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Abstract

‘We develop a rigorous framework for the description of general local composite observables
in Euclidean quantum field theories. The approach is nonperturbative and combines renor-
malisation group ideas with techniques of stochastic analysis. Via renormalisation dictated
by sufficiently precise approximate solution theory of corresponding flow equations, we con-
struct various local observables of the sine-Gordon model on the full space up to 32 < 6,
including highly singular ones such as vertex fields exp(ia¢(y)) in the optimal Wick regime
[Re(a)| < 4w /B and derivatives of arbitrarily high order, i.e. 9#¢(y) for any multiindex
ne N(Q). Applications of the approach include a direct proof of smoothness of observable-
inserted correlation functions, and verification that the constructed objects satisfy a version
of the prefactorization algebra axioms adapted to our setting.
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1 Introduction

The purpose of this paper is to develop an understanding of observables of Euclidean (quantum)
field theories, i.e. to provide a nonperturbative, probabilistic framework for the construction and
analysis of nonlinear functionals of certain generalized random fields. Euclidean field theories
are notoriously difficult to construct and describe, in part owing to the need for renormalisation:
heuristically, their laws are given by the Radon-Nikodym derivative

Rd
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with u a measure on S’(R%) that is not supported on any space of bona fide functions, thus making
the expression V((b(ac)) for general nonlinear Va priori ill-defined. To give rigorous meaning to
such measures v, one therefore needs to understand how the nonlinearities give rise to singularities,
and remove them in a way that does not lead to trivial objects.



After a random field o with Law(¢s)=v has been constructed, one would like to study expres-
sions of the form []; 9 (¢(y;))dv(p) with y; € R and ¢) nonlinear functions. One then finds
themselves facing the above renormalisation problem again. What is even worse, the ¢\/) are
allowed to be much more singular than V, in fact so much that for any field ¢, it is not guaranteed
that after renormalisation, the “correct” object [¢17)(¢uo(y;))] exists as an S’(R%)-valued random
variable (take, for example, monomials of sufficiently high order derivatives of ¢).

Our approach is based on the scale-by-scale coupling of the free field with the interacting EQFT
[5]. In this framework, the target random field p is realised as the terminal value of a field-valued
Markov process (¢¢)ier, . The interpretation of the parameter ¢ is energy scale or resolution; the
law of @, is the Wilsonian effective description of the interacting field theory. The infinitesimal
generator .Y of the process is determined by the effective potential (V;)¢er . of the theory, which
in turn is given by the solution of the renormalisation group flow equation.

To renormalise a nonlinear functional g of the field ¢, one then needs to study the kernel of the
unbounded operator V. Since precise control of the Polchinski equation is in general difficult
without a priori knowledge about the theory, we construct scale-dependent functionals (q:)ser,
such that .ZVg~0 approzimately in some appropriate topology. To obtain the full nonperturbative
correlation functions, we then employ a probabilistic correction. Indeed, by Ito’s formula, the
process 9 := (Q)tecr,, where

Qo= qe( ) HE[/ LVqs(ps)ds
t

o (L1)

is a martingale in the filtration of . Whenever the martingale £ is closed with o(p)-measurable
terminal value, the random variable ., is the functional ¢oo(¢oo) of the UV-complete field one
is interested in. However, the above martingale, and hence the expectation (Q) :=E[Qy], is well-
defined even if goo (o) fails to exist as a random element of S’(R%). This latter failure of existence
is indeed the case for sufficiently high Euclidean dimension d or sufficiently singular functional go.
(e.g. Wick square of the free field in d =4, cf. [2], see also [1]). We define the martingales  as
the observables of the theory ¢, and denote by [¢(¢)] :=Q where ¢ is the “classical core” of the
functional they arise as renormalisations of; see Section 2 for precise definitions.

We carry out the above program for various observables of the infinite volume massive sine-Gordon
model, which is defined as follows. Given a T < oo, p € C°(R?) with p(z) €[0,1], AeR, 3>0,
denote by

vB(p) = ZTlexp<AAQp(x): cos(B¢(z)):rdx — cT)d,uT(qS) (1.2)

where pr is the centered Gaussian measure with covariance fOTs_Qexp(—s_l(—ARz +m?))ds, m>0,
:-:p denotes Wick ordering with respect to pr, cr is a diverging constant corresponding to vacuum
energy renormalisation, and Zp is a normalisation constant to keep vp a probability measure.
A limit of {v/(¢)}r,, as T— oo and p— 1gz is called an infinite-volume sine-Gordon(3%, m, \)
measure. The construction of the interacting scale interpolation process (¢¢):er,, which we take as
starting point, was carried out for this model in [29] in the regime 3? < 67. Our first main result
is the following

Theorem 1.1. Let 2< 61, m >0, AER, fix y € R2. There exists a process (¢t)ter, such that

V() — Law(poo) weakly in H¢({(x)~™) for every e >0, n>2 as T — oo and p— Lgz, possibly

along a subsequence. The following local observables associated to ¢ exist:

o [¢*(y)] for any ke Ny

o [0"p(y)] for any multiindex € N3
o [0#e W] for any a € C with real part |Re(a)| <4w /B and multiindex y € N3.

In each of these cases, there exist scale-dependent functionals q; with lim;—. o || qe(¢t) — Q¢ =0.



We emphasize that our method does not require smallness of the coupling constant A for any
purposes.

The condition |Re(a)| < 47/ 3 on the Wick renormalised vertex field [¢'*¢¥)] is conjectured to be
optimal [35]. The way we achieve this condition is through a novel screening mechanism developed
for external vertex insertion, i.e. sharp L> bounds on the propagator of the corresponding linear-
ised Polchinski equation; see Section 5.2 and in particular Lemma 5.4 below. This can be considered
the main model-specific contribution of the paper.

In our framework, the product of observables Q") Q%) is again a martingale, denoted by QMxQ(%),
that satisfies the approximation property

Jim [[(Q@x0®), - 2o, =o.

— 00

As a consequence, whenever the martingales are closed and therefore their terminal value exists as
a random variable, we have

(©Wx0®) ~E[D0T],

a property that any sensible notion of product should satisfy. The details of the definition of the
product % are given in Section 2.

Denoting the linear span of above observables considered in Theorem 1.1 by Oi9°, the following

result shows that we can construct any finite products of elements of O, provided they are

local at distinct points. Moreover, we prove that Ol$¢ admits a structure similar in spirit to the

prefactorization algebras of Costello-Gwilliam [18],[19].

Theorem 1.2. Suppose (8% m, \) satisfy the conditions of Theorem 1.1. For any QW
0 e OF localized at pairwise distinct points Y1, .- Yn € RZ, their product QW %09 egists.
Moreover, the assignment

(Q(l), L ,Q(”)) |—>Q(1)*. . *Q(n)

18 associative, commutative, n-linear, and admits identity.

In particular, given disjoint finite index sets J, L, M CN, {k; };c.; C Ny, multiindices {1 };er C N3,
{am}menmr CC with |Re(au,)| <4/ B, we prove that the correlation functions

<H [T 0ol uew<ym>ﬂ> (13
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exist for any {y;}iesurum C R? such that y;, # y;, whenever i # ip. It is natural to ask about
the smoothness of such correlation functions in the insertion points y;. As the integral kernel of
(—A+m?)~! is smooth outside the diagonal, we expect the same property to be inherited for the
observable-inserted correlation functions. Given an n € N, the big diagonal Diag,, is defined as

Diag, :={(z1,...,z,) € R®)™Fi#je{1,...,n}s.t. ||z;—z;|| =0}
We then have the following

Theorem 1.3. Suppose (32, m,\) satisfy the conditions of Theorem 1.1. For any oW
0 e ORF, the correlation functions

(Y1 yn) = QO (g)x. . QM (yn))
are C*° on (R?)"\ Diag,,.

We note that our proof strategy is general and relies only on the translation invariance of the
Gaussian free field.



1.1 Related literature

Composite observables are important not only from the viewpoint of physical applications, but
also from that of pure mathematics: studying the structure of observables in quantum field theory
has inspired progress in functional analysis [30],[3] and various subfields of algebra and geometry
[13],[33],[43]. We highlight, in particular, the work of Costello-Gwilliam [18],[19], which in turn
served as an inspiration for us to set up the framework of Section 2.4.

As we have mentioned, our approach builds on the scale decomposition process ¢ of the interacting
field theory. This point of view can be traced back to [7]; we refer to [46], [24] for this perspective
in the context of fermionic theories. As we have mentioned in the introduction, in the present
work we rely on the construction of the sine-Gordon scale decomposition process obtained in [29].
See also the preprint [5] for a conjectural framework for the description of Euclidean field theories
based around the process ¢.

The sine—-Gordon model is an important example of a scalar bosonic interacting quantum field
theory. The parameter § in (1.2) governs the singularity of the perturbation, and hence the
difficulty of the renormalisation problem; in our convention, naive Wick renormalisation of the
potential is sufficient when 32 < 4, and the theory is superrenormalisable /subcritical in the regime
(3% < 8r. It has a long history of mathematically rigorous study with various methods in various
parameter ranges, see e.g. [27], [23], [42], [4], [6], [14], [36] and references therein.

We would like to highlight the continuous-scale renormalisation group approach to the model that
relies on convergence of perturbation theory of the effective potential, initiated by the breakthrough
work of Brydges-Kennedy [15] in the parameter range 32 < 167 /3 and extended to 3% < 67 recently
by Bauerschmidt—Bodineau [7]. Such perturbation theory is in fact nontrivial owing to the non-
polynomial nature of the cosine, see the series of papers [12], [38], [37], the recent work [36], and
for similar problems in the context of regularity structures, [32] and [16]. Many of the technical
difficulties we face in this paper stem from reconciling how this “Mayer-type” perturbation theory
behaves in the presence of the external field insertions of Theorem 1.1.

Rigorous construction of composite observables of the sine-Gordon model has been of great interest,
in part because of the Coleman correspondence [17], a conjectured duality between massless
sine-Gordon and massive Thirring model observables. For partial verification, see [11], [22], [10]
and references therein. In the Wick regime (% < 47 and in the presence of an adiabatic/finite
volume cutoff, [26] and [34] studied the insertions of products of first-order derivatives, [e***(¥)]
for |a| = B < /4w, and the stress-energy tensor. For the massless model in infinite volume at
the free fermion point 32 =4, the vertex fields [e'**(¥)] for |a| < /47 have been constructed
recently in [9] with imaginary multiplicative chaos techniques, and the corresponding one-point
function has been shown to satisfy the Lukyanov—Zamolodchikov formula [35]. See Remark 6.3
for a discussion of parameter regimes of (3, @) in relation to our construction.

For general scalar bosonic EQFTs, the Osterwalder—Schrader axioms ([40], [41]) imply real analyti-
city of the Schwinger functions at non-coinciding points (see [28], Chapter 19). As for smoothness
of observable-inserted correlation functions, the only proof we are aware of is for the Seiberg
bound-constrained vertex operators of Liouville conformal field theory [39], relying on the Gaussian
Multiplicative Chaos construction of the model [21]. Our proof is based on a direct flow equation
argument, applies for all composite observable insertions we consider, and relies only on translation
invariance of the free field. Moreover, the argument itself does not rely on smallness assumption
of the coupling A, and hence, in principle can be employed in cases where full verification of the
OS axioms is not yet known.

1.2 Notation
We write N={1,2,...}, No=NU{0}, and R} =10, 00). Given an ¢ € Ny, denote by

Le:={1,..., ¢}, 1:0:=0.

For index sets Iy, I C 1: ¢, we denote their union by I1l# I instead of I; U I, when I; N I;={.

Throughout the paper, unless stated otherwise, p denotes an element of C§°(R?) with p(z) € [0, 1].
We either take p=1 or p(z):= pr(z) := o(x /L) for some L >0 and p fixed compactly supported
test function.



Given an z € R% and ¢ >0, set

(x):=+/1+|z|? l;:=141log(1Vt).

We do not keep track of logarithmic factors throughout the paper, hence the exponent ¢ of [ may
change between occurrences.

Write A S B if A<CB for some constant C' > 0 independent of the variables and cutoffs under
consideration, and A< B if A< B and B < A. Dependence of C' on parameters is sometimes
indicated by subscripts.

For a multiindex ;€ N¢, denote

d d
ul=" or:= T ok
k=1 h=1

For a Banach space F, we write LP(Q); E) for the corresponding Bochner-Lebesgue space.

Given a real Hilbert space £ and a bounded linear functional f € L(E;R), we denote by fic E
the unique vector induced by the Riesz-Frechet isomorphism: (f¥ e}z = f(e) for all e € E. For a
Frechet differentiable functional f: E— R, we denote its derivative at ¢ € E by D f|4 € L(E;R),

and abbreviate (D f|,)* to D f¥, or Df|§>
Once an arbitrary filtration (.%;);> is fixed, we write E;:=E{ :=E[-|.%,]. Conditional expectation
with respect to the Brownian filtration (#);>( is denoted by EP.
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2 General theory of stochastic observables

2.1 Motivation

The basis of our approach to local composite operators is that from a renormalisation group
point of view, the natural notion of an observable of a field theory is a martingale with respect to
the filtration generated by the multiscale description of the theory, instead of a functional of the
interacting field. In this subsection we sketch the motivation behind this idea; the discussion here
is semi-informal and rigorous mathematics starts in Section 2.2.

Let (Gu)ueR+ be such that f;o Gudu = (—A +m?)~1 and denote by s+ the centered Gaussian

measure with covariance G, := f:G’udu, s <t€[0,00]. Suppose we have access to the effective
potentials (Vi)¢e[0,00), @ family of functionals satisfying the RG equation

Vi) = —log [ Va6 2.1)

for all s <t€[0,00] (see e.g. [8] for a review for mathematicians). We then may define the renor-
malised /effective measure v; as

dvi(¢) :=Z; eV d pg 4(9), (2.2)

interpreted to be the part of the model that is visible to a detector of resolution at most ¢. Here
the normalisation constant Z; is chosen so that v, is a probability measure.



One way to think about the RG equation (2.1) is that it gives rise to the scale description process
¢ we mentioned in the introduction, and encodes the Markov property. To see this, define for
bounded Borel functions h: S’(R?) — R the linear operator

P, h(g) = %) / eV SEOR(G 4 £)dps (6.

’

Note that we can express taking expectation with respect to the effective measures in terms of the
action of Py ;. Indeed, using (2.1) and (2.2),

(€)= 1 e—Vi(©)
/lh(f)d +(€) fS/e—Vt(s)dMO’t(g)/, v h(f)dﬂo,t(f)

1 _
= m/ © ViOFOR(0 4 €)dpo,1(0+€)
— Py.h(0).

We also see that Pg ;h >0 whenever h >0, P; ;1 =1 and, as h is bounded, V is assumed to be
bounded from below and p, ¢ is a probability measure, by dominated convergence Pg ; preserves
pointwise convergence. Moreover, as lim,_.4us ¢ = 6¢—o weakly we obtain P;;=id. Finally, the
Chapman-Kolmogorov identity is a consequence of the convolution semigroup property of Gaussian
measures: for all s <u <t we have s ¢ = fig,yu * flu,t, thus

P, P, h(¢) = %@ / e VOB, h(g+ Q)d s, u(C)

= eVs(¢)/ e—Vu(¢+<)eVu(¢+<)/ e Vi@ CHOR(p 4 ¢4 €)dpra(€)d s u(€)

’

_ evs<¢>/ e VO MR (G4 m)dpus. (1)
- Ps,th(¢)'

Thus Ps (¢, A) =P, 114(¢), ¢ €S’, Ac B(S’) defines a Markovian transition kernel describing
the evolution of the measures v;:

P;w,(A) = /S/Ps,tle(Qb)st(d))

= [0 [ eV, (0 4 i (Odn(9)

1 _ _
= m/&e Vs(da)evs(@/ e %(¢+€)1A(¢+é’)dusyt(g)duo’s(gf))

1 _
= i [ ()

= 1(A).

Hence, by Kolmogorov’s consistency theorem?:! there exists a probability space (2, o7, P) with
associated Markov process (¢¢);cr, in its canonical filtration .7, := o (,: s <t) such that Law(¢;) =
Vt.

In the usual probabilistic approach to EQFTs ([28], [44]), observables are defined as real-valued
functionals foo of s, or equivalently by a Doob—Dynkin argument as o (¢ )-measurable random
variables Fi.: ) — R. Given such an observable F,,, we may define F}; as conditional expectation
with respect to .%;. Explicitly, setting F;:= fi(y¢) with

F1(6) =Py o foo( ) = /(@) / eV OO F (6 + €)dpis 0l€),

Sl

2.1. All the EQFTs we are interested in are expected to be supported on some weighted Sobolev space of sufficiently
low regularity, hence we may replace S’ with these spaces so that the assumption of Polishness on the state space
is satisfied.



by (2.3) we see that for all s <t,

E[fi(¢e)| ] :E[Pt,OOfOO(‘Pt)“OS] = Ps,tPt,oofoo(SOs) =Ps oo foolps) = fs(ps)-

In particular, expectation is preserved along the flow:

ft(¢)th(¢)=/Pt,oofoo(fb)d'/t(@: foo(@)dPf oci(d) = [ foo(@)dvec(d)
S’ S’ S’ S/

That is, we constructed a martingale F'= (F})ser, with LY(Q)-limit F., such that F} is the effective
description of the original observable F.: it contains details only up to resolution ¢ and averaging it
with respect to the effective measure v; yields the same result as averaging the original observable
F with respect to the UV-complete EQFT r.,. Thus observables, in the usual sense, may be
identified through their multiscale effective description with a subset of martingales with respect
to the scale decomposition filtration .%.

It is a well-established fact that the random variable language is insufficient for a proper description
of composite observables: it has been shown in [2] that the Wick square of the Gaussian free field,
defined through analytic continuation of the Wick square of the relativistic free field, cannot exist
as an S’(RY)-valued random variable for d >4. That is, (: ¢, g)s'.s, g € S(R?) is not a real-valued
random variable, i.e. the problem is not only “spatial” but also “probabilistic” regularity. One
expects a similar result for high enough Wick powers also in d =3. The approach taken in [2] is
to regard such objects as S’(R%)-valued bona fide Hida distributions; see [1] for further discussion
on this.

To circumvent the above issue, we thus define observables to be all .#-martingales. This is a proper
generalization to the random variable language: those martingales that are not closed (equivalently,
by Doob’s martingale convergence theorem, not uniformly integrable) do not correspond to an
observable F, in the traditional picture. Intuitively, this generalization has, in some sense, similar
flavour to that of classical versus generalized functions: the notion of observable is “completed” by
getting rid of uncomfortable convergence issues in the ¢t — oo limit; yet the rigidity in the structure
of a martingale preserves enough information so that important computations can still be carried
out. Moreover, as we will see, the multiscale point of view inherent in the martingale description
is actually helpful in proving properties of observables.

2.2 Definitions and setting

Denote by H a Hilbert space densely and continuously embedded into S’(R%), where the latter is
endowed with the strong topology. For practical purposes, it is convenient to take H := H**(R?) =
B5 o((x)~*) with k,£>0 a polynomially weighted Sobolev space of positive regularity. The para-
meter k will be chosen based on the particular observables we are interested in, e.g. we will usually
assume that H < C so that point evaluations J, are continuous functionals on H; this can be
achieved with k> d /2 by Morrey’s inequality.

Let us fix a probability space (2, o7, P). Consider a filtration .7 = (%);cr, on (2, 4/,P) and a
stochastic process ¢ = (p¢)ter ., adapted to % such that ¢4 Q — H for every finite t. We assume
that ¢ converges at least P-a.s. in the weak* topology of S’ to a random variable p..: Q) — S’
Denote by E[-] :=E[-|.%].

The interpretation of this setting is as follows. Law(pso) is the probability measure we are inter-
ested in (usually an EQFT, but note that the framework is more general), the process ¢ is the
scale interpolation process of o, associated to the coarse-graining procedure encoded in %; that
is, ¢y for a t < oo is the effective field theory accessible at resolution smaller than ¢. Finally, H is
simply the state space of coarse-grained fields.

In the traditional probabilistic setting, observables are real-valued random variables measurable
with respect to 0(¢s) and integrable under Law(po); equivalently, by the Doob-Dynkin rep-
resentation, we can think of them as functionals of the random field ¢.,. We call such objects
probabilistic observables. In contrast, we have the following



Definition 2.1. A real-valued?2 .#-martingale is called a stochastic observable.

The set of stochastic observables is denoted by & = & (R?,.% ,P); it naturally admits a vector space
structure under ¢-wise addition and multiplication by scalars. The space of probabilistic observables
is denoted by 0),; associating to each probabilistic observable X its Doob martingale X, i.e.

X =E[X|Z)],

it is clear that &), C &. When no confusion may arise, we shall call stochastic observables simply
observables.

Just as probabilistic observables can be thought of functionals of ¢, we may ask if an observable
] is such that 9y is also measurable with respect to ¢, so that by Doob—Dynkin we can think of
it as a functional of the coarse-grained field ¢, (consider, e.g., the Doob martingales associated to
probabilistic observables when ¢ is a time-homogeneous diffusion and .% is its natural filtration).
This leads us to try to parametrize the space of observables with families of scale-dependent
functionals of H.

Definition 2.2. A function ¢: R x H— R is said to be a germ for an observable 9 if

Lim 19: — q:( o)1) =0. (2.4)

Based on this definition, there is a natural notion of equivalence relation on the space of scale-
dependent functionals: given ¢, ¢: Ry x H— R, we write g~ ¢ if

Jim[[Gi(e0) = i o)) = 0.

Denoting by [q], the corresponding equivalence classes, i.e. [¢],= ¢+ [0],, where

[0],:= {r: Ry xH—-R: thHolo 7e(e)lLre) = O},

the elements of the quotient space are represented by observables: if ¢ is a germ of an observable
Q, then all § € [¢], are also germs for 9, since

190 — Ge(po)llr) < 196 — q(wi) I + 113(pe) — a(we) L) — 0; (2.5)

conversely, if ¢ is a germ for both Q,B € &, then for all t e R

Qe —=PBellzr)y = E[Qr —Prlllrr o
< 197 —Brllio (2.6)
< Q71 — ar(er) L) + [1Br — ar(en)lly)

vanishing as T — oo, i.e. Q=".

A collection of observables Q := {Q?)}I cRd is called an observable field. Note that while in our
definitions we always took R%, it is not hard to generalize the discussion to the case where spacetime
is a Riemannian manifold M.

As the notations 0(R%, .7, P) and ~, [q],, suggest, the space of observables and the equivalence
classes of germs depend on the filtration .%# and the scale decomposition process ¢. This might
seem strange at first, but it is in fact natural: the physically relevant information of an observable
is encoded in the t =0 scale.

2.2. Strictly speaking then, vertex fields correspond to a pair of observables.



Definition 2.3. A state is the linear functional (-): @ — R given by () :=E[D].

One might think of the situation as follows: we are given a fixed set of abstract symbols Obs,
containing, for example {¢@, @™, (0*®)™, exp(@),. .. }; the choice of (2, &, P, F#, ¢) then induces a
partial function 77 %: Obs — & with a corresponding germ structure. What we are really interested
in is the set 77 %(Obs) of physically relevant observables. Given a different choice (.Z, ), as long
as both 77 and 77 % are injective and their domain is the same, there exists a bijection between
the physically relevant observables under the different representation, i.e. 77 ¢(Obs) = i »?(Obs).

