in Lemma 3.8 or the lowering of the degree
of divergence as in cases 2. and 3. of Proposition 3.14); That is,

hSs;T
[`](a);	ai=



Ad
a
¡
vs;T
[`](d)�;	a�+ X

I1]I2=1:`
b;c2M




vs;T
[jI1j](b); vs;T

[jI1j](c)�
G_ ;	a

�
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where Ad
a
¡
vs;T
[`](d)� :=A¡vs;T[2]({)� introduced in (3.17).

Then using Proposition 3.14 and the induction on (B.2), by the linearity of Ad
a we obtain

9Ad
a
¡
vs;1
[`](d)�¡Ad

a
¡
vs;T
[`](d)�9s.�s(�shsi¡1)`¡1lschsi¡{(a)2 hsi"hT i¡"hsi¡1 (B.4)

and by the bilinearity of


vs;T
[jI1j](b); vs;T

[jI2j](c)�
G_

9


vs;T
[jI1j](b); vs;T

[jI2j](c)�
G_ ¡



vs;1
[jI1j](b); vs;1

[jI2j](c)�
G_9s

. 9


vs;T
[jI1j](b)¡ vs;1

[jI1j](b); vs;T
[jI2j](c)�

G_ ¡


vs;1
[jI1j](b); vs;1

[jI2j](c)¡ vs;T
[jI2j](c)�

G_9s
. �s(�shsi¡1)`¡1lschsi

¡{(a)
2 hsi"hT i¡"hsi¡1

(B.5)

so that

9II9t;�(`) �
Z
t

T

keGt;skL19Ss;1
[`](a)¡Ss;T

[`](a)9s;�(`)ds

. �t
j�j
Z
t

1
�s
¡j�j

�s(�shsi¡1)`¡1lschsi
¡{(a)

2 hsi"hT i¡"hsi¡1ds

. �t(�thti¡1)`¡1ltchti
¡{(a)

2 hti"hT i¡"

as requested.
It remains to treat kernels with relevant boundary conditions. In the regime we are working in,
the only such kernel is the one arising from the `=2, �(�1:2) = 0 dipole when � 2

¡ 1
4
;
1

2

�
, cf. the

discussion preceding Lemma 3.8. Then

vt;1
[`](a)¡ vt;T

[`](a) =
Z
0

t^T
Ss;T

[`](a)ds¡
Z
0

t

Ss;1
[`](a)ds

=
Z
0

t^T
(Ss;T

[`](a)¡Ss;1
[`](a))ds¡

Z
t^T

t

Ss;1
[`](a)ds

The first term is bounded via the induction on (B.2) and Proposition 3.14 similarly to (B.4) and
(B.5) and using that the source term is local:Z

0

t^T
9Ss;1

[`](a)¡Ss;T
[`](a)9t;�(`)ds .

Z
0

t

�s(�shsi¡1)`¡1lschsi
¡{(a)

2 hsi"hT i¡"hsi¡1ds

. �t(�thti¡1)`¡1ltchti
¡{(a)

2 hti"hT i¡"
(B.6)

since the integral diverges when the kernel is relevant (recall the proof of Lemma 3.9). The second
term is trivial: again by locality and Proposition 3.14,Z

t^T

t

9Ss;1
[`](a)9t;�(`)ds.1fT<tg�t(�thti¡1)`¡1ltchti¡

{(a)
2

and we conclude from 1fT<tg�hti"hT i¡". This completes the proof on the claim about the kernel
limits.
To prove the statement about V [`];1(�), note that (B.3) implies that the limiting kernels satisfy
the same differential flow equation as the UV-cutoff kernels, and that the symmetries, in particular
permutation invariance also extend to the limit. Thus we may conclude from the first part of the
proof of Lemma 3.1 and Lemmas 3.8 and 3.14. �
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