From now on, we will work in the following representation. Consider the heat kernel decomposition
of the covariance operator (—A +m?)~! of the massive Gaussian free field given by

Q= 1 _(_ e )

2¢ ’

defined via functional calculus or Fourier multipliers. Moreover, denote by Gi:=Q3. By a standard
computation, the L?(R) integral kernel th of Q; and Gy(z —y) = thQ of Gy= Q7 is given by the
formulae

pd/2—1
(27T)d/2

,ém,y‘z _m? . 5 $d/2-2
(47T)d/2

m2

P (2.7)

ke (2, y) = e e, and  Glr—y)=k (x,y)=

We can regard Q; € L(L*(R%);H) (see e.g. Lemma A.7), denote by Qj:H — L*(R?) its adjoint, and
define the scale interpolation of the free field, an H-valued Gaussian process

t
By:= / QstVs
0

where W is a cylindrical Brownian motion on L?(R%). The fact that the stochastic integral is well-
defined and converges to the Gaussian free field By, is well-known, but to be self-contained we
prove it in Appendix A along with other basic heat kernel estimates.

For reasons that will be clear soon, we require the following property from the filtration .%.
Definition 2.4. A filtration .% is called admissible if ¢ is F-adapted and B is an .%-martingale.

In the latter part of this paper, we take the scale decomposition process ¢ to be that of the
sine-Gordon model; ¢ and the admissible filtration .% is constructed in Theorem 4.4 below.

In general, the basic structure one requires from ¢ is that it can be represented as a scale-dependent
perturbation of the free field process B, i.e. it is an Ito diffusion of the form ¢;= Z; + B; where
the drift process Z is

t .
th—/ G:DV;(ps)ds (2.8)
0

where V:R; X H — R is a sufficiently nice scale-dependent functional on the field configuration
space H. The parabolic generator of ¢, denoted by £V, is the operator

. 1 .
LVfi(d) :=0f1(¢) + (D filg, —G:DVi|g) + §TT[QtQtD2ft|¢] (2.9)
defined for sufficiently nice f:R; x H—R. We will frequently abuse notation to write

Tr[QiQiD2fi|g] = Tr[GiD fil 4] = gy, f1(),

see Lemma B.1 and Notation B.2 for justification.



2.3 Coherence

Germs serve to parametrize the space of observables. In some cases, the correspondence between
observables and germs is bijective: the germ itself completely determines the martingale. The
canonical example is when ¢ solves the backward Kolmogorov PDE: indeed, in this case Q;:= q:(¢4)
is a local martingale. It is convenient to ask for germs that solve the backward equation only
approximately in some suitable sense so that the corresponding martingale can still be obtained
from the knowledge of ¢ alone. Such germs are called coherent and this section is concerned with
explaining how to “reconstruct” the unique observable from a coherent germ and establish precise
conditions that guarantee this can be done. The reconstruction is done via a simple application
of Ito’s formula, we thus start with recalling some notations from infinite-dimensional stochastic
calculus; see e.g. [20] for more details.

Recall that given processes @, f satisfying sufficiently strong measurability conditions with Q; €
Lo(LA(RY); H) and f; € H such that P(fOT 1Q7 fill72(raydt < 00) =1, and setting, for an L*(R%)-
cylindrical Brownian motion W,

T T
/‘<ﬁ,Qﬂnm>:1/ QlAW,  with OF: L2(RY) =R Qf(u):=(f1. Q).
0 0

then HQ{H%Q(LQ(R(;);R) = ||Q§ft|\%2(Rd) and hence the stochastic integral fOT<ft, QW) is a well-
defined continuous R-valued stochastic process.
Also recall that given an Lo(L?(R%); H)-valued predictable integrand process ®, in order for a

stochastic integral fOT<I>tdW} to be a H-martingale, it suffices that ®; € H3y ([0, T]; Lo(L2(RY); H)),
i.e. that

T
EA H(I)t||%2(L2(Rd);H)dt<OO'
Thus for the stochastic integral | OT (ft, QdW;) to be a real-valued martingale, it suffices that

T T
E/) ||Q{||%2(L2(Rd);R)dt:E/) Q7 fillF2(raydt < oo.
Given a T € R, we denote by ¢’ the restriction of ¢:R; x H—R to [0,T] x H—R.

Definition 2.5. A functional ¢: Ry x H — R is called coherent if

1. For each T € R, the functional ¢ is continuous on [0, 7] x H, and the partial derivatives
9y, D, D? are bounded and continuous on bounded subsets of [0, T] x H.

2. For each T € R, we have ]EfOT HQIDqﬂfOtH%Q(Rd)dt < 00, where @ is the operator in the heat
kernel interpolation.

3. It holds that
12 s <. (2.10)

Lemma 2.6. (reconstruction) Suppose q is a coherent functional and ¢ is an Ito diffusion with
generator LY. Then

1. For each T € R, there exists a unique observable QT defined as DET} =qf (1) +ri 7 for
t€[0,T] and extended to Ry by Q{TT}, where

T
TfyT::Et/ LVgs(s)ds. (2.11)
t
2. There exists a unique observable Q with germ q defined as Qq:= qi(¢s) +7{ o, such that

i 2, 2{7] =0

10



for each teR,.

Proof. As we have already indicated, this is a simple application of Ito’s formula.

1. Indeed, fixing [s,t] C [0,T], by condition 1. we can apply Ito’s formula to obtain

af (0r) = qd (0s) /i” wu)du+/ (DL 1% | QudW,).

s

By condition 2. and admissibility, the last term is a martingale, thus we have that
- t t T
Bl =B (o) + [ 2l p)tut [ (DT, Quamy |+ BB [ 2o
s t

af (s +]E/$ Qo (pu)du+E, Et/ LVl (pu)du=0!"

so 1T} is a martingale. The condition (2.4) is satisfied trivially.

2. For each te R, for all T >t
9 — QET} = ]Et/ LVas(ps)ds
T

so that (2.10) yields by conditional Jensen inequality, Fubini and dominated convergence
that

12: =2 .0y < H/T LV(ps)ds

- gA 117,00) 12 Vs (05) | L1 (yds — 0
L +

as T — oco. Since the Q{7 are martingales, this implies that £ is also a martingale. Similarly,
(2.4) follows from (2.10). O

Let us fix some terminology for objects we see in the construction for future reference.
Definition 2.7. The observable 9 of the previous lemma is called the reconstruction of gq.

It is clear from the linearity of .#" and the triangle inequality that coherent functionals form a
vector space. Moreover, the corresponding linear structure induced on a subset of observables via
the Ito reconstruction “lift” is compatible with the linear structure of & (i.e. t-wise addition and
scalar multiplication). More precisely, we make the following

Definition 2.8. Denote by O the vector space of coherent functionals. Define the reconstruction
map ‘R as

R:0— 0O, (m(Q))tZZQt(‘Pt)+T;},m~

The reconstruction map is linear: given ¢, q® e % , linearity of the generator .Z" yields

(fﬁ(q(a)+q(b)))t = (q(a)+q( )) ((pt)+rq(a)+q(b)
@ ()
= qg )( )Jrrt ooJrq(b)(cpt)Jrfg’oo

(R(¢'))e+ (R(¢®)),
= (R(¢)+R(¢®));

so that |(¢(¥ 4 ¢®) =R(¢'V) + R (¢®); homogeneity is also trivial.

Definition 2.9. Let 0.:=Ran(R) C & be the linear subspace of & consisting of those observables
that are Ito reconstructions of coherent germs.

11



The above reconstruction reduces the existence of composite observables to the construction of
coherent functionals ¢, which in turn depends largely on estimates of the scale decomposition pro-
cess o and its generator .V, Once one has a sufficient control over these objects, the construction
of coherent germs can be achieved in a systematic manner based on ideas of renormalisation group
flow equations, see Section 2.6 below.

This shift in perspective of putting coherent functionals in the center of attention validates the
following slight abuse of terminology: from now on, we will often call a scale-dependent functional
¢:Ry xH—R a germ (without specifying the corresponding martingale Q for which (2.4) holds);
the tacit assumption is that such a functional will turn out to be coherent, and thus indeed a germ
(in the strict sense of Definition 2.2) of its reconstructed observable.

Remark 2.10. (Connection to RG flow equations) Heuristically, it is easy to see how our
framework connects to Wilsonian ideas. Suppose we are searching for the family of pairs (V;, G¢)tcr,,
such that the perturbed interaction

V= Vi+0G; (2.12)

satisfies the RG equation (2.1). One obtains from the resulting flow of perturbed renormalised
densities (e—vf’)tER . the evolution of the effective description of the observable: indeed,

—0pe ™" |g—o=Gre ™",
which yields the expectation of g; under the effective measure, cf. (2.2). By a standard argument,
we get from (2.1) the observable-perturbed Polchinski equation

1 1 .
OV +50¢,V =5 DV, GiDVY).

Taking € =0 we obtain the usual Polchinski equation for the potential V;, while taking dy at =0
gives the observable flow equation

- 1 - N
0:qs + §AGtQt =(Dqs, G:DV),

which is precisely the backward Kolmogorov PDE .#V§ =0.

In light of (2.12), the functional G; has the geometric interpretation of a tangent vector at V; to
the (formal) manifold of effective interactions M. The Polchinski equation gives rise to a vector
field B on M:

1 1 :
B(Vi) 1= =586, Vi+ 5 (DVe, GiDYVa).

The family (V;)¢er, is then an integral curve of this vector field, and the evolution of G; € Ty, M
describes how a tangent vector is transported along such a curve by §. Our martingales  contain
the information of such a flow in an abstract way, without having to give meaning to M: indeed, for
each ¢, we can employ a Doob—Dynkin representation to obtain a functional Q¢= §;(p:). Allowing
for coherent functionals (g;)¢cr, in this picture has the interpretation of a family of approximate
tangent vectors that are sufficiently close to the actual ¢ such that the defect can be recovered via
the correction procedure of Lemma 2.6.

2.4 Observable product

Observables of a quantum field theory do not form an algebra: we do not expect to be able to
multiply any two observables. From a mathematical point of view, in the Euclidean setting this is
ultimately a consequence of the singularity of the covariance of the random field ¢, on the diagonal
in d > 2. From a physics perspective, it is related to the fact that the effect of a measurement (i.e.
coupling of a measurement device with the physical system) on a quantum system is considerable,
hence taking two measurements of a quantum particle simultaneously yields incoherent results.
Thus in most axiomatic frameworks of quantum field theory (see e.g. Haag—Kastler—Araki axioms
[30],[3] factorization algebras [18],[19]), there is a notion of locality: “combining” measurements
should be possible only for observables that are supported on disjoint spacetime regions.

12



It is well-known that the space of martingales is not stable under taking pointwise (with respect
to t) products. To have a well-defined notion of observable product in the stochastic observable
language, we leverage the fact that germs parametrize the space of observables: given two observ-
ables, we can multiply their respective germs. The idea is then to use the reconstruction map R to
push forward the product to the space of observables; we note the analogy with theory of regularity
structures [31].

When the product germ happens to be coherent, by the Ito reconstruction lemma it gives rise
to a unique observable, which we take to be our definition of the product observable provided it
approximates the pointwise products of observables in L!(€) in the UV. In our setting, the failure of
the algebra structure is then encoded in the nontrivial condition that the product germ is coherent.

Definition 2.11. Let {Q) 7=1 be observables with coherent germs {q(j)}?zl, respectively, and
write ¢! := Hielq(‘). If for every nonempty I C 1:n, we have that

1. ¢’ is coherent,
2. for any partition P of I,

lim
t— oo

R(g")e— [ Ra)e

JeP

=0, (2.13)

LY ()

then we say that the tuple (q(l)7 ey q(”)) is compatible and call the martingale OWs. %00 .=
R(q*™) the observable product.

Remark 2.12. The UV L}(£2) approximation property (2.13) is what intuition expects the product
should behave like: we would like to have, for all t € R, that

(OWx0®), = lim E[O50%] (2.14)

— 00

in L'(Q), and when the martingales Q™. Q@ QM+Q®) are closed, to have
(OO =E[00P)]. (2.15)
The statements (2.14) and (2.15) follow from (2.13) trivially: indeed,

H]Et[D(Tl)Dgg)]—(D(l)*D(Z))tHLl(Q) — HEt[D(Tl)Dgg)—(D(l)*D(Q))T]HLl(Q
[9F0F — (OWOD)| 1

)

IN

vanishing as T'— oo; closedness of QM%0?) implies

[OWD@) oo =P 1) < NODHOP) e = (DDRO)), 110
+ [[(©®%0@), — 2| 1 g

vanishing as t — co, which, coupled with DEDDEQ) HD(O?D(Q) in probability (implied by conver-

o

gence of 9U)), yields that (OMWx0®@) =00 almost surely.

The formulae of the above remark are not the only reason for requiring the condition (2.13). Let
¢ ~¢p(a) coherent germs for Q(* and ¢® ~¢p(b) are coherent germs for Q) such that ¢:= ¢(®¢®
and p:= p@p® are coherent. To have a well-defined notion of the observable product, we then
want that p and ¢ reconstruct the same martingale, i.e. that i)‘i(q(“)q(b)) zi)‘i(p(a)p(b)). Leaving
condition (2.13) out of the definition of compatibility leaves us unable to prove this consistency
result in general: there is no guarantee that ¢(®)g(® pr(“)p(b).

13



Proposition 2.13. If ¢ pr(“) are coherent germs for Q) and ¢® pr(b) are coherent germs
for Q) such that (¢'9, ¢®) and (p'V,p®) are compatible, then ¢'¥q® ~,p@p®). Consequently,
R(qVg®)) =R(p@p®).

Proof. Indeed,

(b)( (a) (b

44" (1) - (20l 10
S
+ [[P7pi" (20) = REOPO)e] gy + IR = AV

vanishes as ¢t — 0o by coherence and compatibility. Combining the fact that ¢(®¢(® ~e p(@p®) with
(2.5) and (2.6) yields ®(¢(Vq®) =R (p@p®)). 0

In light of the discussion above, we do not expect the product x to be a well-defined binary operation
on the space O, of observables possessing coherent germs. Regardless, it is well-defined as a partial
function and is easily seen to satisfy the following properties.

Proposition 2.14. The partial binary operation x: O. X O,— O, is

1. commutative in the following sense: let O, OW®) e @, with coherent germs ¢'*, ¢, respect-
wely. Then (¢'¥, ¢®) is compatible if and only if (¢, ¢'®) is compatible, and when they
are it holds that

(@), ) — H®)H(a)

2. distributive in the following sense: if 9@ O®) O e G are such that (q(“), q(b)) and
(¢, ¢'9) are compatible, then O@xO® OO and O Du(D® 4 D) exist and

D@4 (OO L 9©)) = 9la)yo®) 4 Hla),Hle),

3. associative in the following sense: if O, O®) O e @, are such that (¢!, ¢, ¢?) is
compatible, then

(D@40 )€ = 9@ HB) O = 9@ (HE)H(),

4. unital in the following sense: there exists a unique observable 1= (1;)¢er, € O, given by
14:=1 such that O*1 exists for all O € O, and O*1=9.

Proof. Commutativity, associativity and unitality are trivial.

For distributivity, note that by linearity of .2V and the triangle inequality, we have that q(a)(q(b) +
¢'9) is coherent. Hence

1%(g (g +¢)); = 9L (98 + D) 11 e
< 924 @) = OO 1 o) + 1924 = DD 1

vanishing as t — 0o, yielding existence of O@x(O®) 4 O(©)), O

Remark 2.15. The reverse implication for distributivity is not true, as seen by the following simple
example. Let o, := B, be the scale interpolation of the free field and let € R?, d > 2. Consider the
germs ¢ =¢q¢®:.=6, and ¢\ := —§,. These are coherent and the corresponding observables are
Q@ =Q® = B,(z) and Q) = —By(x). The germ ¢ (¢ + ¢(?) =0 is coherent, the observable
O (OO 4 O©)) exists and is the constant zero martingale. However, O(W+«9O®) and 0@,
do not exist, in the sense that e.g. ¢(?¢(® =2 is not coherent; renormalisation is needed to define
such a product.
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2.5 Germ subspaces

It is important to know when the product of observables exists. The previous definitions suggest
to introduce subspaces of germs that help determining whether they are compatible. The rest of
this section is concerned with setting up such machinery.

Given M €N, a=(ay,...,an) €CM y=(y1,...,yrr) € (RHM denote by

M

(@, 0(y)) =Y ajo(y;).

i=1

Moreover, given o, € CMe, ay, € CMb we define their join by
. Mo+ M
o, Y ay:= (aa,la ey Qg Mgy Ob 1y e ey abyMb) € CMatMy

and similarly y, Y yp. Obviously

(ot Y ap, 9(Ya ¥ Y)) = (as B(Ya)) + (b, D(yp))- (2.16)

Definition 2.16. Let k,0 €R, ¢ >0, p€[1,00], M €N, a € CM, y € (RY)M. Consider the seminorm

llqllgr.o.c := sup <t>7N[;C‘|€7<a’%(y)>%(sﬁt)||LP(Q) + sup (t)"“[;cH67<a"pt(y)>$VQt(<Pt)HLP(Q)
Py peRy teR,

for a germ ¢: R, x H — R such that .#"q is well-defined. Define the associated subspaces of germs
Opaly={0RixH—R: ||q\|5,;,;:; <oo}

We call the parameter k € R the superficial degree of divergence, and o >0 the accuracy of per-
turbative approrimation.

The a, y in the notation is frequently suppressed when this does not lead to confusion. Clearly,
for any € >0, we have

5K,0,C 5K,0,C S5K,0,C Sk+te,o,c S5K,0,C S5K,0—€,C S5K,0,C S5K,0,ct¢e
Opic SO, Op co, , Op co, , Oy co, . (2.17)
Denote
6= 657, oure— () 6 orr= (N U 6o
c>0 pE[l,00) p€E[l,0) ¢>0
Note that this definition of the ﬁ;f space allows for p-dependent logarithmic corrections, as
opposed to the smaller space ﬂpe[l o) ﬁ;@c. The applications we consider in this paper do

not require this stronger property, hence for our purposes the weaker space suffices, even though
the germs we will construct in fact lie in the stronger one.

The purpose of the objects introduced is the quantitative description of compatibility.

Lemma 2.17. (factorization lemma) Let kj,0;,p;, Mj, o, y;, j € 1:n, be as in Definition 2.16,
and denote by a=a1 V... Ya,, y=y1 V... Y y,. Suppose ¢ € 67 and for all j1 4 ja € 1:

Dj> 05, Y5
n we have
sup <t>a+1 e*(a,w(y))Tr[Gthijl)(@t)Dqt(h)(cpt)] H qt<j>(<,0t) <00
teRy je€lin\{j1,j2} LP(Q)

for a pell,o0], o €R satisfying

Sotset e A [a- X m)
jelin jeLlin me(L:n)\{j}



Then H?Zlqm € ﬁ;;’y for any K with > Kj < K.

jel:n

Proof. Clearly
)= I a7 (e

jEL:n

< H <t>_ﬁjHQt<j>(90t)||LPj(Q)-
Lp(Q) j€1:n

The generator of the product can be bounded as

zV< I q§j>><sot>

jeELl:n

(ty+

Lr(Q)

O N @iy [T O lla™ @oll oy
1 m#j

+ 3 07 m[GDe D] T 4™ (v0)
i<k m¢{j,k}

M=

<

<.
Il

A

LP(Q)
Coupled with (2.16) and (2.17), the statement follows. O

Remark 2.18. The reason for the exponential weights e~ {®#*(¥)) in Definition 2.16 is to allow for
2 dimensional theories in the general framework, where observables of the form exp(a¢(y)) play an
important role. In turn, such exponentials do not behave well with the Holder inequalities of the
above lemma (consider e.g. the d=2 Gaussian free field) and require slightly different treatment.
Since we are going to apply the general theory on such a 2 dimensional model, we will see how the
general case of allowing exponentials work and closes the arguments; for theories and observables
that are not of this generality, one may always take a =0 as a special case.

2.6 The strategy of the construction
In order to find ¢ such that (2.10) holds, we need to have a good understanding of the solution
theory of the observable flow equation .#Vg=0, i.e.

DsGs +%Aésqs = (Dgs, G.DV}) (2.18)

To do this, we construct £*-th order approximate germs with a Picard iteration scheme: we let

gl=t= 3 gl

<e
where ¢! =0, and ¢! for £>1 is defined to be the solution of
0 L e p2gld] — ) ¢ pyle)
D54, —|—§Tr[GSD2qS ] _H%;% (Dg, ', GDV," ) (2.19)

with appropriate boundary conditions (see the next section), where the V1 are iterates of a Picard
scheme similar to (2.19) of the Polchinski equation for the potential V'; namely, VI9=0 and for
?>1, VI solves

0, 1. 0y _ 1 [0/ [e”)
oV, +§Tr[GSD2V; ]_5 > DV GV, (2.20)

IEWREY)

Set VI=£T .= Y oo<in VI and write FI9.=DV1.

We are now going to show semi-heuristically that solving (2.19) up to high enough order ¢* gives

a good approximating germ, i.e. for which .2Vgl=¢I . 0 in a suitable sense.
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Suppose there exists an £ € N such that for any ¢/ > ¢, the canonical Ito remainder associated to
the germ FI=¢l(y), denoted by rF1=" ) exists, and

Jim (|50 (9) = FEI 00 (9)]] gy = 0 (2:21)

Denote by ¢ the smallest of such integers. Combining (2.21) with (2.5) yields that all truncations
with £’ > ¢ reconstruct the same observable (field), which we denote by {Fs(y)}s>0 and call the
effective force.

For any ¢ € Ny, write

GrF'=" if (>0
GR>Y .= e N 2.22
GFW 4 GrF= i 0 < 0. (222)
=041

Lemma 2.19. Letting ¢/<¢7:= S ier ¢ where ¢ =0, and ¢! for £ >1 is defined via (2.19),
we have -

LY== (Dglf, GRIZ(-0)), (2.23)
0<e*

Proof. To simplify notation, write Fsm = FS[Z](()OS) and similarly for ¢!, Then Ito reconstruction
and (2.22) gives that for arbitrary ¢* € Ny we have

GF=GFE= L QR (2.24)

Thus compute with (2.9) and (2.19) that

LY== (63 +%Ac)q[g*] — (Dg!=*], GFIET) — (Dgl=, GRIZ1)

- S gL GF) — [ Dg, S GRI — (Dglst, GRE)
0<0* prggrt = g 0<ex 0<e
£,0'.0" € Ny

- <qu/],(;p[e“1>_<z qu,(;R[>e*1>,

@/,g// S * ggg*
04 > el

Pick an ¢/ < ¢*. Then the first sum runs over all the GF"] with

" ! *
{ﬁ/l—i_g i §*+1}¢>€*_€l+1§€11§€*7
thus
Z* . . Z* . . .
GFY+GRrY = N QR4 (GF - GFIEY))
£r=pr—p'41 €= —e'41

— GF — QFIsWr =)

— GRP>W =)
where we used (2.24) twice. O

Within the rest of this subsection, we tune the discussion to the d =2 sine-Gordon model in regime
32 < 6m; nevertheless, the ideas introduced are general at their core and should extend to other
models mutatis mutandis.
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Suppose that there exists a fixed k >0, the superficial degree of divergence of the observable (cf.
Definition 2.16), for which we can prove the formal estimate

¢ h—(f—
DG ooy S ()09 (2.25)
where §:=1— g—; € (0,1] is the distance from criticality, and that we also have the bound

GoRE | oo ooy S (5) 0701 (2.26)
Loo(: L)

modulo logarithmic corrections.

2

Plugging these into (2.23), using Holder and Young’s inequalities and ||Gs||z1 < (s)~2, we formally

obtain
va FE*] L) < Z ||<Dq£e]’GSR£>(£*_£)]>||L1(Q)
(<ex
<Y (s)rm D) (=05 (227
e<ex

< <8>H7Z*671'

Since § >0, choosing £* large enough then yields an arbitrarily precise approximate solution q[g*]

of the equation .#Vg=0, i.e. we can construct germs qu € 07 with arbitrarily high accuracy of
perturbative approximation o (cf. Definition 2.16). The construction of observables and observable
products will then follow from the general theory developed so far, in particular the factorization
lemma (Lemma 2.17) and Ito reconstruction (Lemma 2.6).

Note that in the above argument we relied on the postulated bounds (2.21) and (2.26) which of
course need to be proven first before we can move on to the construction of various germs g. It is
not too difficult to see that in fact these can be obtained in a similar vein to what we have explained
just now for general observables, by proving (2.25) for the germ of the force F' with superficial
degree of divergence x:=1—4.

To construct the effective force and hence the sine-Gordon measure, in the regime 32 < 6, it is
sufficient to develop the equation (2.20) up to order ¢* =3, and in general, to some £*(/3%) that
blows up as we approach criticality 32 — 8m. However, since our observables can have arbitrarily
high superficial degree of divergence k, we are forced to exploit the high order cancellations in
Lemma, 2.19, and hence need to develop the iterative scheme to arbitrarily high ¢* for any 32> 0;
indeed, cf. (2.27).

The following sections carry out the above roadmap rigorously. Section 3 is concerned with studying
(2.20); as a consequence of the bounds derived there, Section 4 constructs the effective force,
and verifies (2.21) and (2.26). Section 5 constructs ¢} for various observables by solving the
equation (2.19). Finally, Section 6 finishes the construction and proves Theorems 1.1 and 1.2.

2.7 Renormalisation via flow equations

Constructing observables of a field theory requires additional renormalisation on top of the renor-
malisation of the model itself. Indeed, taking general nonlinear functionals Q(ys) of an already-
renormalised EQFT ¢, might introduce new divergences that need to be accounted for. An
interesting aspect of these additional singularities is that they can be especially severe: in the
language of previous sections, the superficial degree of divergence x >0 can be arbitrarily large.
In contrast, power counting arguments suggest that the renormalisation of the model itself needs
to take care of only relatively mild singularities.

Curing the aforementioned arbitrarily severe singularities, in general, requires introducing arbit-
rarily many (but finite) renormalisation counterterms; moreover, the form of such counterterms for
complicated nonlinearities may be quite non-obvious. Hence in order to get a complete theory of
composite observable renormalisation, it is desirable to approach the introduction of counterterms
in a systematic and fully automated manner. The requirement of propagating the inductive bounds
(2.25) in ¢ through the flow equation (2.19) not only offers such a way, but in fact forces it upon
us. The counterterms are generated through an appropriate choice of boundary conditions on the
flow, which we now explain.
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We will construct the germs by making the ansatz

ad" (0) =" (1%, FD(e)) (2.28)

acn

where ’y,gaT) are ¢-independent kernels, f (“)(¢>) are functionals of the field, and a are multiindices

carrying information about the expansion, containing e.g. reference to £. We require that only
finitely many kernels of the sum are nonzero.

Plugging the above ansatz into (2.19), matching the kernels corresponding to the same basis
element f(%)($) we obtain a hierarchy of linear ODEs of the form

O+ U=~

for some t-dependent coefficient function U, and source term %(‘}) The latter is a sum over n-linear

functionals of kernels %Efl%. Using the Duhamel principle, we rewrite the equation into mild form
T
=t [ as 229)
t

In order to show an estimate of the form (2.25), we set up the ansatz (2.28) in a way so that the
hierarchy (2.29) is triangular in a; we then solve the system inductively and try to propagate a
bound of the form

< (yledig (2.30)

with [;:=1+log(1Vt), where ¢ is a constant that we do not track and may change from line to
line, and |||-|| is a suitable norm compatible with the structure of the flow equation. To this end,
we will aim to show that the integrand of (2.29) satisfies

eV 7RIS o) tehie(s) ! (2:31)

Kernels with [a] <0 are called irrelevant: they are expected to remain bounded under the flow
and hence get a trivial UV boundary condition. In contrast, kernels with [a]] >0 need explicit
renormalisation and are called relevant. Thus in general for £ > 2 we aim to impose the boundary
conditions

’yéfl)T—O if Ja] <0

(2.32)
754=0 if [a]>0.

It is clear that the case /=1 is slightly different, since it has no contributions from lower iteration
orders, as q[O] =0.

When [a] <0, we flow backward: the boundary condition at ¢t =T yields the equation
T
2 = / eV 7% ds (2.33)
t
which propagates the inductive bound (2.30) using (2.31):
IS [ ts)telis)as s ot

In the [a]] >0 case we flow forward: plugging into (2.29) the relevant boundary condition (2.32)
at t =0 we obtain

T
comtp= [z
0
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which, since —Uy 7+ Uy s = —U; 7, means that ’yéfl’)Tz —fOTe_US'TfE’S("}) ds. Plugging this back into
(2.29) yields, as —Us 7+ Uy 7=Uy; 4,

¢
1= / V79 ds. (2.34)
0
which again propagates the inductive bound (2.30), via (2.31):
t
98315 [ (stelis(s) s S ) tely
0

In the relevant case [a] >0, we expect from (2.34) the kernel %(aq)« to blow up as t — oco; coupled

with the corresponding basis element, <7,Ea%, f (a)(¢)> is a renormalisation counterterm. Moreover,

the uniform-in-T" bounds allow for inductively taking the limit T'— oo in the source terms X(';),
a

rendering the counterterm <’yt( O)O, f (a)(¢)> also independent of the UV cutoff T

3 The Polchinski equation of sine—Gordon

In this section we study the Polchinski equation (2.20). The aim is twofold: first, since the observ-
able flow equation (2.19) contains VI, we expect that proving the source term bound (2.31) for
kernels of the germ ¢ requires a good understanding of kernels of the potential germ V. Second,
as we have already noted, closing the argument in Section 2.6 requires access to the estimates
(2.21) and (2.26) which need to be proven first. While the analysis of the Polchinski equation of
sine-Gordon in the regime 3? < 67 is not novel, see e.g. 7], [29], we include a fully self-contained
treatment here partly to fix notation, and partly because we use it to develop ideas, techniques
and motivation that we will use in analysis of the observable flow equations later on.

As a warmup, we first solve the equation (2.20) in the Wick regime (32 <47 by choosing the ansatz
(2.28) to be the usual Brydges-Kennedy Mayer expansion. We then explain how the regime 32> 4,
because of the presence of relevant kernels, requires localisation and flowing forward, and hence
induces a generalised kernel representation. Doing so, we prove a sharp screening estimate on the
covariance matrix of the Mayer representation that will turn out to be crucial in the construction
of vertex field observables.

3.1 Warmup: the Wick regime (3% < 47
Given a field configuration ¢ € H, we denote by

Ve 1= YP(o,2) 1= exp(ifop(x)) where ¢:=(o,r)€{-1,1} x R?

a vertex field with charge o € {—1,1} at position x € R2. Given a finite index set I CN, we denote
by or:=(04)ier, x1:=(i)ic1, &:= (01,27) and define

X&)=Y o

jel

the total charge of the ensemble &. We write 1: £:={1,...,£}. The representation (2.28) for the
potential VLT is at first, the Mayer expansion ansatz

VT (g) = / vir(€ie) brep(1:6) A

L 14
= Z / U%]T(fcl:e,om)ﬂ ew"f‘f’(z")H p(x;)dzy.e.
oree{-1,13¢ /(B j=1 j=1

(3.1)

where p € C*(R?), p(z) € [0,1] serves as a volume cutoff. The UV cutoff T in the notation of the
kernels ’UK]T will be frequently suppressed when it does not lead to confusion. Unless explicitly

stated otherwise, all estimates will be uniform in p and T
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Plugging the above ansatz into the Polchinski equation (2.20), by the Duhamel principle we obtain
a mild equation for the kernels of the representation. That is, denoting by

. 2 . . .
Cilérs &n) = 7%2 Y ooGila—ar),  and  Gy(&):=GCulér, &), (3.2)

Jj€l kels

for index sets Iy, I3, I C N, we have the following simple

Lemma 3.1. Suppose that the kernels v,[f]T(glzz) satisfy the equation

vir(€e) = ST ug ()

T .
- / B N Oy ol (€, Gl €0)0l B (61,)ds

E LWI=1:4

(3.3)

for some positive combinatorial coefficients C\1,) 1,|, where the sum Tuns over all 11,12 C1:£ such
that 1NIs=0 and [1UI,=1:£. Then V[e]’T, given by (3.1), satisfies the Polchinski equation (2.20).
t

Proof. A straightforward computation; see Appendix B.2. O

Our goal is now to carry out the program of Section 2.7, i.e. to propagate an inductive bound on
the kernels through the equation (3.3) by a proper choice of boundary conditions. To do this, we
have to define the norm |||-||| in which we estimate.

Given zj:={z;};e; CR? for a finite index set I CN, denote the Steiner distance by

St(x7):= min min L(7)
zrCayrEc(zy)

where L(7) is the (Euclidean) length of a tree 7 on R% and the second minimum runs over the
set of spanning trees ¢(z) of the points x;, i.e. over all trees that connect all points of z;. For a
nonnegative function © that might depend on information about the kernel v}, in particular ¢,
and that we will determine later, we then define the weight

w? (1) :=exp(© /u St(z1)) (3.4)
and the associated Banach norm

Z]|

|0}

lt.o.n =sup / [0l (€1.0)|wP (€1.0)(St(1:0)) 1€ (3.5)

for some 7 >0 to be specified later.

The Steiner weight w$ forces exponential localization of the kernels as we approach the UV its role
will become apparent later on. For the renormalised potential itself, we will need it for technical
reasons when (32> 4t in Section 3.2 below; for constructing the sine-Gordon model alone, we could
have taken © :=0 in the Wick regime 32 < 47. However, even in this regime, proving the existence
of general observable products require UV localization of their germs (see Lemma 6.5 below), which
in turn needed to be inherited from the potential sector.

The scale-independent weight (St(z1.¢))" is required to control the infinite-volume limit for the
observables. We will sometimes suppress the 1 and ©-dependence in the notation when it does not
lead to confusion, and also frequently take © :=¢ &R constant.

It is seen inductively from (3.3) that the kernels ’Uy] are invariant under permutations under the

index set 1: 4, hence in fact
\||v¥]|||t,e,n:s§p / |0 (€1:0)|wP (€1:0) (St 1:0)) "AE 100 15

for any j € 1:¢. The following simple lemma shows that these norms are compatible with the
structure of the flow equation (3.3).
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Lemma 3.2. Let ¢,n € R, be arbitrary. Then
ol (er)Go(en, )02 ER) leven S ol lles,n NOE 2. 8) 2 (3.6)

Proof. Indeed, given any trees 7; connecting x;, and 7 an edge between a point in z, and xy,, we
have that 7 Umo U7 connects zy,wr,, thus

St(zr,wr,)= min min L(7)< min min L(r)4 min min L(7)+d(z1,, z7,)
Trwr,CxgTEC(T ) xr, Caxgrec(zy) zr,CaxgTEC(xy)

where d(wr,, z1,) :=i0f(4 b)cz;, x s, |@ — ble2(ra). It then follows from the triangle inequality that

wilthun) < wilEn)wi(g)es VP (3.7)
(St(enun))" Sy (St(an))"(St(en) " (d(ar, 21,).

Then Young’s convolution inequality gives

oMY (&) Ga(er, €0 2N E) e,
S?p/ vyh”(ffl)wg(é-h)(gt(ghv f]z)eg\/id(zllymlz)vylzu(ffz)wg(gh)<St(x1:€>>n d£2:€

[\11\]|
t

IN

A

o™ lle, 6.

||/U£|12”|||t’g7'qsup /RJg't(x _ y)ecﬁlmfy\@c —y)"|d.
y

We then conclude from Lemma A.2. O

We impose the boundary conditions

S A
) (3.8)
Ugf],T = 0 forf>2.
The motivation for the £=1 boundary condition is that at resolution ¢ =0, inserting it into (3.1)
we obtain

A
Vvo[l],T(¢> — Z A2§€zﬁgl¢(xl)p(x1)dxl = )\/

o1e{—1,1} R

cos(50(x))plz)d

the expected form of the sine-Gordon potential with coupling A\. The boundary conditions at £ > 2
follow from the naive power counting argument of Section 2.7, see the proof of the following

Lemma 3.3. Let 3°< 4w <0 >%. Take ¢ € R arbitrary. With the boundary conditions (3.8), the
system of equations (3.3) admits a solution satisfying

loi T llle,e S Xe(he (8) 11 (£) 140 (3.9)

~

il
where X\ ::%le 79:(0),

(0]

Proof. For (=1, since v. =0, the source term of (3.3) vanishes, and plugging in t=0 we obtain

A _8
3 =vbir() = vplp(€)eCo ) = oflp(g)e T

- vields ol _ A 26,1(0), S, .
which yields vy (&) =5 ; plugging it back to (3.3) gives

UD]T(EI) = Ung(gl)th’T(&) = )\eggo’T(o)e_%th'T(o) = Aeﬁgo,t(o).

& 2 2
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It satisfies, for any ¢ >0

52
ol (€0 lle,c = Assuples VPO = A = €57 08V < (1)1 =3
x1

verifying the bound (3.9) at £=1. Hence from now on we assume ¢ > 2. With the irrelevant

boundary condition vgf])T: 0, we estimate (3.3) via Lemma 3.2 and the inductive assumption by

loille,e < / el ST ul(er)Guler, &)l ()l cds

t LWlp=1:¢

S/ [ N [ e (A [N (TN T (Ul (T ] [ E
t LWlp=1:¢

s/ e+l ST ol Il o ()20l =0 cds
t LWlp=1:¢

< / le®et | paeds (s (s) I s) 72N (s) 1)1~ s
t

S [ A ) ) s

t

where we used that ¢ <s to bound the norms. Now as z+— Qu(x) is a positive definite function, with
t <s it follows that [|e®*=(¢:0)|| L <1. Moreover, the assumptions d >1/2 and £ >2 combined with

As(s) 0= (s) 7%

make the above integral convergent, verifying (3.9). a

3.2 Extension to 32 < 6w

When 32> 4, the proof of Lemma 3.3 breaks down. Based on the discussion of Section 2.7, one
might naively try to change boundary conditions when the backward integral diverges and flow
the corresponding kernels forward. Ultimately this will turn out to be the solution, however the
implementation requires us to be careful and first make two remarks about the structure of the
flow equation. First, we note that some kernels are in fact irrelevant in the entire subcritical regime:

Example 3.4. (2-point case) Even if 32> 4, the /=1 case of Lemma 3.3 goes through without
modification, so that in the £ =2 case (3.3) reads, up to constants and the volume cutoff p, as

T .
V(€12) <V (€0 B r () —/ eCrol&2\3G (21 — w9)ds. (3.10)

’ t
Note that G s(&1:2) depends on the total charge x(1.2) ;=014 02€{—2,0,2} of the contribution:

Gi,s(&1:2) 7= = B2(Gt,5(0) + (Ly(e1.2) 20 — Ly(e1:2)=0) G, s(z1 — 22)).

For the charged contributions |x(&1.2)| =2, the particles repel each other and the supremum is
attained as x1 — xo — 0o (recall that t <s and z+— G, (z) is positive):

sup — ﬂzgt,s(o) - BQQt,s(xl - £L’2) S *ﬂ2gt,s(0)-

T1:2

On the other hand, in the neutral case |x(&1.2)| =0 the particles attract each other and form a
dipole, cancelling the —3%G; 4(0) gain:

sup — %G, 5(0) + B%Gy, s(z1 — x2) <O0.

Z1:2
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Thus
sup eBr+(61:2) < (A A7) X2l (3.11)

Z1:2

Hence for charged contributions we gain from the covariance matrix G (£1.2) compared to the
naive bound |[e®*#(¢1:2)|| Lo <1 we had in the previous proof and this gain is sufficient to restore
integrability and flow backward. In the neutral case, the naive bound was in fact sharp, the integral
in (3.10) is divergent and the kernel is relevant.

The following analysis on the screening mechanism of G, ; generalizes the estimate (3.11) to the
{-point case. Since it serves as a base point to the more general case of the external vertex field
insertion of Section 5.2, we decide to include a full self-contained proof.

Lemma 3.5. (Individual screening) Let t <s. Then there exists a constant C such that for all
Ty, Tp, 2 € R? with |z, — x| < |z — 2| we have

Ge,s(xp—2) — Gi s(xg— 2) < C.
Proof. See Appendix A.2. a
We can bootstrap the above estimate by recursively extracting neutral pairs from Gy ;.
Lemma 3.6. (Screening bound on G ) Let t <s. Then

sup eGt.s(€1:0) < )\\tx(ﬁlze)\/\;lx(&;e)l_ (3.12)

T1:0

Proof. For simplicity denote x:= x(&1.¢). First suppose the ensemble is purely charged, i.e. |x|=/¢.
Then ojo,=1 for all j,ke1:¢, so

2 2
60 = exp| ~06,.,(0) ~ 823 Guvalay — ) <exp<—é%gt,s<0)):A‘iA;€ (3.13)

i<k

verifying (3.12). Suppose from now on that x| <{—1; we will show that we can remove neutral
clusters from G, 4(£1.¢) until we arrive at a purely charged subset of particles &1.j,| € ({—1,1} x
R?)IXI and so that

£Gt.s(£1:0) fgeGms(gux\); (3.14)

the statement then follows from applying (3.13) to the purely charged sector 514 x|

Since |x| <€ —1, there is at least one neutral pair, i.e. jy,j_ €1:£ such that 0, 0;_ = —1. Denote
by k., k_ the index of a closest of such neutral pairs, i.e. a pair n:={(+1,2,),(=1,2_)} € ({1,
1} x R?)? such that

|tk —7x_|=  min |25, —xj_].
]+,],:aj+oj7:—l

By possibly relabeling the points, we distinguish the purely charged core and the ensemble of
neutral pairs with 7 being the last, i.e. we assume oy,..., 0}y =sgn(x) and o|y|+; = —0|y|+j+1
forall jel,...,0—|x|—1and k_#k; €{€—1,¢} The covariance matrix factorizes accordingly:

th,s(ﬁlzz) — th,s(&:(z—2))eQGt,s(E1:(z—g)-,??)th,s(n)_

By positive definiteness of G, we have ¢®*+(") <1. By construction, for all j € 1: (¢ —2)

|z — x| ifo;=1
— < .
i, xk'{ |zp, — 5] ifoj=—1
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Thus we may bound the cross term by

£—2

2G¢,s(&1:(e—2),m) = —522 0i(Gt,s(xr, —x5) — Gr (. —5)) S C

j=1
by applying Lemma 3.5 with the choice

Tp:=T)_, Tyi=Tk, z:=x; ifo;=1
Ty:=xp, Toi=a 2:=x; ifo;=—1.

Hence we obtain e®ts(é1:4) < th’S(&:“‘”), and repeat the above extraction procedure inductively
until only the purely charged core remains, yielding (3.14). O

The screening bound ensures that non-neutral configurations can be flown backward. Moving on to
the neutral configurations, they are relevant and hence need to be flown forward, cf. Section 2.7.
However, as the following example shows, naively changing the boundary condition does not work.

Example 3.7. (The need for localisation) Let 3?>4m. As we have seen in the previous
example, the /=2 neutral kernel is relevant. Trying to naively change the boundary condition and
flow forward yields the equation

)

t .
T

It is clear that the Steiner weight in the norm |||-|||,c for ¢ >0 is incompatible with this equation.
But even when ¢ =0 we face problems: now, as s <t, the covariance matrix behaves differently:
now G , is negative, so in the neutral case the particles escape to infinity and we have

sup — ﬂZQt,s(O) + ﬂ2gt,s($1 - -772) < _ﬂQQt,s(())a

x1:2

thus ||th=‘9(51:2)]1‘X(51:2):0|HLoo < X272 and trying to flow forward

t
2 t,s : g
o (€1:2)Ly(ermy=ollleo S / €%+ €120, (¢, ) —0A2Gs (21 — 22)|[|1,0ds

t .
< / JeS D e ol 2 Ga(2) ads
t
< [ ()72
0
< N

as the integral converges. The bound |||’UEJT(SLQ):I].X(&:Q):()H|t)o < A\? is worse than the expected
inductive estimate A\;(\;(t)~1). That is, naively trying to flow forward in the case when the back-
ward integral diverges, the covariance matrix will cause the forward integral to converge, breaking
the induction. The problem, as we noted above, is particles escaping to infinity; evaluating e®t-+(£1:2)
at x1 =x2=0 gives

eGt.2(0) —62G:,s(0)+8%Gr,+(0) _

x(€1:2)=0=¢€

and thus formally replacing the L bound on e¢®t(¢1:2) with the above diagonal evaluation we
obtain, with [;:= (1 +log(1Vt))

t . t .
/th’S(O)ﬂx@la):oIHAzgs(wl—$2)|||t,od8 S /)‘gHQS(m)HL},dS
0 0

t

/ M(s)~2ds
0

ML) g

N N
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with for some ¢ € R, when (32 >4, which is the expected inductive bound.

To sum up the above example, flowing forward requires forcing G; 4(&1.¢) to be evaluated on its
diagonal. Implementing rigorously the idea of forcing the covariance matrix onto the diagonal in a
way that also adheres to the weighted norms when ¢ > 0 requires the introduction of a localisation
scheme.

The localisation scheme we employ is based on the generalisation of the Mayer expansion ansatz
(3.1). Thus from now on, we work in the following generalised ansatz:

EHOED Sl E S CALATAPEATS (3.15)
aceM

where ¥, (&,) are functionals of the field configuration ¢ to be determined, called field content, and
the index set M is called the basis of the representation, again to be determined. We shall employ

the formal notation <v¥]7(~a), W, ) for terms in the above sum.

The way we determine 9 and U, (&,) is inductive: we start from the £=1 case with assuming the
naive Mayer ansatz (3.1) as before. Supposing (3.15) is already determined up to a fixed iteration
order ¢ — 1, we compute the corresponding bilinear term on the right-hand side of (2.20) using viol=
0. The so-defined source term then undergoes a post-processing based on the relevance/irrelevance
of the associated kernels, involving localisation when it is needed. The basis of the extended
representation at level £ is then determined by adhering to the field contents of the possibly localised
source term.

Let us carry out the above general strategy. Starting at the £ =1 order case, we choose (3.15) to

be the naive Mayer ansatz (3.1) as before; with the boundary condition U([J ]T = 2, we obtain, as in

the first half of the proof of Lemma 3.3,

ot (€l = Ao < ()10

for any ¢ >0. Then (3.3) gives the { =2 equation

(v pr.a) + 2 786, (v, vr0) = (B, ¥r2) (3.16)
where we denoted

2

(B (€1.2), Y12) 1= _%01‘72/ €0l (&) pl@r0) Glar — ) r.2dEuy
/A%p(ml;z)gt(m — 22)Y1.2d&12

For charged terms we can send this backward via the screening estimates on the covariance matrix,
hence in this case the post-processing is to just leave the source term as it is.

For neutral terms, as we have seen above, this is not the way to go, hence we need to “clear” the
source term (B2 4)1.5) from the right-hand side of (3.16). We achieve this by decomposing it into
a local part that will be sent forward, and a more regular remainder that can be flown backward.
Concretely, for o1 = —09, let

¢1:2:|;/}11:2—x|%|$1 —To|*+ 1 =97 — 2o+ 1

where 3 >0 to be determined. Based on this split, the source term decomposes as

<B[2] Pr2) = /Atp(l"l 2)Gi(a1 — w2)dz 12+ i /Atp T1:2) PTia| 21 — 22 Gi(21 — 22)d1:2
=: <B£2](O)v )+ (B (21,), vits).
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Note that B2 is a function on (R2)2, while B{?*) is a number.

The above localisation thus left us with nonzero source terms corresponding to the field contents
1,915, Thus (3.16) is now replaced with the following hierarchy of equations:

1
PO+ lag (o) = BEo
1
3t<U£2],¢1:2> + §AG,,<”£2]71/11:2> =0
P Py 1 P 2 P
3,5<U£2]( )’¢1:2> + §AG§<U?]( ),¢1:2> — B?]( )

The point of the localisation was that we eliminated the source term from the equation of the naive
term <U£2], ¢1:2>, which we saw we cannot estimate in the neutral case. To ensure that it stays this
way, i.e. that the action of the functional Laplacian A, on 91, does not generate contributions
with field content 1.5 (which would result in the source term of the form f (v?]’(%)) in the equation

of v?], reintroducing the problem we encountered in the previous example), we proceed with an

abstract integration by parts argument: compute

1 i< x 1 » . -1
§AGt<U[2]( )a¢1:2> = §AGt<U[2]( ) %2—>

ESRE i
1
= §Ac}'t<v[2](%)|xl — |7, Y12 — 1)
<Gt(€1:2)v[2](%)\$1 — o] T, Y1:2)
<Gt(§1:2)v[2](%)\351 — | T e —1+1)
= <Gt(§1:2)v[2](%)7 o) + <Gt(§1:2)v[2](%)\$1 — x|, 1).

X

Hence denoting by H;:=0; + Gt(«fl:g) and
A(U?](%)) = <Gt(§1:2)v,[52](%)|$1 —@o| T, 1) 1= /Gt(&a)?)?](%)(&a)|IE1 — 22| Fp(x1:2)dw1:2,

the ¢ =2 equation (3.16) in the naive representation is replaced with the following hierarchy of
equations for the kernels, labelled by the field contents on the left:

1 020 1 Ay = BRIO
X(€1:2) =00 gy H,vl? =0 (3.17)
Wy H 209 — Bl

Crucially, as a consequence of our post-processing, the kernel of the naive field content ;.9 satisfies
a linear ODE with vanishing source term and zero boundary conditions, hence is identically zero.

The system (3.17) is the result of the post-processing in the neutral case. For the sake of direct
comparison, we formulate the result of the above-discussed trivial post-processing in the charged
case (cf. (3.16)):

1 6{0,[52](0) =0
X(&1:2) F0: ahyy Ho? = BY (3.18)
Pita HtU?](”) =0

We summarize the obtained representation in the following

Lemma 3.8. (Change of basis) Let Vtm be given in terms of (3.1), and let

‘/2[2% (9)= Z <UE¥O)(§1:2), 1)+ <v£2]:r(§1:2), Yr2) + <vi[3]1§'%)(€1:2)7 Vi)

o1:.2€{—1,1}2
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with kernels satisfying (3.17) when x(&1.2) =0 and (3.18) when x(&1:.2) #0. Then {‘/15[1!7]1}£e{1 2)
satisfies the Polchinski equation (2.20) up to level £=2.

In this new basis, circumventing the issues highlighted in Example 3.7, we can propagate the correct
inductive estimates and thus extend the result of Lemma 3.3 to the case 32> 4

B2 —4ar _
2T

Lemma 3.9. Let %€ (0,87), € (0,2] such that >
Then imposing the boundary conditions

2(1—-29), take <,n e R arbitrary.

2O~ 0 i P<d
o2 =0, W3~ and LT it 57 <dm (3.19)
’ ’ o = 0 if B2>ar

on the system of equations (3.17), (3.18), we have, with l;:=(1+1log(1Vt)) and some ceR,, the
upper bounds

R Pl (R
X(O'LQ)#O 0 )\t(>\t<t>_1)[§ 0
X(o1:2) =01 |pllide(ANe (8) 11§ 0 Ae(Ae(t)~HIE(E) 2.

Moreover, for any a >0 we have

_ x+ao

0257 (€10 |21 — o], S Ae(Ae () "I (E) 2 (3.20)

Proof. Whenever a kernel is the solution of a linear ODE with vanishing source term, it vanishes
identically.

In the charged case x(01.2) £0, we estimate similarly to Lemma 3.3, the only difference being the
reliance on the screening bound (3.12): indeed, with |x(o1:2)| =2

2 o Gr (£, 1 _ > _
ol < / B [l 12 o (5) ~2ds S 23 / (s)2ds < N2(t) .

In the neutral case x(o1.2) =0, for the nonlocal remainder we use the gain from the smoothing
kernel |-|*: by Lemma A.2,

SR

IBEC e o S NG )esVT N o S NE(H) ~22)

~

(3.21)
which allows to send the kernel backward; with [|e®t=(61:2)| o <1
ol e < / G2 (€12 o[BI | s S / N2(s)"2(s) 2ds SAH) M) T (3.22)
t t

since the integral converges due to the condition on s indeed, 2(1 —0) —1— (1 —26) —e=—¢. The
source term of the local part is

B

'/ )\%P($1:2)Gt($1 - 132)(1361:2
(R2)?

IN

2,1 _m2 _tlzg—awg)?
X2t=1e™ | pllprsup / plaa)e™ T
R

Na(t) 2l pllze.

A

To estimate A(v?](”)), note that in the neutral case

Gi(é1:2) =5 —(Ge(0) — Ge(w1 — 22))
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so that with 1 <wj it follows from Lemma A.3 that

[INC = / Gl€i:2) (216 ¢, 3 o(21.0) o

2 ‘ZC1 — (I}2|%

Guler. .
’S t(é-lig)% / ‘Ui[iz]( )(51;2)‘p(x1;2)w§(x1;2)<St(x1:2)>77dx1:2
|$1—:L‘2| (R2)2
Gi(&1:2) (2] (>¢)
< ||——==L )
= o —2al” oO|Hvt lle.sllpllz

14+ = _ =
< OO el

Hence, since by locality ‘v?](o)! = |||v,£2](0)\||,57g = |||1),E2](0)H|s7g for all s,t€R, when B <dnes1-6<
1/2 the irrelevant boundary condition yields

o0
< / 1A (0209

since the integral converges, while if 3% >4« 1—§>1/2 the relevant boundary condition yields

oo
o s F B, cds < lpll / N(s)~2ds S [|plla(t)

o e, < / A (0P s .c + IBEO|lls cds < 1ol / N2(s)72ds S || p A3ty

since the integral diverges. Finally, (3.20) follows from (3.21) and (3.22) by replacing s with
n+a. g

Remark 3.10. Unifying the notation, with the above lemma, we have proven in the £ =2 case
the inductive bound

02 e Sp A ()G T2, 5e€(0,2]U{0}

which holds even for vl?! if one insists on it corresponding to » =0 by an abuse of notation (as we
have seen, even though v[? and its localisation v?1(9) satisfy the same estimates, it is crucial that
we treat them as different kernels in order to prove said estimates).

Also note that the estimate depends on p only in the case of the vacuum energy term v[?(%),

Remark 3.11. For future reference, we record that as Gy(&1.2) = — 82(G4(0) + 0102G(z1 — x2)),

2)() " > -
o6 = [ SO p(ar o — i — a2)ds

is symmetric under charge conjugation i.e. under oy.9 > 1.2 := —071.2.

The previous two Lemmas tell us that in the the charged case x(01.2) #0 the field content is 1.9,
hence it propagates the field content 1., further down the induction, i.e. for any VIHl= (v“”], V1)),
the bilinear term

<DV;§[2]]1X(01:2)#0’ GtDV;HIH>

will have associated field content %7, +2. On the other hand, the neutral term has the dipole field
content {1, ¥{%»}. Compute

2
D(<U£2J(O)a 1> + <’U£2](%), ¢{r2>) _ ’l)£2](%)|x1 . $2|7%¢1:22 U—j(szjiﬂ (323)
=1

so that for example

<DVt[2]]lx(m:2):0a GtD‘/t[l]> = <U,£2](”)Gt(§1:27 3)olt), |aq — Ta| " Pr3).
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Now a priori we have two options:

1. we try to absorb the divergence |1 — x2| ~* into Gt<£1;27 &3), leaving us with the field content

wl:?)-

2. create a new dipole, i.e. pick a s so that

Y3

|21 — @o| T p1i0ths = |1 — o TF (Y120 — L+ 1)ahs = |21 — 22| * " Yfoths + ——————,
|21 — 22

which yields the decomposition

<DV2[2]1\X(01:2)|:0, GDVtm> = (v PIOIG (€1:2, E3)01, |21 — o] 41, 2t3)
/v M 1] (xg)da:m, ¢3>

|$1 To|*

(3.24)
vy [2](32) Gt 51 25 53) 1]7 wi«?gw3>

‘I1*$2|% %

+
/\/\

=t (By,(23), ¥3) + (Byz,y,(1:3), ¥iaths).

This induces a change of basis in the £=3, | x(c1.3)| =1 case, which would then create further
modifications along the induction in ¢, making the representation (3.15) differ significantly
from the classical Mayer ansatz (3.1).

It turns out that in the case (32 < 6, since we may choose »:=1 (cf. Lemma 3.9), option 1. is
viable: it is possible to negate the divergence |z — x| ~* of the dipole, hence returning to the Mayer
ansatz from ¢ > 3 onwards. This is shown in the following

Lemma 3.12. Let »€(0,1], ¢,n>0, ¢><. Suppose &1.2 is neutral, i.e. 01 =—c2. Then for any
kernel ky(&r), I C3:4

4 G y > —24=
6 2D )] S ety F Wl (3.25)
t,s
Moreover, when 3.4 is also neutral, i.e. 03=—0y,

PR/ (SE 1 PV N T TP

<o £) =2+ 5]|| 2 >9) . 3.26
o= ool s — a7t KNP e e () 208 o (3.26)

t,s

Proof. To prove (3.25), fix j € I and denote by y:=x;. Then using Lemma A.6 with |u|=0 we
have for any ¢ >0

m2 1

|gt($1_ y) _gt<l'2 )‘ < |x1—:11‘2|1 P 7c\f\w1 y| C(l'l 2)6_ T2
|w1 — 2o

thus writing 0;;:= |2; — ;] it follows from (3.7) and d(z1.2, 1) < |z1 — y| that

2169 g, Q)Gt(& 2.81) k(1)

‘$1 $2|% b
S sup/|v[ 169 (¢1.9)wi (£1:2) Z Gl |x1_xgjs,x2 xj)|vgﬁd(ajm’m[)|k‘t<§l)w§(€1)\dazzdxl
jelrI
m2 1
S H|ktH|t CSup/‘U[Z](% +C(€1:2>6%2_%‘6(§7C)\/E6UG_Tt_adxgdxj
JEI
m?2 1
< S el of / eSOV Iy Ty,
jel r1
P 1= 717i
< Mkellle,s OO o) T (8) 717
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where in the last estimate we used (3.20) and that ¢>¢. Thus we proved (3.25) for n=0, and the
same argument extends for any n >0 after inserting (St(-))".

For (3.26) we proceed similarly: assuming, without loss of generality that o1 =03=1 and oo =04=
—1, we have, writing ¥(x34) := 23+ 9(x4 — 3), we have by Lemma A.6 with || =1 that

Ge(&r:2, E3:4)
0750%;
Gi(xz — 1) — Gir(wa — 1) _ Ge(xz — x2) — Gr(wa — x2)
5507, 5%5%,

1 . .
= 5 (s — ) /0 VG (9(w51) — 1) — VGi(9(x31) — 2)dD

m2 1
6_75%2—%(%4—%/ e—cVEz1—B(234)| evTdi2q 9
0

A

7n2
6775%27 %5§[ %e—cﬂ513wg(xl:2)w§(m3:4)

A

where the last bound follows from

|{IJ1 - .’1?3| - ’19|l‘4 - .’1?3| S |£E1 — X3 — 19(.’174 — $3)| = |£El — ’19({L‘34)|

Thus we have, with Ky(i, j) := |v£2](”)(£i, §j)|w§+c(xi,xj)6}j_”

269, Gi(&i2, €3:4) 2](5¢)
Vg (51:2/|$1—m2|”\m3—x4|”vt (&3:4)

t,s

‘m,2
< sup/Kt(l,Q) e(g_c)‘/{‘SlSe*TKt(&4)dx2:4

x1

m2
< P = ey esup / Ky(1,2) eV gy
1
2] (s 3 2] (s 3 —
S o) et el PO e ()
2](s¢ _1l-= 21(2¢ 1= _
S P e ere ()T 0P ety = ()
by (3.20) and ¢> <. Again, the argument generalizes to any 1 >0 after inserting (St(-))". O

Remark 3.13. (Above 67) When 32> 6, i.e. we need to choose » € (1,2], Lemma 3.12 cannot
be used. We then have to choose option 2 in the discussion preceding the lemma, creating a “tripole”
in (3.24). The point is that the remainder bilinear term B,z , (71.3) has a lowered divergence
|21 — 2] ~(* =), it turns out that we may pick 5z:=1 so that s — 5 € (0,1] and Lemma 3.12 can be
used to estimate Bwﬁw; on the other hand, By,(x3) has integration over dz;.2 which provides the
additional smoothing effect to negate the divergence |z1 — 2| ~*. As we have mentioned, the price
to pay is the proliferating change of bases further along the flow, which results in a representation
for V1 significantly different from the naive Mayer ansatz. We refer to [36] for further discussion
on this issue.

Note that we introduced in (3.5) the function © in the weight, but so far we only took norms with
O :=¢ e R,. Since the above lemma changes the weight in the norm, this is no longer feasible.
Hence from now on, we take (3.5) with

0:=0(f) :=47"

Lemma 3.12 allows us to finally determine the form of the generalised representation (3.15) for
all £> 3, and subsequently to propagate the induction through the corresponding kernels, i.e. to
extend Lemma 3.3 from 32 <47 to 32 < 6m. Define the basis of representation

M= {({,01.0,%): L ENg,01.0€ {—1,1}, 5c€ {0,1}}.
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Given an index a:= (¢, 01.¢, 3¢) € M, let us introduce the notation
la):=¢, o(a):=o1.y, »(a) = .

We decompose the basis as 90T =9, W (M M), where M, is the subset of indices that needed
nontrivial post-processing, namely

mp = {(27 01:2, %): X(UI:Q) = 0}

The associated field content of the representation is then

P10 if a €M\ My, »(a)=0 Pr.0—1 i >0
VUe:=4q 0 if aeIMM\M,,x(a)=1 where Yfig: =< |z1— @a|* (3.27)
Wi, if aem, 1 if =0,

We note that this is a redefinition of our previous notation; we have already started moving in this
direction in Remark 3.10.

The boundary conditions are already determined for almost all kernels of the first 2 iteration orders,
cf. (3.19) and U([Jl’]T(a) ::% when »(a)=0; what remains is setting

oY =0 i x(a)=1.
For all kernels with ¢ >3 we impose the irrelevant boundary condition, i.e. we set
=0 i >3, acom\M, (3.28)

With this, the boundary conditions have been fixed for all kernels of the index set 9.
Having determined the generalised ansatz (3.15), we can now translate the Polchinski equation

(2.20) from Vtm’T to a hierarchy of equations for the kernels U%]q(«a) of the representation and prove

the inductive bounds on them.

Proposition 3.14. (estimates on the potential kernels) Let 3° <67. Then there exist kernels
{UE{]T(G)}QGW obeying boundary conditions v([i]j(wa) ::%, (3.19) and (3.28), such that {‘/;[ZLT}” given
by (3.15), satisfy (2.20). Moreover, for each a € M and any n € R, we have the estimates

»(a)

025000y, m S A (8) 1 MIg (1) ™2

(3.29)

for some c=c(a, %) €Ry. All bounds are independent of p except that of a €9, with »(a)=0.

Proof. First, we set Ui[yé]T(a) =0 whenever a € M\ M, and »(a)=1. These trivially satisfy (3.29)
and also consistent with the Polchinski equation because of the 0 field content. Thus from now on
we only consider the remaining kernels.

The starting level £=1 is done just as in the proof of Lemma 3.3. The case £ =2 has been treated
in Lemma 3.9 (cf. also Remark 3.10 for notation). Thus from now on, suppose ¢ > 3; we will check
(3.29) inductively with the understanding that c € Ry in [§ is a constant we do not track and may
change from line to line.

Based on Lemma 3.8, the bilinear part of the Polchinski equation (2.20) may be decomposed as

> (v Gov)

0401 =2

= 3 (Y @D w63 Ce (DO, w))
040 =0 bemMm cem

Y 1Y e S\ w). G0l )
L4-0"=L 040 =L 0401 =1

b,ceM\M,  bEMy,ceM\M,  b,ceM,
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with Cy, Ce, Cp, . nonnegative combinatorial constants. We treat the three parts in separate cases.

1. Case b,ce M\ M, by (3.27) we compute, just as in the proof of Lemma 3.1, that

(D(II® @) G D (011 W, )Y = Cp (ol ®) ()G, (&r,, €1,)0l 21O (€1,), 110

for some constant Cp ., so that
ol (&) G n, )0l ™€) ls 000

ol @ —e(s) =2l 4

<
I b _ I
< MO e (s) 2! =1 o)
S A ls) ™ sy

2. Case beM,, c € M\ M,: computing as in (3.23),

<D<v£|11|](b)’ W), GSD@SHIQH(c)’ Vo)) = bec<vs[z](b)(&ﬂ)wvnhn(c)(&2)’ ¢1:e>

|1 — 22| °

where »:= (b) =1. Hence estimating by (3.25) with ¢:=2-47* and using the bounds of
Lemma 3.9 we get, since £ >3

20, (€12 &) i) ¢

|1 — 22 °

5,0(0)

b —24 = I
< PO, 54 (s) 7220,
b —24= Isl](e
< MBI - cends) 22
2](b —24= I c
< PPl e () 2 = 0219, o)
< As(s) ™ sy TG

3. Case b, ce M, it follows from the definition of 9, that this only happens in when ¢=4.
Similarly to (3.23) we obtain

<D<v£‘ll‘](b),\I/b>,GSD<U£|12H(C),\Ifc>>
e C<v[z](b)(§1_2) Gs(&1:2, €3:4) ‘ v[z](c)(€3.4)’w1.4>

|$1 — 1‘2|%|1'3 — X4

where 5 := 5(b) = 3(c) = 1. Thus estimating by (3.26) with c:=2-4~* and Lemma 3.9

2@ () Gs(€1:2, £3:4) o2@(£5.)

Moy — wol*|ws — wal**

5,0(0)

PIey 2421

(B p— .

0P @5 02y (s) 21|, 02
)‘S()‘8<5>71)Z71<3>71[§'

ARZANRYAN

Hence combining the above cases and using the screening bound (3.12) we get

A

(TSR P /||er’5<€1:@>||LooAs<As<s>—1>f-1<s>-1t:ds

t

5/ ()\t)\;l)|x(61;z)|)\s()\s<8>—1)€—1<8>—1[§d8
t
< M) THEE

where the integral converges because the assumption ¢ > 3 implies either £ =3, in which case
|x(01.¢)| > 1, or £ >4, in which case Ag(\s(s) ™)~ 1xx (s)1740 < (5)7¢ for some ¢ >0 as 32 <67 <
d>1/4. O
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A straightforward consequence of the above uniform bounds is the removal of the UV cutoff T'. To
this end, we extend the kernels trivially from [0, 7] to Ry; namely, put

SRR (o (3.30)

[€](a)

for any ¢ € R ; we abuse notation by simply writing v; 7 instead of U[z](a).

Corollary 3.15. For any n>0, the |||-|||¢,0,,-limits

vl[f]( ). [f] (a)

= lim v
T—>O<J

exist, are independent of ), and satisfy the bounds (3.29). Moreover, V14:°%:(¢), given by

Vs S VIS e VIO rg) i [ ) Yl o))t (331

acM
l(a)=L

satisfies (2.20).

Proof. See Appendix B.3 g
To simplify notation, we frequently suppress reference to p, and also write v,?](“) = vg]ooa) and
V;[Z] P V;[Z],oo

4 The effective force observable

With the inductive bounds on the kernels of the representation proven, we may translate them to
estimates on the approximate effective force. We tacitly assume that every object with superscript
T is extended from [0,T] to Ry trivially, i.e. just as in (3.30) above.

Proposition 4.1. (estimates on the approximate force) Let 3% < 6n. Denote by E:=L> or
L2((z)~™) for n>2. Then with F\""?:=DV"? for all X € S', we have

supsupsup || QuF ()] g S Ao (8) ) Mg () L (4.1)
T p ¢EH
sup supsup [(DET2(6), G X o S A (8) 115 () 7 QX |- (4.2)
T p g€

Moreover, denoting E:=L> or L*({x)™") for any n € Z, we have

supsup | Qi(FIAT2(0) = FT2 (6| 5 S MO (&) D15 |6 — o1 (4.3)
P

supsup||<D FIT2(0) = FAT2(6), X)) || p SAeOe (8) ™) 1E () " QeX el 6 — ¢lle (4.4)

Finally, if ||QiX ||L~ < o0, then as T — o,

supsup [|QuF{H7 = FO ) (@) + (D7 = FOT2)(0), i) = 0
P

and for n>2, denoting by L?~":= L*({x)™™"), as p— lge,

supsup [ Qi FNT ) @) [ (DUFT = FAT0) ), ) 0.
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Proof. The bounds follow from the estimates of the previous section in a straightforward way.

1. The force bound (4.1):
The vacuum energy contribution U,E]T(O) is annihilated by the derivative, thus denoting by

M®) (z)):= Tyeo\o, + Loeam, L(v)>olTr(1) — $1(2)|_%(b)
we compute

QFPT(¢)(y) = QDVIIT(¢)(y)

=8 > [ oo Zoj y)redéne
acM
l(a)=L

Hence for a € M\ M, we simply have, uniformly in ||p||r- <1, that

¢
Q)] 5 s [ 6003 KR~ )
=1
< W5 llnomsup [ K@
y JRE
4
S Mol om0
On the other hand, for @ € M, with s :=s(a)=1, by neutrality o; = —032, using Lemma

A.6, and (3.20) yields

a o1k (1 — +o E9 (20—
|QFT () ()] < /in]l("a)(glﬂ) 1k (1 |xyl)_xjj( 2=y, pdéres
m2 1
S; /vyTa)(é-l 2) (xl:Q)e_c\/zlrl_yleiﬁt§d$1:2

1

{)(a —=
< i, 0,0(t) 2

and the L> statement follows from Proposition 3.14 and Corollary 3.15. The L?({z)~")
statement is done verbatim.

2. The contraction bound (4.2):

Since G4 X =G+ X € C>®(R%), point evaluations make sense and we may compute

(DFM @ T(9), G, X ) (y)
= DFJ““*T(@[QX]@)

¢
= —52/ (z1. z)vyT @) (£1.0) Z ooK(G x)0(x) — y)Y1:ed&r:e-

7.k=1

When a € 9\ 91, we simply bound it by

N

Y4
IGexX o [ 1ol ¢ )3 Ol )
< )Y QuX || 0} “Mnten

and we conclude from Proposition 3.14 and Corollary 3.15. When a € M, with sc:=x(a) =1,
by neutrality o1 = —05 it is estimated via

. . 9
< /|U£€¥a)|(§1:2) [(GeX) (1) — (G X)(x2)| Z 5(wn— y)déra
k=1

|1 — 22|
. @ a
IVGeX (|0} 0,

<
e
< ()" 2|\QtX||Loo|||v[ K0,

35



by (A.2).
3. The Lipschitz bounds (4.3) and (4.4):

Denoting by 1] := e'P7i%"(%3) e have

Yo — i =y [P0 — B @ < 3N [ g(a5) — ¢ (a))]

jEeL:L jEeL:L

from which the L*> bounds follow immediately by repeating the argument of (4.1) and (4.2).
Thus from now on, we focus only on the weighted L? bounds. First let @ € 9\ 9M,. Fix
a charge configuration o1., and pick any j, k € 1: {; we have, with the change of variables
r=x;—y, z;=0, Zm==Tm —x; (MFJ)

Linly) = / |olK) (@1.0) |k 2 (2 — v)|d(ax) — &' (1) | A1

/ |05 (1o y+ ) K2 G20+ y +7) — ¢/ (21 + Y+ 7)Ao 577

= /|U%]T(a)(21:€)|k?<7“)|¢(2k+y+7“)—¢'(Zk+y+7“)\d21;e\{j}d7“

where the last equality follows from translation invariance of the kernels vyi]j(fl). Then by
Minkowski’s integral inequality, the estimate ||u(-+h)]|| 2 <p (R)™||u 2. —» and

_ 4
1)L ke lze S MK 0,n 152N Ll 6 — &l 2

where (r)I"! is eaten by [|k&||L: and (z;)!"! by the parameter 5 in the kernel norm. This
shows (4.3) in the case @ € M\ M,,. For a € M,,, we combine the above argument with how
this case was handled in proving (4.1). Finally, (4.4) follows along similar lines from the
proof of (4.2).

4. The T and p limits:
The claim about the T'— oo limits follows from Corollary 3.15.

For the claim about the p— 12, limit, estimate, when a € 0\ M,
|Qu( @2 — FAE T2y ()|,

/‘/(1p(m:e))vy](a)(&:é) Z ok () — y)r.edEie

JjEL:L

(y)~"dy

X

A

sup |1 — p(10) Pl @12 o 1L 122 / (y)"dy

Z1:¢

and apply dominated convergence. On the other hand, when a € M, with s»:=x(a)=1, we
use neutrality and Lemma A.6 to get

2
(y) "dy

|21 — 22

/’/(1 — p(x1.2))01 N (€1.2) k(e = y) = k(a2 —y) dio

2

/’/(1 — pl12) o1 (g g)e—eVTm - vleevTla—ealeoriaqy

1 f(a —eil] —m2 o
fsup|1 - () @2 o eV / (y)~"dy
T1:2

2<y>*"dy

A

N

and again conclude from dominated convergence.

The case of <DF,5[Z]’T(¢), GX > follows similarly, by combining the above argument with the
proof of (4.2). O
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Combining the bounds (4.1) and (4.2), we obtain that for ¢, " such that ¢’ + ¢ > ¢, we have
DET(6), G T ()| e S Aeelt) ™G T NN (1) 1) 105 () (4.5)

<
< (elt)HAg

again uniformly in p, ¢, and T € [0, co].

We are in now position to prove the existence of the sine-Gordon scale decomposition process .
We start with recalling the following

Theorem 4.2. ([29]) Let 5% <6m and denote by FT:=FI=3LT. Then for any peC® and T € [0, 00)
there exists a unique solution (TP, RT:P) to the equation

t. ~ ~
el = - / G (pg") + R ")ds + By
R ) (4.6)
R = 88| [ (0 Jag, JET o)~ DED (1), GuED () + B ds
t
satisfying
sup sup || R} |l o;00) S A+ A1) 3 (47)

P T

Proof. Existence and uniqueness is Lemma 2.6 and Theorem 2.2 in [29]. The uniform boundedness
estimate (4.7) follows from Lemma 4.1. O

Corollary 4.3. Let n>2. Then

1. The laws of (1", B.) are tight on Cioe(R; L*((z)~™))?

2. The laws of RT'? are tight on LEo(Ry; L2((x)™™)), equipped with the weak topology of
L2([0, S); L3({z)~™)) for each S €N.

Proof. Fix an S < oo. Denote by Z:= ¢ — B. It follows from (4.1), (4.7) and (A.2) that uniformly
in T and p,

T, 5T,
sup (| Z; Pllpoeswioey + 125 PllLe(@;n=)) < Ch,s.
te(0,S

It is clear that W1°°(R?) is compactly embedded in L2({x)~"). Indeed, pick a bounded (uj)C
W12°(R?); on every closed ball of R? we may apply Arzela—Ascoli, and a diagonal argument allows
to extract a subsequence (uy;) converging locally uniformly on R? to a u € Cp. By integrability of
(z)~", dominated convergence yields uy, —u in L?((z)~").

Then by Lipschitzness obtained from the bound above on Z7 , we may use Arzela—Ascoli to see that
{ZTP}1 , lives almost surely in a compact subset of C([0, S]; L?({(z) ™)), hence its laws are tight.

On the other hand, it follows from (4.7) that uniformly in 7" and p, we have almost surely

S
T — / BT 222y s < / NESTEEN

hence by the Banach—Alaoglu theorem and reflexivity, {RT’p}T’p lives almost surely in a weakly
compact subset of L2([0, S]; L2({z)~")). O

By Prokhorov’s theorem, the sequence of the above measures admit a weakly convergent sub-
sequence. The next proposition identifies such limits as the laws of the solution to an FBSDE
corresponding to the cutoff-removed effective force coefficients.
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Theorem 4.4. For every accumulation point (v, vg) of Law(pT*, RTvP)Typ in Theorem 4.2,
there exists a filtered probability space (2, o , F ,P) with admissible filtration F such that (¢, R)
has law (v, vgr) and solves

t. ~ ~
pr = - / Go(FX" (p5) + Ry)ds + By
0 (4.8)

B7| [ (0 36 JF 0 — (DE (00, GulF™ *(0.) + ) ds

Ry

Proof. Let (T, p) index a convergent subsequence. By the Skorokhod representation theorem,
there exists a probability space (2, .27, P) and random variables (¢, R) such that P-almost surely

©T? — ¢ in C([0, 8], L*((x)~™)) and RT"# — R weakly in L*([0, S]; L*>((x)~™)) for any S.

Convergence of the forward equation

Write
[ GuFz 0+ Re) = GUED A(SE0) 4 R

/G OO:U.RQ (,Og) Foo ]11]@2( Tp d8+/ G OOHRQ(()DT p) FT p( Tp))dS

+ /GS(RS—RS’ )ds
0

The first term vanishes in L?((z)~") due to (4.3), the second due to the convergence result of
Proposition 4.1, and the third weakly in L2((z)~") due to RT*? — R. Indeed, for the latter, note
that for any h € L3({(z)~") we have

t . ~ ~ t ~ ~ .
</ GS(RS—RST’p)ds7h> :/ (Rs— RE?), Gih) 2 () -myds — 0,
0 L2({z)~™) 0

as s+— Gih is in L2([0,t]; L2((z)™™)) due to Lemma A.9 (recall Notation B.2). Coupled with the
convergence ¢! ? — o, we obtain that the forward equation of (4.8) holds in the limit.

Convergence of the integrand of the backward equation

We are going to show that the integrands of f%tT’p converge to that with the limiting force coefhi-
cients. For any ¢/, ¢" >0,

(DFIFltia(g), GFIh =22 g)) — (DFIIT AT 0) GFIT o( o)
= (D(PII () - FOIT (), G )
+ (D(FELTr(p) — FUELT "( 7)), G b0tz ()
4 (DFUIT (10, G(PI 23 ) — FIO VT ()
+ (DFETr(pT0), GFET TP () — FETTT 2 (oT00)))

and the first term vanishes in C([0, 5], L2({x) ™)) due to the convergence result of Proposition 4.1,
the second due to (4.4), the third due to (4.2) combined with the convergence result of Pr0p081t10n
4.1, and the fourth due to (4.2) and (4.3).

On the other hand,
(DF"%(p). GR) — (DET #( ), GRT )

= (D(F*"(p) = FT2()), GRT #) + (D(FT-#(p) — FT-0(pT-7)), GRT-7)
+ (DF"(p), G(R— RT"))
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and the first term vanishes in strongly in L2([0, S]; L?((z)~")) due to the convergence result of
Proposition 4.1 combined with (4.7), the second due to (4.4) and (4.7). Finally, the third vanishes
weakly in L2([0,S]; L?((z)~")). To see this, denote by

Ag LA((@) ) = L)), AX) = (DE (), G.X).
Then it follows from (4.2) that
sup HAS”[,(LQ((;c}*")) < Q.
s€[0,S]

Hence for every h € L%([0,S]; L?((z)~")), we have that A*h € L%([0, S]; L?({(z)~™)), so

s 00,1 .~ ~ s ~
/ ((DEZ™ (), Gol By = RI) ) hs) ds:/ (Ry— RTP, Athy) 12 gy —myds — 0.
0 L2({z)™™) 0

Combined with the cancellation induced by the structure of (2.20), the statement follows.

Convergence of the backward equation

Take ¢7+# be the filtration generated by PT-#:= (o1, B., RT?). Denote by ZT-* its right-
continuous augmentation.

Fix S < oo and let a <b€[0,S]. Denoting by I7:# the integrand of the backward equation, for any
G bounded continuous function and h € L?({x)~"), by Fubini and the tower rule we have

T
/G 0a]< —/ IST”’ds,h> dt
L2((x)~")
T
= /E[EB<1EB{/ 15 Pds] /IsT’pds,G(PTvP[o,a])h> ]dt
a t L2((z)~™)

= 0.

By the convergence of I7:#, RT-# and PT-*, and the uniform tail bounds (4.7) and (4.5), we may
pass to the limit in the above equation. Thus approximating in L?(2) yields

b ~
E X/ <Rt—/ 121 h> dt
a t L2((xz)~™)

for any bounded ¥%,-measurable X. Now note that the same holds with R; replaced by
E7 [ f > 1R2du} Thus considering the process

t 000012
Mt::/ RS—E?[/ I, Rdu}ds,
0 s

we have, for any bounded ¥, ,-measurable X, that

=0

E[X (My— My, h) (1)) =0.

Moreover, M is continuous and %#-adapted, so also ¢¥-adapted. Hence M is a martingale, and
since it of bounded variation, it is identically zero. Thus R, =EZ [ f I, oo deu} dt ® dP-almost
everywhere.

Admissibility of the filtration

Recall that .# was defined to be the usual augmentation of ¢, the filtration generated by P:=(¢.,
B.,R)), so we only need to show that B is an %#-martingale. Before removing the cutoffs, since
PT’p|[O’S] is .ZP-measurable, we have for any s <t

Law(

5], Bt — Bs) = Law(P7"#|;g ) ® Law(B; — Bs),
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which passes to the limit. Now let A € .%,. For any s <v <t, we have A €%,, hence
E[14(B: — B,)]=0.
We then conclude from the fact that B, — Bs in L?(); L2({x) ")) as v — s. O

Corollary 4.5. Let ¢ be as in Theorem 4.4 with associated convergent subsequence indexed by
(T, p). Then for any n>2 and >0, we have

Law(o7'") = Law (o)
weakly in H—=((x)™™).

Proof. Write E:=H ¢({(z)~ ") and Z:= ¢ — B, From (4.1), (4.7) and (A.2) and the embedding
L?({(z)~™) — E we have

sup || 25l S (s) 710
T,p

so that Z. :=limy_, . Z; exists almost surely. Fixing S < co, we have

127"~ Zsol|o

IN

127"~ Z§ e+ 125" — Zslle+ 1 Zs — Zos

T o0
S / <8>‘1‘5l§ds+||Z§”’—Zs||E+/ (s)~1-%1eds.
S S

Since Zg’p—> Zg in E almost surely, the second term vanishes. Then letting S — oo shows ||Z7T~"’ -
Zsollg— 0 almost surely. The statement then follows from convergence in probability of Br. O

A process ¢ in the above theorem is the (UV-complete) scale decomposition process of the massive
sine-Gordon model and Law(ys) is the sine-Gordon measure. Let us remark that when the
coupling constant A is small or the volume is finite, the measure is unique.

From now on, we are going to omit the reference to the removed cutoffs in (4.8) and write simply
F instead of F°'s2,

Let us collect some immediate consequences of this theorem, namely, basic probabilistic estimates
on local functionals of ¢ that will often be used in what follows. All of these bounds follow
straightforwardly from the decomposition ¢;= B+ Z; to a Gaussian B and a bounded drift Z.

Lemma 4.6. Let o= (1)1 >0 be the scale decomposition process of sine-Gordon, x €R?, p€[1,00).
Then for all s < oo, n€N, a €R and multiindez 1 € N?> we have

nlpl

1(0%0s)™ (@) l|Lr) Sx.p,u ()2 I, (4.9)
azp
||ea<p5(x)HLp(Q) S)\,p,a eTgs(O) (410)
and, for some ce Ry,
a? lul
L O (4.11)

Proof. Denote Z,:=—G4(Fs(ps) + R,). By Young’s convolution inequality, (4.1), (4.7), (A.2), and
subcriticality § >0 we have

IN

t .
10" 2 e 5) / AT

t ~
/o HaukﬁQHLl (HQSFS[S?)](@S)HL“(Q;L“) + HQsRSHL“(Q;L“))dS

IN

(4.12)

A

/t<8>'21<s>1(As[§+A+Xé<s>3)ds
0

Iz

< W
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When |p|=0, for any g € [1,00), by Gaussianity of B, hypercontractivity and (4.12) we have
lps()l|za(e) Sq 1Bs(@)llL2(@) + 1 Zsllell@) S v/Gs(0) + LS AL +log(1V 5)),

and the claim then follows from Hélder with g:=np. When |u| > 1, since for the 2k'® Hermite
polynomial it holds that Hegs(0,7) < 7%, we have

I A R L
85“(/ sTlem e T ds>
0 £=0

e ~3lep?
s7le s H s*MiHes,, (&, s e 1
0 i=1

t m?2
/ e s slrl—1ds
0

<t>|u|.

E[(9"By)*(x)] = (~1)*(8°G¢) (0)

X

N

£=0

A

N

The estimate (4.10) follows simply from

|| e ||eOLBS a”ZSHLOO(Rz)HL @ < 6%2”93(0)604@
o () > .

@lLra) S @ Le|e

For (4.11), recall that given jointly Gaussian vectors (X,Y"), we have

]E[6<a,X)e<u,Y>] _ e%<a72Xa>E[e<u,Y+Exyu)]

for every u, where ¥ x and Yxy are the corresponding (cross-)covariance matrices. Thus

Ele X F(Y)] = ez * X E[F(Y 4 Exya)]

for any polynomial F', so that denoting by P, the polynomials obtained from Faa di Bruno,

[09e2B @ 110y = E[evB0|P({BY(2)}<,)]
2

= 79O P ({0"Bi() +a Cov(0”Bi(x), Bi(x))} <) lre,
and since
Cov(9"B(x), Bi(x)) = (~1)"10°G,(0) S (1) 7 6,
we get
0B @110 S Tty 5 e

Then using the above L bounds on Z,

P G

_ 21 ()
< 3 (M) P 0 g
v<p
2
5 eacke ) gt(0)<t>%[§
as requested. )

Proposition 4.7. (existence of the effective force observable and its remainder) Let
B?<6m, y € R2. Then

1. for any £ €N with { >6"1—1, the germ F[Sg](y) is coherent, and for any ' >0, it satisfies
(2.21).

2. for any (* € Ny, GRZY), given by (2.22), is well-defined and satisfies (2.26).
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Proof. Using the symmetry of Uy](a)

limit by the proof of Corollary (3.15)),

under permutations of indices (which extends to the UV

¢
Fl(¢) = 8 > / w10 DM@ (g, 0> 0ibetbnedére
acM j=1
l(a)=L
= Bl > / 21:0)0) VM D (€1,0)0180,11:0dE10.

ueim
l(a)=¢

— Y e

ac
L(a)=t

We may represent Ft[e](a) as a function y— K} [e](a)[gb](y) over R via the duality

,[4](a = ¢ (25
<KtF e )[¢]7h>L2(Rd) <Ft[]( )( )’h>5»5l
fOI' hGS Ihat iS,

W‘”[aﬁ]( Yh(y)dy

/h x1)p(x1) iﬁfaﬂ/h/p($2:e)vy](a)M(“)(€17fz:e)l/lwd«fudm
016{ 1,1}

which yields

K?[e](a)w(y)zp(y)wf Z Ul¢(al,y)/P(xzze)vy](a)M(a)(Ghy7€2;5)¢2:ed§2;z~

o1€{—-1,1}

We abuse notation and write F[e](a)(@ to mean the function K, Mm)[(b]. For a € M\ M,,, we then
simply have, uniformly in ||p||p~ <1, that

|FI@) () (y)] <sup / |0l (&1, 0)|déze S MoK e 0,5

whereas for a € M, with s :=s(a) =1, by neutrality and charge conjugation symmetry of v,[f]jg%)

(cf. Remark 3.11 and proof of Corollary (3.15))

/4
I () (y)
= ply)iBle™ W / p(z2)o[ DM@ (4, y, -, mp)e~PEDda,

— p(y)iﬂﬂe‘iﬁ‘b(y)/p(:cg)vy](“)M(a)(—,y,—i—,xg)ew‘b(m)dxz

p(y)igg</p( ol @@y y oz _)(eiﬂ¢(y)e—i5¢(fﬂ2)_e—iﬁ¢(y)ei5¢(12))dx2>

and by the neutrality condition, zeroth order Taylor expansion gives

g(y,z2) = (eiﬁ?ﬁ(y)e—iﬁ‘ﬁ(rz)_e—iw( OB CONSN
= (1-1)- zﬂ( )/ (eiﬁw(y)*«ﬁ(rz))+e*zﬁ(rb(y)*wzg)))V(b(xg)dqg
ly — x|

where we denoted x§:=y 4 9(z9 — y).
Thus Minkowski’s integral inequality, Proposition 3.14 and Lemma 4.6 yields that for any p€[1,00)

/(a U)(a —1yc
IFT o) W] oy S M e o0 S 10%01(@) Loy S Ae(Aelt) 1)1,

lv|=1
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It follows that for any ¢/ > ? we have

|FEY e w) - FE o)

L1(Q) < Z ||Ft[€](cpt)(y)HL1(Q) (4.13)

124N
P
o~
~
[y
|
S
—~
~
~
|
I=d
~
—
o

which vanishes as t — oo, since (+1>6"1.
Recall that it follows from (2.20) that FI = DV satisfies the flow equation

8tF}Z]+%ActFy]:% S OD(FGE Y = S (DEY,GE.

oper=e oper=e

Then for any ¢* € N, we have

~ (o2 Jr= <DF<“< >GS<F[<3]<%>+R>><>

= 3 (DF e, G F =3 > (DE ), G (00) ()
040 < px 01<ex 07<3

_ <DF§§“](¢S),G§RS>(9) ) , ,
= > OEYe).GE @) - > (DR, GE (e0) ()

0r>4 o< 01<3
0101 <gx 040" >0 +1

— (DFEY(0.), GaR) ()

and plugging in (4.2), (4.5) and the bound on R,

S IPE ). GF o)) W)y S (075
i

S D ) GFE ) )l ey S (67D
ﬁiiﬁfzi’ﬁi
[(DEE (p,), GRS YWl e < (1o

so that F[<€ ]( ) satisfies (2.10) provided £*>/>§~' —1. Conditions 1. and 2. of Definition 2.5
are checked in a straightforward way, see Lemma 6.1 below. This proves item 1.

To prove item 2, note that it follows from item 1, in particular (4.13), that the reconstructed
observable of the germ FIS¢(y) is the same as F,(,) 4+ R,. Therefore, for any £* >/, we may use
the germ FIS¢in the generator 2" and compute

E/ (a 306 >F[<‘* (DEE ), Go(B= N s) + B )ds

E/ > (PE0). GE ) - 3 (DE(en). GBI ds.

0,0 < g o<t
EI+Z//>Z*

(4.14)

Now (4.2) yields

Z H<DFt[£]aGtR£>Z*]>|‘L®(Q;Lw) N Z )\t()\t<t>71)£71<t>71[§”QtR£>é*]HLOO(Q;LOO)
<t <t

A () ~215]| RE ]

A

H Loo(Q;L°)
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where we used that the smoothing effect of the heat kernel forces the right-hand side of (4.14),
hence RLM I to be function-valued. Plugging this bound and (4.5) into (4.14),

> —o(L* c —1—
|| e S [ @

hence by backward Grénwall

ds

(L)

5

A

oo
—5( +1) (e (u) T 0 lduy
) /t (s) #€ 5 (4.15)

< <t>176(£*+1)[§

and (2.26) follows from Young’s inequality and ||Gy||z: < (£) =2 When £* </, combine the estimate
just derived with (4.1). O

Similarly to the Taylor expansion for effective force in the previous proposition, we may obtain

LP(Q) bounds on Vtm’T(cpt) that, however, depend on the volume cutoff p. We will not use these
estimates in the following and hence invite the reader to skip the remark below.

Remark 4.8. It holds for any p € [1, 00) uniformly in T that

VT Loy S Mo llade(ne (8) =1y b, (4.16)

Indeed, for a € MM\ M,,, we have via sup,cra |exp(ifp(z))| <1, p(x) €[0,1] and w; > 1 that

[V A@T ()| < / |0l (10| p(er.0)dére S o lalllol i o

and the statement follows from Proposition 3.14.

For a € M, with x(a) =0 we obtain trivially |V;[e](a)’T(¢>)| = U£?]:,£O)| = |||v£€]T(a)|Ht7@ and again
conclude by Proposition 3.14. Given a neutral pair of vertex fields, Taylor expansion around
yields by the neutrality condition o1 = —o9 that

1
Yro=1+iBosV (1) (va— 1)+ 1 Y %(xszﬁ)"/) (1 =)0 (05,21 +0(22—z1))d?  (4.17)

|lv|=2
thus for an a € M,,, with s:=3(a) >0, we obtain

[V AT ()]
= / W (62 e L,

’ |21 — @2l
Py Vv -
< /U?]IE (€1:2) pl(a1.2) Bo2V (@) (1;2 xl)d&:z
’ |21 — o

s 2 (zg—x1)” [! .
+ / o (1) ey, 3 2 Az2=m) / (1= )0 (o 14 9(a ) WIEr

=2 V! |.’1?1 —mg‘%

with s¢ <2. The first term is zero by the charge conjugation symmetry of v[z](% (cf. Remark 3.11);
hence by Minkowski’s integral inequality, (3.20), Lemma 4.6

[2](>) |

4 ,T — v
VT o) oy S lollallo s — 2 o > 10%lLre
lv|=2

T (t)!

plzallloP2 e, eft) ™

A
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and conclude from Proposition 3.14.

Note that the above argument with the first-order Taylor expansion in (4.17) allows for curing
a divergence of order up to s < 2. Since we restrict ourselves to 32 < 67, we could have replaced
(4.17) with zeroth-order Taylor expansion to offset the divergence of order s =1; in this case we
would not have had to rely on Remark 3.11.

5 Observable flow equations

5.1 Polynomial observables

In this section we construct all polynomial observables of the sine-Gordon field by carrying out
the program of Section 2.6. Since the field ¢+(y) has only logarithmic blowup in the UV ¢t —
0o, simple Wick ordering is sufficient to make sense of the observable-inserted correlation func-
tions ([¢™(y)][*[d(x1)]- . -[¢(xr)]) for any n €N; in turn, this is already computed by level =1
approximation in the flow equation. However, as we want to prove the prefactorization algebra
property of the observables we construct (Theorem 1.2), and in the subsequent sections we will
consider observables 9(z) of arbitrarily high superficial degree of divergence, we need to develop
the perturbative approximation to arbitrary precision even for polynomials in order to conclude
the existence of the products ([¢™(y)]*Q(z)).

From now on, we fix y € R%, the point where the observable is localized. Using the notations of the
previous section, we make the ansatz

a1 (0)= / ) et STy o

where we denoted ¢f;(e—1) =1 e—1)P(T1:0—1)), and let

09, &-np ) =Y 1 (Ene-1), 1) 0*(v) (5.2)
k=0

with kernels ’yyj]T(k) to be determined. That is, the start of our induction is the first-order repres-

entation
n

1,7 1](k
a""(0)=3" WP () ok (y)
k=0
and the periodic structure, i.e. dependence on the vertex fields 11.(,—1) in qy]’T enters only at ¢ > 2
iteration order through contact with the Mayer-expanded potential in the flow equation (2.19). It
is straightforward to verify that the above representation is compatible with the structure of the

flow equation (2.19). To this end, recall the definition of G, from (3.2); we now also introduce

@s(fla y) = zgz Ujgs(y - x])
Jjel
for I CN. Due to the nontrivial post-processing of the potential’s basis, we also define

M®)(z7) :=Lpeom o, + Loem, Liv)>olTr(1) — T1(2)| ~. (5.3)

Finally, given a finite index set I C N we denote by &1 for the tuple obtained by omitting one
index from I. When such notation appears in the formulae below, each summand is understood
after consistently relabeling all of its remaining variables.

Lemma 5.1. Let VI be given by (3.31). Suppose that the kernels vt[li]T(k) satisfy the equations

T
’Yg]z(ﬂk)(fl:@fl)ay):66”’T(&:“’1>)’Y¥],(z]f)(£1:(fzfn,y)+/ Creleren) gl (e (1), y)ds  (5.4)
t

45



where

§1:0-1),Y)

S
T
_ Lg(k+2)95(0)%[‘7]%“2)(51'“*1)’3”)

+ 2(k+ 1)@(§1z 1) )’Yy]’l("k—i_l)(glz(lfl)ay)
— Y Gk )Cnn Y. (VIO MO ) B (A (6 _y) (55)

IilgI=1:£ beM:
4(b)=|I2|
I
= Y Cnpm YL (EIOM®) (6)G (6, &) P (1, w)
IilgI=1:£ beM:
£(b)=|I2|

or some positive combinatorial coefficients C|y,| 1,- Then qm’T, given by (5.1) and (5.2), satisfies
[11],] 12 t
the observable flow equation (2.19).

Proof. A straightforward computation; see Appendix B.2 for details. O
Imposing the boundary conditions

Yo,r = Onyk
: (5.6)
AIE =0 ite>2

the above hierarchy of equations allows us to estimate the germ kernels ,7[@]( ) inductively using
the already established bounds on the potential kernels. We will estimate in the norm

N5 e,0,m = / I (v o1y 9| (@10 1), 9) (St @101y, 1)) A0 (5.7)

where w? is given by (3.4) with the control chosen to be © :=©(f) :=4~* as before, and 7 >0 to
be chosen later. The purpose of the weights (St(x1.(,—1),))" is to control the infinite volume limit.

Proposition 5.2. Let 32 < 6m. Then there exist kernels ’y,@ 1) satisfying (5.4) with boundary
conditions (5.6), and it holds for any n>0 that

15 e o0 S ) =) (5.8)
for some c=c(n,k,(,3%) €R;. Moreover, the |||-|||t,0,,-limits
AAE) h_)moov[él(k

exist, are independent of 1 and satisfy the bounds (5.8).

Proof. We proceed inductively in ¢, k; the starting point is (¢, k) = (1,n); from which we descend
k— k — 1 until k=0 is reached, from which we go to (¢, k) =(2,n) and so forth. As before, we do
not track the log-dependence, hence the constant ¢ € Ry in [§ may change from line to line.

Clearly for £=1 the flow equation computes the Gaussian renormalisation counterterms, hence by
Lemma A.1

175 01,0 = | X ()] Snie 1+ Go(0)" S 16,

For the inductive step, we can bound the source term as follows. Of course

1SS (v 01, ) s,
Bs(Er. -1y )VIETD Er -1y, 9)llls.00m

IZANRYAN

16l o S ()0 (s) 71
L) (k
16l EE o S
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For the terms involving the potential kernels, note that for nontrivial M)(x7,) we can use the
technology of Lemma 3.12. Indeed, from (3.25) with ¢:=2-47% and (3.29) we see

1 k}
ol 21®) (g7 M®) (21,)G (512,&1 DS e 1, )l a-eom
[ “’2”“’)|||634fen<s> X

ot [112[](b ||| e 1)n< >7 (o) |||’Y
/\S()\S<S> )\Izl 1<> 2(>\s<3> )|I1| l[g

Uh\](k)m 4t
5,474 n

AR ZANRZA

since |Io| < £ — 1 apart from the trivial case |Io| = ¢ when |I;| =0 so that ¢[” =0. The remaining
source term is bounded similarly via a straightforward modification of (3.25) to @(&1.2, ¥):

ol 20O (g1,) MO (a1, &, («512, m“;” B0 (g1, 1, y)

I2|](b (17
S e Xy

5,47 %n

s,47(2*1),n<8>
< AS(AS<s>—1)”2'—1<s>—2(As<s> )lh\—llg.

—
S 1

Combining these estimates and inserting them to (5.5) and (5.4), we obtain

[ Z O s

t

> 0k
[ 17991, 0,ds

/t ) 1Y ME(s) ds
< ()™t

IN

%% 0,

N

A

by the positive definiteness bound [|e®**(1:¢¢=D)|| .. <1 that holds when ¢ < s. This completes the
induction.

The claim about the [||-|||¢,o-limits follows along the lines of Corollary 3.15. Indeed, we claim that
the limiting kernels are solutions to the equations

Kn)(fl:(i—l)) =1 ift=1,k=n
t
A &) = —A Crelnen) FIB g (s i 0=1k<n (5.9)

'Vtm(k)(gl:(ﬁfl)) =/ €Gt’s(£1:“71))5”5[,@5@(51:(471),y)ds if¢>2
t

where ,Y;[ﬂé are source terms obtained by replacing the ’yl[k Q™ (5.5) with the limits %[kZ](k); this
is well-defined since the system is triangular in (¢, k). One then may see inductively that there
exists a sufficiently small € > 0, depending only on 3, such that

4 4 k _ —_1rc _
AR — VBN 00,0 S e (t) ") () (T) <. O

Finally, we can show that the UV-complete germ is indeed a good approximate solution of the
observable flow equation, i.e. we verify rigorously the estimate (2.27). Define

d(9) = / 6 Exste— 1 90 1 dEre
(5.10)
Fy](@&:u—l)ay) = ZW (10—, v) D (y)

where the UV limit kernels fyy](k) were constructed in Proposition 5.2.

Proposition 5.3. Suppose 32 < 6w, and let %Wk) be as in Proposition 5.2. qtq = ZKZ* qy],

4]

where q;° is given by (5.10), is in the space ﬁo -~ 0

Y
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Proof. The boundedness of the complex exponential and 1 <w} (zr) yields

d'0) = [ A €1 90 ey
k=0

IN

= 0 (k
ST Pl oge).nl ¥ ()],
k=0

so we deduce from (4.9) and (5.8) that for all £ > 1 there exists a c=c(n, k, £, 3%) € R, such that
for any p €1, 00),

a7 (20| Loy S et) 1. (5.11)

Since the UV limiting kernels satisfy (5.9), adapting the proof of Lemma 5.1 yields that q'9 satisfy
the observable flow equation (2.19). Thus Lemma 2.19 applies, and computing

(Dg} (@), GRE =)

n
- /Z ’Yt[e](k)(flz(Lmy)k¢k71(y)¢1p;(ef1)GR£>(l _Z)](y)dfl:(zﬂ)
k=0

jEL:(L—1)

+ /Z Y ), v) (W)U, o 1)iB > o, GRY N ag)der
k=0

A

) (k _ - 0 —
ST APl o165 W)+ 6 DI GRS iipoys
k=0

we obtain from the estimates (5.8), (4.9) and (2.26) that
<e* —0*6—1yc
12V = )| oy S ()01 (5.12)
Combining (5.11) and (5.12) then yields the statement. O

5.2 Vertex fields in the optimal Wick regime
Let y € R? be the point the observable is localized; let o € C and denote by

Yy = exp(iag(y)).

As we will see at the end of this section (Corollary 5.8), the real part of « contains all difficulties
and extending the results in the imaginary direction is straightforward. Since treating the general
complex case from the beginning would only clutter the notation, we temporarily restrict ourselves
to a €R.

Our ansatz for the vertex field germ is

a7 (¢) :=/%’f]T(y,«51:(e—1))1/31/1/)5:(@_1)(151:@—1) (5.13)
The key to controlling the flow equation for the vertex field is understanding the action of the

functional Laplacian AG-t on the field content 1/;y1/11;(g,1). To motivate the discussion below, let us
consider the example of the £ =2 case explicitly. Then

~ 2 2 . , _
%A@Wy%] = _<%gt(0) + 7915(0) +afo1Gi(r1—y) )¢y¢1

It is clear that the sign of afop influences the behaviour crucially. When ¢ <'s, it holds that
-Gt s(x1 —y) <0, hence the off-diagonal part has L>° bounds

e~ @B01G:,5(0) if afo; <0 '

Z1

supeaﬁglg‘vs(mly)<{ 1 if afo;>0
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That is, when sgn(a) =0y, the external vertex particle @y and the internal ¢ repel each other,
behaving like the charged 2-point case 1.5 of the potential, yielding much better bounds than the
case sgn(«a) # o1, in which case ﬁy and 11 attract each other and form a dipole. As such, to simplify
notation, we assume from now on, without loss of generality, that o >0 (so if @ <0 everything can
be done verbatim, with the straightforward modification of some signs).

Evaluating the functional Laplacian on the field content ﬁywlz(g_l) of (5.13) results in

Gt(y,&:(e—l))ZZGt(&;(e_l))—i-(——gt )+ —aﬂz 0,Gi(x; . (5.14)

We may think of G(y, &) as the entrywise sum of a “covariance matrix” [G(y, &)] which factorizes
as

—.%QQ't(O) (GE.O‘)(&))T € CO+ITDx(1+11)
GiV(E)  [Gu&)

where [G;(¢7)] € CHI¥I1 is the usual covariance matrix of sine-Gordon, i.e. [Gy(&)]; k=

f%ajokgs(xj 1), and the off-diagonal vector G{™(¢;), given by [G&a)(&)]j = 7%Bg'taj(xj —
y), encodes the interaction effect of perturbing the charge structure of sine-Gordon with the
external vertex field exp(iag(y)). The strength of this perturbation depends on the relation o<

B and we expect the two cases to require different ideas to control.

[Gt(ya g])} -

When « > § we expect that adding exp(ia¢(y)) destroys the usual charge structure, so that
the interaction is dominated by the off-diagonal perturbation term GEO‘)(&). On the other hand,
when a < 3, we expect the perturbation to be irrelevant and G¢(y, &) to behave similarly to the

sine-Gordon potential, i.e. governed by the bulk covariance [G;(¢;)]. This observation is leveraged
in the following

Lemma 5.4. (external vertex screening) Let 0 <, 3, suppose t <s. Then denoting by x :=
X(&1.0) the global charge, we have

o2 K x|
supth’S(y’&:‘*) gze*TQt,s(O)(At)\;l)Kze(‘X\+ e—Ix )aﬂgt s(0)

Z1:0

with Kop:=|x| if a <p and K¢:=L if B <.

(5.15)

Proof. First suppose that the ensemble £;.¢ is purely charged, i.e. |x|=¢. By positivity of Gu

Gt,s(y7 51:@)
2
= —%gt,s( )+ Gy s(€1:0) — B ;@ 0,Gt,s(zj — y)
2 5.16
= 0; gt s Z gt s *% Z gt,s(xj *fﬂk) - Oéﬂ Z Ujgt,s(xj - y) ( )
j€1 £ jFkel:l jEL:L
(6%

2
< 260 562@,40) + £ G1,5(0).

yielding the statement. Hence from now on we assume that | x| < ¢— 1 so that there exists at least
one neutral pair; denote by k., k_ the index of a closest of such pairs, i.e. a pair 1:={(+1,zx,),
(—1,7_)} € ({—1,1} x R?)? such that

‘mlmr_xkf‘:' ) min |£Ej+—l‘j7|.
]+,],:0'j+o'j7:—1

By possibly relabeling the points, we distinguish the purely charged core and the ensemble of

neutral pairs with 7 being the last, i.e. we assume oy, ..., 0y =sgn(x) and 0|y |+; = —0|y|+j+1
forall jel,...,0—|x|—1and (k_,k+)= (£ —1,£). Then split
Gt,s(y7 51:@) = Gt,s(% gl:(@—Q)) + 2Gt,s(€l:(f—2)7 77) + (gt.,s(,'% y) (517)
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where
%,8(777 y) = 52gt,s(wk+ - wk_) - ﬁQQt,s(O) + (lﬂ(gt.s(xkf - Z/) - gt,s(l'kur - U))

We show that the coloured term, governed by the triangle z_, zx_, y, is bounded uniformly by

C ifa<p
%,s(ﬂ» Y) S { Oéﬁgt,s(o) _ ﬁ2gt7s(0) if 6 <a.

1. If the edge zx, — ¥y is a shortest, then the red term is nonpositive, and the blue term is
nonpositive as usual.

2. If the edge xj, —x_ is a shortest, then we can bound the red term with Lemma 3.5, while
the blue term is nonpositive as usual.

3. If the edge z;_ — y is a shortest, then

a. when a < 3, since the red term in %} , is nonnegative,

Cr.s(ny) < B2(Ge.s(wp —y) — Gr,s(0)) + ﬁQ(Qt,s(ﬂﬁm — k) — Grs(wr, —y))

where now the first difference is nonpositive, and the second difference is estimated
via Lemma 3.5 with the prescription z:=wxy,, Tp:=wk_, T4:=y.

b. when 3 <q, then —a8 < —32, so
Cr,s(n,y) <abGr o(wp —y) — 32Ge,s(0) + B2(Ge s (e, — 2i_) — o, s(21, — y))
and the first difference is bounded by
afGi <(0) = 5°Gy4(0),

while the second difference is estimated via Lemma 3.5 with the prescription z:=my_,
Tp:=Tk_, Lg: =Y.

The term Gy 4(&1:(¢—2), 1) is treated as in the proof of Lemma 3.6: since by construction
|ty — 2 | < |Loj=10k_ + Lo= 12k, — 5]

for all j €1:(¢—2), we may apply Lemma 3.5 to estimate

£—2

2Gy¢,o(&1:(0—2),m) = —522 0i(Gt,s(xr, —x5) — G s(wh_ —5)) Se C.

j=1
Thus from (5.17) we obtain
er,S(y7£11£) rsz thYS(ya€1:(€72))+1ﬁSa(aﬁgt,s(0)7ﬁ2gt,s(0))
th,s(yaflz(4—2))(()\t)\;1)26aﬂgt,3(0))16Sa

and repeat the above extraction procedure inductively until only the purely charged core 51:|X|
remains for which we have seen in (5.16) the bound

- o2
eGtos(¥:€11x1) < e—Tgt,s(o)()\t)\s—l)lxle\X\aﬁgt,s(o). 0

Note that the above bounds are not the sharpest in the sense that only the “bad” negative charges
o;=—1 contribute to divergence in the afo;G; s(z; — y) term; it remains bounded for the “good”
positive ones o; =1.

In light of the previous sections it is now a standard exercise to derive the observable flow equation
of the kernels of the ansatz (5.13).

Lemma 5.5. Let VI be given by (3.31). Suppose that the kernels 'yg]T satisfy the equations

T
’}/g]T(gl:(Zfl)a v) :th’T(y’&:“71))’)’%{],7"(51:(Z—l), y) Jr/ th,A%&L(@A))ﬂ[%(gl:(Zil)’ y)ds  (5.18)
t
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where Gy is defined in (5.14) and

L& e-1y )
S O Y. (IO MO e )iad (e )y, &, -1)

LiI=1:¢ beM:

£(b)=|1| (5.19)
+ > Cnn Y. (VOM®)(€)Gu(6n &)W (v &)
Lilh=1:¢ bem:
(®)=I1]

for some positive combinatorial coefficients C|r,) 1,|- Then qy]’T, gwen by (5.13), satisfies the

observable flow equation (2.19).
Proof. Straightforward; similar to Lemma 5.1. ]

Imposing the boundary conditions

Your =1
9 . (5.20)
’YT T = 0 lfg 2 2,

allows us to estimate inductively the germ kernels in the norms (5.7):

Proposition 5.6. Let 32 <6m and 0 <« <4w /3. Then there exist kernels fYt[lj]T satisfying (5.18)
with boundary conditions (5.20), and for any n >0 it holds that

il ey S (Y= ey =11 (5.21)
for some c=c({, 3%) € Ry. Moreover, the |||-||t,0,,-limits

4 . 4
7= Th_>m007t[,]T

exist, are independent of ) and satisfy the bounds (5.21).

Proof. The boundary condition (5.20) at /=1 computes Wick ordering, so that by Lemma A.1

2 2 2

Lg/ 0 27 1 o

V@) 0(1),n =€ T 9 Osuples V0| < '8V < (4y5r
Yy

)

verifying (5.21). When ¢ > 2, to estimate the source term, we use the inductive hypothesis, the
potential bound (3.29), and for nontrivial M®)(z7,) the technology of Lemma 3.12. Indeed, from
(3.25) with ¢:=2-4*

|||vL”Z”“’)<&2>M<b><x12>Gs<&2,&1 DV e L s

I b I
o0 ! 1”|||s

-2
s,3-4*f,n<5>

<
< V=IO ey g5y T2y
< A () "I (5) 2 (5) 57 (A (5) 1) I

since |Io| < —1 apart from the trivial case |Io| =/ when |I;|=0 so that ¢/” =0. Similarly, via a
straightforward modification of (3.25) to ,(&1.2, )

ol 21O (¢1,) MO (@, )iaBy (€, v)7 I Er 1, 9) s

L 1Fs
N N |

< MO B s) 2O )

A
= -

5,474

o1



It follows from (5.19) that the source term satisfies

a2
1751, )., S 48D F7 (A () 1) (s) G (5.22)
Inserting this and the screening bound (5.15) into (5.18) with the boundary condition (5.20) and
denoting by x := x(&1:(,—1)) the global charge yields

4
e llle.0.1
e el 7 o)

A

|s,®,nd5
a2 [0 o2 Kg_1—1Ix| BGs . a2
< <t>87/ ()T AT ) Koo T )08 =5ty gy -1
t

< TG

provided the integral converges. To see that it does, we need to show (cf. Lemma A.1) that

zg;:—u—a)m1+<X|+M1T_|X|)j—f—a(é—1)<o.

Now by Lemma 5.4, either K,_;=¢ — 1, in which case |x| +Kf+"x'§é— 1, so by the Wick
regime assumption o /4m < 1

Yo<—-(1=-0)(f{-1)+L—-1-6((—-1)=0;
or Ky_1=|x]|; if so, then |x|=0 is trivial, and otherwise
S0 < —(1=8)|x|+ x| = (£ = 1) =8(|x| - (¢ = 1)) <0.
Taking the T'— oo limit is done similarly to the proof of Proposition 5.2: it is seen inductively that

the limits solve

a2
“YP](Z/) = 29O

o . (5.23)
'Vy](gl:(ffl)vy) = / th’S(y’&:(“1))%[@0(51:(@71),y)ds if£>2,
t

where eVs[ﬂo are obtained by replacing the ’yl[f]T in (5.19) with the limits %[@]7 by propagating

inductively the bound
a2
174 = el ooy S ()5 (e (1)) 1 (1)=(T)
for some ¢ > 0 small enough. O

As we have mentioned, in the case § <« the strong influence of the vertex field insertion destroys
the usual charge structure of the covariance matrix. This observation allows for an alternative proof
of the above proposition when the sine-Gordon potential is in its Wick regime (82 < 4, which does
not rely on the external screening mechanism of Lemma 5.4 and operates only on a naive estimate
on Gy s(y, &1:0). This alternative proof is elaborated in the following side remark; we do not use
the ideas presented there in the subsequent sections and hence invite the reader to skip it.

Remark 5.7. (Alternative construction when 32 < 4m) As promised, we will not use Lemma
5.4 here. Instead, denoting by

ﬁi;:z ]la'j:*l? ﬁJr::Z ]]-Uj:Jrlv
jer jerl
from (5.14) we deduce the following naive estimate: when t <s, and «, 5 >0, we have

efgt,s(o)(sup eG‘vs(&%))(sup e—aﬂzﬁlajgt,s(xj—y)>

ZT1:¢ T1:¢

sup th,s(y,Ehe)

IN

(5.24)

X1:0

< 67%2%(0)(,\@;1)\x(&;g)\en_aﬁg,,,s(m

)
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where the bound on the G; s sector has been proven in (3.12), and for the bound on the last term
note that as G, >0, we have

sup exp(—afoG; s(x —y)) = supexp(—afG; s(r—y)) = 1 ifo=1
sup exp(—afoGy J(x —y)) = supexp(afG (z—y)) = e*P900) ifo=-1

so that only the terms with o; = —1 contribute. Inserting (5.24) into (5.18), denoting by x :=
x(&1:(¢—1)) the global charge and relying on the inductive estimates (5.22) on the source term
derived in the proof of the above Proposition, we arrive at

N

oo
4 G o(y, €10 ¢
V% lleon < / leG et S| el (&1 - 1), 1) 5.0,
t
aB a?

AR 0% [ ) ) ) s,

N

To finish the induction, it remains to show that this integral converges, for which we need
of
Ees:=—(1-9)[x| R Syl G 1)<o0

for all £ >2. When (3% <4, this in turn follows from simple charge algebra. Indeed, since f +f_=
(¢—1) and $y —f— = x, we have
f=U-1) -t =(C-1) -1 —x,
SO
2 =(-1)—x<({=1)+ x|
Then denoting by R:= Z—f <1,

Yo.s

IA

~( o)+ R )

- le<§—1+5)+(€—1><§—5)
= |x|<§—%—%+6>+(€—1)<§—%+%—6>
= -0+ b EF )+ -0 -3 -9)

and the statement ¥, 5 <0 follows from (%< 4w« 6 >1/2 and the fact that (¢ —1) — |x| and
(¢ —1) +|x| cannot be both zero for £ > 2. This finishes the alternative construction.

As we have noted in the beginning of the section, it is straightforward to extend the construction
from real o to complex.

Corollary 5.8. Let 3?> <67 and o € C with real part |R(a)| < 4w /3. Then the analogue of Pro-
position 5.6 holds, namely we have

[0 26,(0) ,~2226:(0) —1ye—1
e lleownSe = " e 2 (Ae{t) =) (5.25)
for some c=c(l, %) eR.

Proof. For a=R(a) +iS(a) € C, we may write

By = ¢ R)9() =) 5()
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so that a simple computation gives that Wick ordering is now

1

)

«)? S(a)2
’YIE ]T: ewgt(O)ef (2) gt(O)em(a)%(a)gt(o)

verifying the inductive bound (5.25) for £=1. The action of the functional Laplacian is now

2 . -1 .
Gi (Y, Gre-n) = Gt(fl=<e—1))+<—wgt(0)>+ —%(a)ﬂz 0;Gi(z; — y)
o = (5.26)
+ 3(3 ) Gi(0) + —i%(oz)ﬁ;1 0,Gi(xi —y) |+ (—iS(@)R()G:(0))

so that bounding trivially

exp(i%(a)(ﬁz 0iGt,s(Tj —y) + %(a)gt(0)>> <1
J
we get
ao . G, 30g, .(0)
€S89 e < N1t [lLoce2 7"

and adapting the end of the proof of Proposition 5.6 propagates the inductive hypothesis (5.25)
via the screening estimate (5.15) on et and source term bound obtained just as (5.22). O

Having constructed the UV-complete kernels vtm, we may define

a(¢) :=/%[f](y,51:(471))zﬁwa:(g,l)d&;(efl) (5.27)

Proposition 5.9. Suppose 32 <67 and o € C with real part |R(a)| < %ﬂ. Then q,[;e*] =D e qy],

where ql[/e] is given by (5.27), is in the space ﬁA;’:imy with m::w, UIZE*(S—W.

Proof. The boundedness of the complex exponential and 1 < w} (zr) yields

€_<m’¢(y)>qy](¢) = /Vy](y,fl:(13—1))6_w¢(y)€w¢(y)¢1p;(e_1)df1:(e—1)

V4
< I

hence (5.25) yields that for all £>1 there exists a ¢ =c(¢, 3%) € R, such that for any p>1

N

|t,0(0),n

R()2-S()?

||e—<m,m(y)>qy]((pt)HLP(Q) <@y s (At<t)—1)€—1[§. (5.28)

Since the UV limiting kernels satisfy (5.23), it follows just as Lemma 5.5 that q'9 satisfy the
observable flow equation (2.19). Thus Lemma 2.19 applies, and computing

el (Dgl(g), GRE T
i / vi”(y,51:(5_1))%(@_1)(aGR£>“*Z”(y)w 3 ajGR?“*Z”(ay))ol&;(e_l)

jel:(£—1)

A

e o0y ol| GREC )|,

we obtain from the estimates (5.25) and (2.26) that

R(@)2=S(0)? _ pus_q
81

H67<m,w(y))qu£§e*](¢t>HLP(Q) <(t) 1s. (5.29)
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Combining (5.28) and (5.29) yields the statement. O

5.3 Derivative fields

The polynomial local observables have very mild superficial degree of divergence, hence we could
flow backwards at all levels £ > 2 in the representation (5.1). This is not the case for sufficiently
high derivatives of the field anymore and new ideas are needed to solve the flow equation. To see
why, let us compute the source term with the Wick ordered first-order germ qyl(gb) :=0¢(y) with
y €R% and p € N¢ multiindex. It is

<Dq£1], GtDV;[l]> = iﬂ/aﬁggt(y — xl)vgl]p(xl)zbld&.

. _oqlul
Then it is clear from the bound [|0*Ge[|.1 < (s) >*2 that repeating the strategy of the previous

section does not work here for arbitrary multiindex u, since we would have

il
2

oo o0
12 lleo.n S / HeM@||Loo|\|5@[?%|||s,e,ndssAt/t (s) "5 (s) ~ds

which does not converge when |u|> 2.

The idea then is to change the representation of the germ: the field content in (2.28) will not be
products of vertex fields 11.¢ as in (5.1); instead, we make a new ansatz. The goal is to shift the
divergence caused by the derivative 0 from the kernels to the field content, which is not flown.

Given an index set I C1:¢, define the operator O by

8]f:: E 6ij(x17"'7me)
jeI
where x; € R?. Then postulate

A(y)0k(y) ifo=1

[, T _
a " (9)= . (5.30)
! /’Yt[lj]T(yagl:(Zf1))65;(zfl)wf;(zfl)dglz(ffl) 1f€22

We have to show that this ansatz is compatible with the structure of the equation (2.19). This is
not immediately obvious, since the representation we obtained before for V¥ involves the vertex
fields 1., without derivatives on them. However, the following lemma shows that translation
invariance and exponential decay of the fluctuation free field covariance G, ensures that the Picard
scheme (2.19) propagates the original field insertion 8{; ¢ through the induction in such a way that
is compatible with (5.30).

Lemma 5.10. Let ¢/7 be given by (5.30) and VI by (3.31). Then for any I W Iy=1:¢ we have

<Dq1[5|11|]’T,GtDVt“IQH> :/th"‘b‘](% €1:0-1) 01 (0—1)¥T(0—1ydr:e-1) (5.31)

. LI
for some function By il el

Proof. Since gt(xl — x2) is invariant under simultaneous translations, it is straightforward to see

from the induction of Section 3.2 that the same is true for the potential kernels U,[f](“) (understood
in the degenerate sense for the first-order kernel U?] := )¢ and the vacuum energy contribution
v?](o)), and also for the divergence-corrected kernels vy](a)M (@) where the correction M(®) was

defined in (5.3). That is, for any z € R? we have

(vy](a)M(“))(aa, T1+2,...,xp+2)= (vy](a)M(“))(Ua,m, c Xp).
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When |I;| =1, compute

<Dqt G DV, \12|]> C|12|257t b Z /Z Jjaugt )(”Uylzu(b)M(b))(flz)l/fﬁd&z-
beM: jels
£(b)=|12|

Fix a charge configuration oy,. For any a € R?, denote by Y7 (x1,— a) the usual vertex field product
evaluated at ¢(xy —a), k € Io. Consider

/Z Ujgt [\IQ\J(b)M(b))( )?/sz(xb*a)dfﬂlz

JjEI2

= |3 oGy —a—z) (o] MO (21,)0f, (21,)d

jel2

where in the second line we used the unit Jacobian change of variables z;: =z —a, k € I and
translation invariance of vglgl](b)M ®). We compute 9! in both of these representations. On one

hand, since 997 (xr, —a) = (—l)l“‘ﬁgwﬁ(mb —a), provided we can differentiate under the integral
(which we postpone to the end of the proof),

OlH = ‘“'/Z 0,Gi(y — ;) |IzH(b)M(b))(x1) ot (xr, — a)dxy,.

JEI2

while on the other, again provided we can differentiate under the integral,

a,fH _ /Z Uja gt —a—z )( HIQH(b)M(b))(212)¢Z(212)d212
jels
= 0P[5 004G = a— 2 (VM) o) o o)

VASEES
Evaluating at a =0, we obtain
/Z a0 gt )( [17211(8) 5,7 ( b)¢p)(zl2 )dzp, = /Z Ujgt e )( [17211() 5,7 ( b)au% )(wlz)dxb
JEI2 J€lz

which means that <Dq£1]’T, GtDVtHIz”> is of the form (5.31), since |I;|=1 implies |I5|=/¢—1.
When |I;] > 2, since

DO}y = OF Dy = 6}‘(2‘62 ajazj¢,> =ify oy (’;)af(smja;‘*w, (5.32)

JjeI jel v<p
writing Gt(fj, &) = —%Ujakg.t(a:j —xg) and I:=1: (£ —1), we have

<Dq[|11|]aT G Dv[|12|]>

= C\Il\ [12] Z / lIl y &1 1)

beM:
£(b)=|12|

< 3> (B)on G ) (el M ®) &) upof g

jenL—1 v<p
kels

By similar argument as above, for any j € I; — 1, for each z; € R?, we obtain

|3 artite; =zl MO e = [ abile; —oel DOM ok (oo

kels kels
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which, combined with the formula for <quh‘]’T, GtDVt[IbH> yields the statement, since

Z (Z)aﬁzbﬁ,aﬂ_”wh =01 y¥Te—1)

v<p
by the binomial theorem.

It then remains to show we can apply the Leibniz integral rule. Let j € Io. For any fixed y € R?

/

for any ¢ >0, where in the case »(b) >0 so that M(®)(z;,) =|z; — 20| *®), we proceed as in Lemma

el Ujﬁz‘fgt via Lemma A.6.

(11 it () o
dzg, S 2Oy e n )2

37 008Gy — ) (0] O M®) (2, 4, (21,)

j€El2

3.12, i.e. leverage neutrality and feed the divergence to

For the other integral, the function that is needed to be dominated involves d7.1f , so that the
boundedness of the complex exponential is not sufficient. To control the infinite volume limit, we
need to rely on the Steiner weights in our kernels. Note that for a fixed j € I, we have

IT (o) Sten) TI (o —ag)ay) S (St(ap))= = oy — )=yl

kel kel\{j}

Thus, when »(b) =0, applying Faa di Bruno to the vertex fields, there exists polynomials P* of
the field and its derivatives such that

|3 aiitu—a) (b0 ) ot o1, — ),

j€l2
I
< 3 Mol PO Gl zsup| (w5 — y) ~(St(en)) ] PH((a;—a)
Jjelz Try ich
I b
S MOl et TT (|60 TP -a))|
jelz
L|](b _ c
ol el [ Y

for some ¢, where in the last line we used Besov embedding and chose 7 large enough. When 3¢ >0,
we proceed similarly, the only difference being the use of Lemma A.6:

g X — T 2
) =Sy =) 140 o 1 )

m?2 1
S @)y — o e / e~ VIl gy — y)nday

X sup [{x1—y)~"(St(x1:2)) ”H PH(p(z;—a))|.
T1:2 jEL1:2
The justification for the Leibniz integral rule when |I;]| > 2 follows verbatim. O

The point of the above lemma was not just to shift the divergence from the kernels to the field,
but also to do it in such a way that the resulting basis of the representation consists solely of
eigenfunctions of the functional Laplacian Ay . Indeed, translation invariance of Qt ensures that
there are no “trickle down” maps when evaluatlng Ag, on the field content 01 1.4 (as opposed to

the case of the potential, cf. the map A( ?K%)) around (3.17)). This observation leads to

Lemma 5.11. Fiz € N multiindez, and let VI pe given by (3.31). Suppose that the kernels 'yg]T

satisfy the equations

’Yt I (t—1),Y) = e r(Ere-n) [ (51 (t—1), y)Jr/t eCrelbree 1))<7 7(&1:e—1), y)ds (5.33)
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where

~ 1 -1 )
= Z Cintinl Y. () Bs(Er ) (o] PN @) (61,)

ILwIs=1:¢ beM:

\IlLlle E(i):\m (5.34)
+ Y Onn Y. W e ) Ga(én -1, &) (TP M ®)) (&)

I1Wi,=1:4 beM:

1122 ((b)=|13|

for some positive combinatorial coefficients C|1,)1,|- Then qy]’T, given by (5.30), satisfies the

observable flow equation (2.19).

Proof. Let I CN be a finite index set. Compute

1
50¢,[077]
- ﬁ2 gt z1 _22 8” Z 0110]2 le Zl)é(sz_ZZ)%p dz1:2
R2)2
(&%) Ji1,j2€1
= _6_2 g(z _Z)Z (N)au Z 05,05,0(x;, — 21)0 (x5, — 22) P pfday,
2 2\2 821 2 v) * L J17 72 J1 1 J2 2 s TAZ1:2
(%) v<p J1,92€1

)i\ -5 2 7 [ Giler = 22)3(a = 2003, 22) s Jop~uf

- > (
v<p J1,J2€I
= > (Moo ur
v<p
Gu(&n)0fyf

since for any nontrivial multiindex, the translation invariant covariance matrix G¢(&;) is annihilated

by the diagonal derivative J; = Z] c 10z, The statement then follows from Lemma 5.10. O

Imposing the boundary conditions

no._
o (5.35)
| 0 if¢>2,

allows us to estimate inductively the germ kernels in the norms (5.7) and transfer these bounds
onto the germ and its approximate generator.

Proposition 5.12. Let %< 67 and p € N multiindex. Then there exist kernels VK]T satisfying
(5.33) with boundary conditions (5.35), and for any >0 it holds that

V% o000 S (e () 115 (5.36)

for some c=c({, 3*) €R . Moreover, the |||-|||t,0,,-limits ’yy] = limTﬁoovl[f]T exist, are independent

of 1 and satisfy the bounds (5.36). Finally, defining

o )0y o) ifr=1 )
q = ] , 5.37
' /%m(y, §use=1) 0 (o 1y¥To 1y e—1) 1L =2

[<ev) .. . AL‘, *km
it holds that ¢; =D o<+ Qi 15 in the space O 2 .

o8



Proof. The bound (5.36) is verified similarly to Proposition 5.2 by repeating standard estimates
on the source term (5.34). The T'— oo limit is also obtained via a straightforward modification:
defining ﬂs[ﬂo by replacing the fyt[f]T in (5.34) with the limits ’yy], it is seen inductively that the
limits solve

() =1 (5.38)
W er1yy) = eCrCren) zll (e 1), y)ds if€>2, '
t
by propagating the bound
I = el o000 S e d) = M5 (T) 2
for some ¢ > 0 small enough.
We claim that for any £ >1 there exists c=c(¢, 3?) € R such that for every p>1
14 Lol “1yc
@ (20| oy S ()77 )11 (5.39)

Indeed, when ¢ =1 simply apply (4.9). For £ > 2, first note that Faa di Bruno and (4.9) yields for
any b€ R, r € R? that

. le]
105e™ Loy S (t) 2 16,

so that denoting by ;(t) := eP7i%1(%i) ysing Minkowski’s integral inequality, 1 < w$ and the
multinomial theorem we obtain

‘

||q£ ](Sot)HLP(Q)
¢

< /M Iy, & e- ) 0F: o1yl 1) D llLre) d§1: 0-1)

7, )| >
< t (Y, 81:(e—1) OR u(z 1)

iz =p

Al

4
7 e o000 (E) 2

N

(J)

N

HLu—l)p(Q)d&:(f*l)

AN

and inserting (5.36) yields (5.39). On the other hand, we claim

[l

|2Val=") ()| < ()= (4) e (5.40)

LP(Q) ~

Indeed, this follows in the case £ =1 simply from (2.26); for £ > 2, we proceed similarly as above:
compute with (5.32)

1D (00), GRECN| L

5 /{’Yy](yvgl:(e—l)){ Z U]Z ( )8VGR é)]( ) 1(@ 1)¢1 (g 1) dgl:([—l)
jel(t—1) v<p Lr(@)
S /ht ISR {Z ||8”GR Z*_é)]HLOOQLOC)Ha - Ve-llor@)déi -1
v<p
u,1,57 YA [l —lv]
< M Meewn . @) (=03 (45

v<p

where in the last line we used (2.26) to estimate 8”GR£>(Z*J)] (more precisely, we estimate with
(4.15), Young’s inequality, (A.2) and (4.1)). It follows (5.38) that the proof of Lemma 5.11 applies
and thus ¢! satisfy the observable flow equation (2.19). Thus inserting (5.36) in the above estimate
and using Lemma 2.19, we conclude (5.40). Combining (5.39) and (5.40) yields the statement. [J
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Similar considerations hold for the derivatives of the vertex field 1, := exp(ia¢(y)) with a as in
the previous section. Make the ansatz

qy]’T(d)) /'Yt T( 3T (0— 1))8y 1:(—1) wywl (£—1) dé;. (£—1) (5.41)

where the operator 9y  is defined by

Oy 1f (Y, @1, ) :=(0y +01) f(y, 21, .., x0).
Similar ideas to those in Lemma 5.10 lead us to the following
Lemma 5.13. Let qy] be given by (5.41) and V@ by (3.31). Then for all I ¥ Iy =1: £ we have
<Dqgh|]’ GtDVt[|I2|]> _ /th\x\fz\](y) 51:(g_1))65’1:(5_1)153!1&{):(@_1)(151:(@_1) (5.42)
th\»\b\]'

for some function

Proof. Compute

Dyol hyf = 0 Dyhyf

o i [iady+iBD " 0j0u; |byuf
jel
B ZZ (5)(aa§5y+52 Uja;ﬂ/jéij)a;;y(d;wa)

v<p jel

so that
<Dq[lhl] G DV[|12H>

= Ci|,\5 Z / iy, e, Z Z ( )(ZaaV@t Y, &) + Z 0% Gy( fpfk))

beMt: kel v<p jel1—1
£(b)=|I2|

X (Ugh”(b)M(b )(512)¢12 Ty — 1(¢y¢£_1)d§1:(1&—1)

Similarly to the proof of Lemma 5.10, we obtain

/ 3 iady @iy, &) (VIO M ®) (&) pfder, = / 3 iy, &) (VIO M®) (&) 05 0f der,
kels kel,

and for each fixed z; € R? jel;—1,

/Z &ﬁjGt & & ( [112[](®) 5 r (b) )(gIz)z/JIQd&z /Z G gjvgk)( [I12[)(b) p y () )(512)8121p12dx12

kels kels

The statement then follows from

Z( )312¢ T 1(%%’14)235,1:(571)1;?;1?{);(@71)- 0

v<p

We then have the analogue of Lemma 5.5 and 5.11:

Lemma 5.14. Fiz p € N multiindez, and let V;m be given by (3.31). Suppose that the kernels %[%)]T

satisfy the equations

T C
’Yt[f]T(&:(eq), y) = Grr:Euce- Dkt (51 (6—1)s y)+/ th’S(y’51:<‘“’*1))<7;[ﬂp(§1;(z71),y)ds (5.43)
t
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where GY is defined in (5.26) and %[’Z]T in (5.19). Then qy]’T, given by (5.41), satisfies the obseruv-
able flow equation (2.19).

Proof. Similarly to the proof of Lemma 5.11, we have for any I CN finite index set

1 ~ . ~
§Aét[85,1¢y¢lp] = G(E(ya 5[)35,11/)y1/)1p-

The statement then follows from the previous lemma. O

Imposing the boundary conditions

Your =1
(0 . (5.44)
Yror = 0 ifl>2

finishes the argument:

Proposition 5.15. Let (% <67, u€NE multiinder and o € C with real part |R(a)| <4n /3. Then
there exist kernels ’yt T satisfying (5.43) with boundary conditions (5.44), and for any n >0 it holds
that

1] R2g (0) —2g,(0) - 1ge
i 7llle, o), n Se 2 e 2 (Ae(t)~He g (5.45)

[¢

for some c=c(, 3*) €R . Moreover, the |||-||t,0,,-limits v; l= limT_mo’yt[Lj]T exist, are independent
of n and satisfy the bounds (5.45). Finally, defining

4 /4 7
@(¢):= / W €010 10— 1y Pyt -1y dEas (-1, (5.46)

it holds that q[<e I, —qu* qt] s in the space oL o,y With K :@—‘-}-W, o:=0* —
R()? —S()®  |pl

8m 2

Proof. The inductive bound (5.45) follows from comparing Lemma 5.14 with Lemma 5. 5 and
applying Proposition 5.6 and Corollary 5.8. Sending T'— oo is again routine: defining 5” o by

replacing the 'yt[ ]T in (5.19) with the limits "/1[/ ], it is seen inductively that the limits solve

1] 22610, ~252261(0) iR(0) ()G (0
Vi (y) = e 2 “e 2 HH et () ()Ge(0) (5 47)
’Yy](flz(f—l)vy) = / eG%’S(y’glzw_1))‘5,;[,@0(51:(5—1)’y)ds 1f€227 .
t
by propagating the bound
(w2
I = llowase s @O O 00t e (1)
for some € > 0 small enough.
By the multinomial theorem and Faa di Bruno,
e~ (i o) g [Z]
= e_ia(ﬁ(y)/ . & (-1))0y 1.(0-1)€ Wy, (e—1yd€1:(e—1)
-1
—iap(y) (€] 1% a#(o) iag(y) a#(j) rq
€ Vi (%fl:(f—l)) Z (0) (¢—1) |9% ¢ H T wj 51:(6—1)
Eﬁ;éﬂ(j):ll l’l’ ,---,‘LL j:1
-1
/4 1% v ()
= / Wiy ee-n) Y (ﬂ@ M(e_l))Pw({a 3} <o) [T 0% vrder e
iz =p E j=1
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for polynomials PN(()) with total scaling degree |u(o)\, and consequently by Minkowski’s integral
inequality, Holder, (4.9), 1 <w?, and (5.45) we obtain

R(a)2—S(a)?

il
He io SDf(y» [f (1) %+T(At<t>*1)@*1[§, (5.48)

i@ S 48)

On the other hand, computing

e—(l‘ﬂmﬁ(y))<Dq£¢](¢)7 GR1[§>(@**Z)]>

-1
=i / W )Y (B0 —n| aGRZC )+ 83 0, GREC N ay)
j=1

v<p

X e WO e L ooy dEre-)

and proceeding similarly as above, by (2.26) (more precisely, by (4.15), Young’s inequality, (A.2)
and (4.1)), we get

— (i . *— vl 1 s —p)s ]l —1v]
le= e D (00), GREE TN Loy S Mooy 0= 707703

v<p

It follows from (5.47) that the proof of Lemma 5.1 applies and thus ql? satisfy the observable flow
equation (2.19). Thus inserting (5.45) in the above estimate and using Lemma 2.19, we obtain

R(a)2—S(a)?

il .
He io got(y))gv [<5 (1) HLP < <t>%+T<t>*‘f o—1ye, (5.49)

The statement follows from combining (5.48) and (5.49). O

6 Observable products, prefactorization algebra property

In this section we assemble the ideas developed throughout the paper to finish the proof of The-
orems 1.1 and 1.2.

We begin with unifying the notation of the previous section: given a y € R? where the germ is
localized, p € N¢, a € C, we write

q[e] /Z “Y[e (e k) (1), 9)3;1;(5_1)(¢k(y)%@)¢£(z—1))d§1:(e—1) (6.1)

where zb( —¢'*?(¥) This ansatz includes everything we have constructed in the previous section
as special cases, cf. (5.10), (5.27), (5.37) and (5.46).

Recall that to prove existence of observables, in light of the Ito reconstruction (Lemma 2.6), we
need to construct coherent germs. It is intuitively clear that the conditions 1 and 2 in Definition
2.5 are only technical, and the actually constraining part is the coherence estimate (2.10). In the
lemma below we verify these conditions to the ansatz (6.1).

Lemma 6.1. Let ¢!V and ¢® be a sum of functionals of the form (6.1). Then ag't + ¢ and
agtM¢?, a eR satisfy Conditions 1 and 2 of Definition 2.5.

Proof. Let m>d/2. Fixa T 6R+ arbitrary, and consider the restriction of ¢‘7’ to [0, T]. Take
H = B3 o((x) ™) with s> |u| —|——, so that Morrey’s inequality yields that 0", are continuous

functionals on H. In particular, given a sequence ¢, e, ¢, we have for every € R? and ¢ € C that

(OFp(2))"elPr(®) — (Brp(z))melP ()

62



and similarly for all £ <n and v multiindex with |v| <|u].

As |z <|y[+ |z; — y| < |y| +St(21.(0-1), ), we obtain

H y) DStz -1y, ) Y.

Applying Faa di Bruno to the vertex fields in (6.1) we get P}’ polynomials ¢(z;) and their deriv-
atives. Then choosing 7 large enough, by Besov embedding we have,

1) < Z [IR% (St(w1:0-1), ¥ H Je~S(@9)
L1:(£—1) j=1
= Zuw (W) "PE(6(y) aWWNHH TR,
S

ak 7\sa C
§ 7P llo.,01(y) P (@(y))e S @2W] | 65,
k=0

for some c Combining this with the pointwise convergence above, by dominated convergence we
obtain ¢;(¢,) — ¢;1(9).

On the other hand, we see from the induction on the kernels that ¢ — 7[ J@k) and t— 0 Vi
[€] (v, ) .
are continuous in |||-|||lo,e,, since 7; satisfies classically a differential equation with continuous

coefficients. Indeed, for relevant kernels continuity is trivial, and for irrelevant, note that

[€](a, k)

s s,@ds

k) [(ek) i *

o, (&' o

19890 =31 Pllo.0.5 [ el il Al ods+ [ e el
tAL, tVt,

for some U. ;= [ .S[Uvdv with U, a linear combination of G. s (see the preceding section), hence
continuous in L>°. The case of time derivatives follow by induction, as

at,yt[ﬁ](a,k) :Ut,yy](a,k) +f5ﬂt

and we have |[Ug||p~ < 1.

Combined with the above argument for the bound on |q,[f}(¢) , we obtain joint continuity on

X H o and 0¢q'"!. Boundedness and continuity o an on bounded subsets o
[0,7] x H of ¢! and 9,¢¥. Bounded d continuity of Dygl) and D3¢l on bounded sub f

[0,T] x 'H follow along similar lines by noting that (6.1) ensures that they all depend on ¢ through
smooth gradients and Hessians applied to the point evaluations 94,

For condition 2, note that similarly to the above argument for the bound on !qy](@ ,
an N €N and polynomial P of ¢(y) and its derivatives such that

/(c, - s
()] S ||iAR) (ps(y))e~S@e=W)]|| o, |1

n= sup [Dgl’

v||r<1

D!

Then plugging in the bounds on the kernels [[|y!%(*®)||| of the previous section, (4.12) and Lemmas
4.6 and A.9, we obtain that there exists a N €7 such that

/ 1Q:Dg!

We thus have proven that ag(? + ¢(® satisfy Conditions 1 and 2 of Definition 2.5. Extension to
agVg® is straightforward. O

T

T ~
/0 1Qz 220701y EIIDG 1 [3eds < / (s)Nds < oo,
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Proof. (of Theorem 1.1) Consider the germs qtSm constructed in the previous section. As

we have seen in Propositions 5.3, 5.9, 5.12 and 5.15, they are in the spaces ﬁoo o,y fOr K=

%er and o :=0*§ —w ‘“' . Pick p>1 arbitrary. Then (4.10) yields
[<e* i e =
HZV ] SDt)HLl(Q) < e ¢ y)HLP Q)He ey gv ] (1) HL” ')
|;L\+§R(<‘<) + 1 _‘e -1 .
< (p-1)2 Gla=Ngee

so as 6 >0, choosing

el | R()? S(e)?
0% = T—‘r 8w +(p_1) 8w +1
' 0

<00 (6.2)

ensures that the germs thZ*} satisfy (2.10). Coupled with the previous lemma, this means that
they are coherent; the statement about existence then follows from Lemma 2.6. The existence of
o and the convergence of measures is the content of Theorem 4.4 and Corollary 4.5. O

A couple of remarks are in order.

Remark 6.2. (Sharp estimates) Obviously the Holder inequality we use in the above proof
does not give the optimal scaling for exponentials. Instead, recalling the proofs of Propositions
5.9 and 5.15, we see that the field content of qu(QS) and £V, <€) (¢) is of the form e *?(W) P, ()
with P, polynomial in ¢(y), 11.(c—1) and their derivatives. Thus proceeding similarly to the proof
of (4.11), the sharp estimates

Inl | ®()? 8 el m(a) w5
Hq[<€ <Pt)||L1(Q)§<t> 5t 15, HZV [<e ‘Pt)HLl(Q),S@) Ll 2075 1[%

follow. We chose to include the suboptimal bounds in the above proof and the subsequent results,
since they suffice for our purposes while having simpler presentation.

Remark 6.3. (Required order of expansion) Clearly, the +1 in (6.2) is not necessary apart
from the edge cases where the fraction, without it, Would be an integer. Then using the sharp
estimates in the above remark, recalling that §:=1 ——, (%€ (0,87) and plugging in the saturated

optimal condition |R(a)|3=4n into (6.2), we obtain that the existence of the observable [9#e**(¥)]
in the optimal regime requires the flow equation to be solved up to iteration

(82 ) = [W} (6.3)

This blows up as approaching criticality, 42— 8, indicating the breakdown of perturbation theory,
and also as (32 — 0 due to the allowed superficial degree of divergence blowing up along the
saturation of the condition |R(a)| < %T

The function (in 32) inside the ceiling in (6.3) has global minimum at

(14 T2
4

Brin=————  withvalue
1+ /T+2[p
When |¢| =0, i.e. in the case of the observable [¢?**¥)], the function (2 '_)62(+7f,82)

around its global minimum at the free fermion point, (32, =4, with value 1. That is, exactly at
the free fermion point, even first-order perturbation theory is sufficient to construct the observable

is symmetric

~. and none of the screening theory developed in Section 5.2

in the full optimal regime |R(«)| < %,

is required.

As we will soon see, the above considerations are true not only for the 1-point function ([e’**)]),
but also for general n-point functions ([e?*®W]x[¢* (y1)]x. .. [¢*"(yn)]) With y = y1. .. # Yy, since
polynomials of the field have k =0 superficial degree of divergence owing to their log-blowup. For
products with other vertex fields or derivatives, higher ¢* is needed, so that the decay (¢) ~? coming
from the accuracy o of the germ can offset the other germs’ divergence on top of its own.
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Remark 6.4. (Independence of order of expansion) The previous remark suggests the need
for discussion on whether the observables we construct depend on the order of expansion. Suppose
there exists an £* (not necessarily given by (6.2)) for which the construction of Theorem 1.1 goes
through, i.e. such that
Il | R()?
2 8T

S(a)?

+(p—1)—= S

—076<0 (6.4)

for some p > 1. Then for any 0> 07, by the proofs of the previous section, in particular (5.11),
(5.28), (5.39), (5.48), we have

7
et — (i £
< Z b e Lol ,son(y)>q£}(@t)||m,(m
=1
d L
> oW
=041
2 & 2
< <t>%‘+L;? +(p-1)2e 0

HqF” ) — =)

LY Q)

2R(a)

Jm)
+(p—1) ()\t<> 1)@—1[%:

A

which goes to 0 as t — oo by (6.4). Thus q[gi] ~o ¢=*"], and hence by (2.5) the germ ¢!= recon-

structs the same martingale as ¢I=¢1. In particular, the correlation functions we constructed are

independent of the order of perturbative approximation.

To construct the observable product, we exploit that the germs obtained as approximate solution
on the observable flow equation (2.18) localize deep in the UV. This is the content of the following

Lemma 6.5. Let qE ) , 1 €{1,2} be given by (6.1), localized at y1 # y2 € R?, respectively. Then

there exists a K =K (u;,n;,a;) and C=C(l1,43) such that for all pe[1,00),

_ . VT N ks
He_l<a’%(y)>Tr[Gthyl]<1>(Lﬂt)quﬂm((Pt)]HLp(Q)S<t>K€ = ly1—y2| H Z Hl,ygqu( J’kj)mt,@(éj)

jE1:2 k;<n;

with a:= o Y an:= (a1, ) €C? and y:=1y1 Y y2:= (y1, y2) € (RY)%

Proof. Evaluating the functional derivative on (6.1), we see that after contraction,
Tr[Dq[Zl]< >(¢)Dq[z2]< >(¢)] are linear combination of terms of the form

J TL A 0,116 )P (006101 (6.5)

j€e1:2

for some k; <n;, where P,é‘j,aj(gb) are polynomials of ¢(y;), wéfj), Y1:(¢;—1) and their derivatives
and where &(&, y) is linear combination of G and its derivatives, contracting between the sets
(%1:(6,-1), y1) and (T1:(¢,—1), ¥2). Inserting

1= H Wi (Y5, €1, —1) w2 (5, E1:0,- 1))

jEe1:2
with weight wf defined in (3.4), for any k; € 1: (¢; — 1) and multiindices vy, v2, bound

—9(51)\f3t(£1 «; 4)»!/1)81/1 o2 gt(ﬂfk —O(L2)VESt(T1: (0, —1),Y5)
1

Tr, YTy _ka)e

baltlval _ — | —y1| _ 2 =Yz, —
)y =z Lo 451‘ k1 yl‘e Ty =] e 275 [Tl

2
lval+lvel

Ivaltlval 4 t
< {t)y * eXP< 44\1/v_zg|y1 yz|>€16€1w2
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where in the second line we absorbed into the Gaussian the polynomial obtained from differenti-
ation, and the last inequality follows, with C:=44V*, from

Vi 2 1 4\?* Vi
7|yl—92|—@ < g \/ﬂxkl—xkz\—a +7|3/1—Z/2|—@

t t
= g‘xkl _‘/I“k?z|2 +?<|y1 - yQ‘ - ‘xkl _mkzl)'

Similar estimates hold when the contraction is Gi(zr, — y2) and Gi(y1 — y2), with the corres-
ponding weights w®, estimated trivially by 1. The statement then follows from Minkowski’s integral
inequality, the multinomial theorem, Faa di Bruno, Holder and Lemma 4.9. O

Proof. (of Theorem 1.2) Given 00U) e O)F, by results of the above section we may pick germs

N2 oy )2
¢=610) ¢ ﬁ;”g’m] y; With k; = ‘“Jl —i—w, =130 — k;. Choose

(6.6)

X 1+ %m+8%232:1 S(am)?
éj = (5

for any j € 1:n, so that

n

Olin = /\ (aj — Z Hm> = /\ <€;5— z": /-im> 2% S(aum)? (6.7)
mée(1l:n)\{j} m=1

jELn JjEL:n m=1

Combining Lemma 6.5 w1th estimates on the kernels |||'y[€7](a7’ )|||t,@(gj), of the previous section
and the fact that ¢[=41¢) ¢ ﬁ;f U’m ,y;» for any p € [1,00) we obtain that for any ji # j2 € 1:n,

—i{a1:n, pt(Y1:in) < <O, <&
emHenm ewin Ty D= WYY (o) Dyl "'K”)(wt)] I 7Y
jetm\ L, i}

S(t)Rem eVt

LP(Q)

with a1.p:=a1¥Y ... Ya,, y1..:=11 Y ... Yy, for some K and C = C(6;,, 05, vy, Yj,)- Hence the
conditions of Lemma 2.17 are satisfied and thus we have that the product germ is

q[gel n){l:n) — H q[<€ 1 E ﬁlﬂ n,01:n

J 0 n, Ylin
JjELn

for Kki.,:=> "

j=1
for all 2 # 0 that for any p € [1,00), @ € C", and y € (R?)" pairwise distinct, we have

k; and o1., defined above in (6.7). It is a consequence of (4.10) and |Goo(z)| S1

Hei(a,@t(y) ||LP(Q PZ 1%(Otj)2gt(0)'
Indeed, {a, p1(y)) = (e, B:(y)) + (o, Zi(y)), Z; is bounded in L, and {«, B(y)) is a centered

Gaussian process with variance Z;nkzl oG (Y — Yr)-

Thus choosing p > 1 small enough, by Holder the germ ¢[=¢:»1{(1:%) gatisfies (2.10). Indeed, by (6.7)

||$Vq£§£i“]<lm>(g0 )

. ”Ll(Q) < Hei(m;n,w(wn e Q)He (e@1in, pt(Y1:n)) AT [<ei, n]<1n SDt)HLp’(Q)

"“1 n91:n
;1 1:in,Ylin

< <t>£2;’:1%‘(a1) <t> oLa—1g Hq[<£1 o] (1 n)”ﬁ

< <t>%2?:19f(0¢j) —2[§
and the statement follows. Coupled with Lemma 6.1, this shows that ¢[<%i:I{") is coherent.
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For the existence of the observable product, it then remains to show that (2.13) holds. Denoting

by 747} the canonical Ito remainders (cf. (2.11)) corresponding to the germ ¢[=%410) and by r(t:)
the remainder corresponding to that of the product, we have

Hm< I q[sz;1<j>> ST o
t

jELn jELn

LY()
H q[<€](J _H,too)_ H (Qz[sg;]<j>(90t)+7"§,j<>>o)

JjELn jELn

LY(Q)
< il e+ > | T @70 T %2
Lwla=1:n |[j1€l1 J2€ 12 L(Q)
IQ;AV)

where each term in the sum has at least one remainder r<j2> due to H c1lim q[SZ;‘]U) being cancelled.

The fact that ||rt o ||L1(Q vanishes as t — oo is clear frorn (6.7):

| Tt S ||L1(Q)

< /t <8>70’1;71,71||ei<a1;n,ips(y1:n))HLP(Q)<S>O'1;”+1H6—Z'(alzn,l,Ds(yl:n»quLSeT:n]<11n>(905)”Lp/(Q)ds

1:n>Y1l:n

S /OO<S>:D3;”E; 1\3(011) 72[FdSH [<e1..)¢ 1n>||@>*€1 n Uln
t

and one must choose p > 1 small enough. Now let € >0 and denote by ¢ >0 for which (n+¢)~!+
g t=n"1 For any I WIy=1:n with Ir#0, by (6.6)

H [<571] J) H Tt

J1€h Jj2€12

LY Q)

[<45,1() (j2)

< 1 >\m> 11 20

J1€l J2€l2

i Kj (o, pt(y; —Kj —i{aj,ot(y4 <L
< <t>2g1611 1 H e (@1, (yJ1)>\|Ln+s(Q)<t> 31”6 (ajp,e (y31)>q£ KJ)(%)”Lq(Q)
ji€h

« H <8>—o_7~2—1||6 (g, s (Yjn)) ‘|LH+E(Q)<s>0j2+1He—(a_i27¢s(y.72)>qu£§Z§2]<j2>(<ps) e ds

jo€ls 7t ()
< H HQ[SE;](J)”ﬁ"J"J <t>231611 K1+ 87r =S (ay)? H / w+ O(an) —072—1d8

JELn T Jo€ls
< <t>2j€1:nn874:%(aj)2+zjlef1ﬁj_Zj2€l2gj2

<t>zje1:n“j+ ng-:s g("‘j)z—zme 156528

< () ienn S L

and choosing € >0 small enough we obtain that the germs {q[gj’w >}§’:1 are compatible.

It remains to prove associativity, which, in light of Proposition 2.14, entails proving the existence
of product with germs grouped together. Let P be an arbitrary partition of 1: n. For any J € P,
repeating the argument in the beginning of the proof, we obtain

[<ex
q[<£J H q 1(5) c ﬁ:oJ (,T;]a]’yj
jedJ

for H!].—ZjeJﬁj, OLJ.—YjGJOZj, yl:n-*\—/je,]yjy g .f€j6— Kj

oji= /\ <0j_ Z mn): /\ (6;6_ Z F&m>>8% 3 Slam)*+ Z mt1, o (6.8)

JjeJ meJ\{j} m=1 me(l:n)\J



and that the product Q) := ;e ;90 :=R(¢!=¥1))) exist. Denoting by ¢’ the corresponding
Ito remainders,

Hm<H q[sz3]<J>> ~ I Rgl=en
t

JepP JepP

LY Q)

[T o= o0+l =TT (a=9 00 +7i1k)

jELn JeP Ll(Q)
<l]]J1
< S ey + 2| L= e 11 i
BACEE J1€A J2€ S5 LY(Q)

2
again %, nonempty because of the cancellation of ], ., ¢=417) . Denoting by S(ay)? :=
ZJ csS(a ;)? and adapting the argument above, for all % ¥ .%, = P with % # () we obtain

H q[Slﬁl](J1>(<pt) H ng];z

J1€A Jo€ S

LY(Q)
[<ex,1(J J.
< II 1= (el I] ||r§,§2||mm
J1€A J2€ I
[<e3](J > jn11+‘ I+e S(agy)? lP‘:ES?(aJ )2—0y,—1
S H |q=* :o‘] UZJOLvaJ<> 1€ H 2 2 ds
JeP Jo€ Fy

P
<t>HJZJEP‘S(aJ) s eI T 2 g 5202

{t)

where the last line follows from (6.8) and .#; N % =0. Since |P|<n, choosing € >0 small enough

%7:“0(0[1 n)2—1

S
S

we obtain that the product % e pQ(’) exist; it then follows from Proposition 2.14 that

*jel:nQ(j) = *JEP(*jEJQ(j))

for any partition P of 1:n, as requested.
The claimed algebraic properties of the product then follow from Proposition 2.14. O

Remark 6.6. Combining the compatibility of the germs with Remark 6.4, it follows from Propos-
ition 2.13 that the observable products do not depend on the order of perturbative approximation.

Corollary 6.7. The space of multilocal observables

ﬁrlr/l‘{oc Span{*gel nQ(J)( ) ne N Q(J) S ﬁlocv Yi 7& y] lfl 7& .7}
18 well-defined.

7 Smoothness of correlation functions

This section is concerned with the proof of Theorem 1.3.

In the above section we saw that there exist ¢/) := g!=%1¢) coherent germs for Q) given by the
ansatz (6.1), such that (¢‘™,..., ¢™) are compatible (cf. Theorem 1.2). By Ito reconstruction, we
have

QD (). . QM () = a5 (p0) + E / 2Vl (ps)ds (7.1)
0

with ¢ = ngl n ¢ the product germ.

Both of the above terms contain reference to the germ kernels %W“”“) . The difficulty of the proof is
that such kernels are not smooth in the localization point y. Indeed, differentiating the kernels in y
may destroy the inductions of Section 5: looking e.g. at (5.18), one obtains a term with 0y G (v,
£1:(¢—1)). The following simple example shows that there indeed exist non-smooth germ kernels.
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Example 7.1. Let o> 0 real and consider the kernel ~;:= 7?](51, y) for the vertex field with

01:=—1. With r:==z; — y, the covariance is
. o2 82 . .
Gl =560+ 5600~ asi(r) ),
Referring back to Lemma 5.5 and (5.20), we have, for a nonzero constant C(t) depending on ¢,

() =C(t)as / TG, (1) = O (t) e~ — 1),

As |r| — 0, we have

1 o0

1 —m? *E‘TPd 11 2
= — - s 4 = — -
e e s = Log(rl )+ )

gt,oo(r)

af
for g:(-) uniformly bounded. Hence ~¢(r) =, |r| ==.

To circumvent this problem, we have to shift all derivatives away from the germ kernels. This is
possible by the following simple but crucial

Lemma 7.2. Let ,Yt[é](a,k) be a kernel obtained in Section 5. Then for any h € R?,

fYt[é](CE’k)(o.l:(f—l)vxl) sy Le—1, y) = 71{@](017@(‘71:(@—1)7731 + h’7 sy p—1 + ha y+ h’)

Proof. It is straightforward to see inductively from the flow equations for the germ kernels

(Lemmas 5.1 5.5 5.11, 5.14) that they inherit translation invariance from the fluctuation cov-

ariance g't and the potential kernels vy]. O

Proof. (of Theorem 1.3)
To simplify notation, write I:=1: (£ —1).

Smoothness of g{™ (o)

Fix an arbitrary charge configuration ;. Denoting by

(b(yvxf) = (bk(y)ela(b(y)l_[ p(x])e’éﬂ03¢(azj)’
jelI

the field content, by translation invariance
/’Yy](a’k)(ﬁfby)aﬁ,zq’(%xf)dwli/’Yt[e](a’k)(zb0)[35,1‘1’(217$1)]m1:y+z1d21-

Since ¢o =0, we have that go(o) is a sum of terms of the form

/ 76O r, 0)[0F ()] ay= g+ 2

Since p € C§° and the kernel estimates imply *y([f](a’k)(-, 0) € L, by the Leibniz integral rule we

obtain that y+— qéj)(cpo) is smooth.
Smoothness of ]Ef;o,i”vqgl:")(cps)ds

The generator of the product is

2 =3 2V T o+ 3 TEDgDg®) T o,
J k#j i<k r#j.k
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Recall from the proofs of Section 5 the formulae for (Dgl’(¢), G, R ~)): we have
<qu](¢)v G’tR)[£>(Z*7Z)]> = Z /’}/t[a(a’k)(gfa y)Tt(¢7 5]7 y)dfj
R£>(é*7

with Y; functions depending on point evaluations of Gy o1, By translation invariance,

/yy]("’k)(xf,y)Tt(da,xI,y)de = /VEZ](a’k)(ZI,O)Tt(¢7ZI+y,y)dzl-
Hence we have, for any v multiindex, that
ay(Da(9), GoRy Ty =3 / VB (&, 005 (o, & + y, y)der

where the validity of the Leibniz integral rule is checked similarly to the end of the proof of Lemma
5.10. Then

o+
Sup”€_la‘Pt y)aujv <Z] <,0t ”LP(Q < Supz ||e—ia¢t(y)8§<Dq¥]’GtRL>(£*7Z)]>||Lp(Q)
Y e -1
Ieltlvl 5 (p*— 7.2
S SUPZ I eo@@)y = 0% (7.2)
Y op=1

[v] ks
S <t>7+n %8 1[g

[1] §l‘f(a)Q = S(e)?

-+ o ) with constants

for any p>1 with the standard « of the previous section (i.e. k:=
independent of .

Similarly, we may shift the derivatives away from the kernels in (6.1) to the field content to obtain

sup||e” i) gy [<Z (ot <)z Mg (7.3)

Y

M ere) S

Fix a compact K C (R?)"\ Diag,, and let ji # js € 1: n. For any multiindices v, vj,, we may
shift the derivatives away from the kernels in O;jiazjor[GthF@l] <j1>(<pt)Dq£g;2] <j2>(<pt) to the

field content and the heat kernel contraction G; (see e.g. (6.5)). Thus denoting by a:=aj, ¥ o,
Y :=Y;, ¥ yj,, the proof of Lemma 6.5 goes through and we obtain

sup_||e @)y a] GuDgl= Y (0 Dgl=H U ()|
Y1:n €K

sup (t)
Y1:n €K B
< <t>Mefc'\/de

LP(Q)
Mg =CVEyj1— Yol (7.4)

A

for some M depending on vj,, v;,, where

di = inf m1n|yJ yr| >0
Y1:n €K j<

by the assumption K C (R?)™\ Diag,.

Fix m € N. By choosing ¢} = £;(m) large enough, (7.2), (7.3), (7.4) and Lemma 4.6 yields that for
any multiindindex tuple v =wv4,..., v, with |v| <m, we have

/Oo sup ||8;’11...8;’ZZVS<1" (s) ||L1 yds < oo
0 y1..,€K
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(cf. the proof of Theorem 1.2; see also Remark 6.4). For each fixed t > 0, the bounds above also
imply continuity of (y1,...,yn) — Oyr...0". LV S<1=”>(%) in L1(2). Thus we may differentiate under
the integrals in (7.1), and the statement follows from dominated convergence. O

A Heat kernel interpolation

A.1 Heat kernel estimates

Here we collect some standard heat kernel estimates. Recall that QS and k? denote the L? integral
kernels of G and Qj, respectively, cf. (2.7). Since the bounds are needed mostly for the part of
the paper concerned with the special case of the sine-Gordon model, we take d =2 unless explicitly
stated otherwise.

Lemma A.1. There is a uniformly bounded function h such that
Gi(0) = —log(1V t) + h(t)
W) =71 g

Proof. Simply split

1 [Nt m? Lis1 1 2
60 = g f T B2 [
_ L 1/\t87167w:2ds+]lt>1 tsf1<6*%271>d3+]lt>llog(t) -
4 0 Am 1 o

1
=: h(t)+ Elog(l Vi)

Lemma A.2. For any ¢,n,a >0, we have

[ Gl 5 07
R2

Proof. Indeed, since ¢ >0, going to spherical coordinates yields

m2 t )
/ Gu(w)e Tl @)z g ¢ le / e TTE PV a7y ndy
R2 R2 O
SRR
Lemma A.3. For any s € [0,2] we have
sup [94Q) —%gt(x) <(yF !
z€R? ‘ZL"
Proof. Using 1 —e “<1Awu for u >0, we have
s w2 1 _ olzl? m?
G:(0) — Gul) =t leT ¢ lze ¥ St_16_7(|$|_%/\£|33|2_”)
ks ks 4
and the statement follows from splitting the cases x| <2/+/T and |z|>2//T. O
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Lemma A.4. Fir an arbitrary o € (0,1]. For any x € R? and any t € R, we have

1Gu() — Gu(0)] S || ()= . (A1)

Proof. Let ff*R; —R be given by ff(y) ::t_lexp<—$—%y2/a>. Then

2

2_q4 _mZ _t 2/«
|V 2] =< ye e e 7Y

attains its maximum at y* = Ct~*/2 so for all y € R,

m?2 371
2

LfE(y) = fEO)| Sy sup [V ff[Sye Tt
yeERy

We then conclude from G; being radial and noting that with = || we have Gy(z) = f(r®). O

Lemma A.5. For any multiindex i € N3 we have

el g

10#k2 ) S (s)% (A2)
Proof. Denote g .= ¢~ 2"%, Note that gs= g1 0 f where f(z):=,/sz, thus by chain rule
7l
Ogs(x) =52 (0"g1)(Vs2). (A.3)
Hence
el lul=a . lul-a
00l = [ joraolas =% [ [@tg)(rn)ide =5 [ [@rg@zss T O
Rd Rd R4
Lemma A.6. Let u€ N3 multiinder. We have for any s €R,, ¢ >0 that
. . m2 |ul-1
|0#Gs(x1 — y) — OFGs(xa—y)| S |aa fx2|efc\/g‘””1*y‘ec‘/§|117“'67 Ty
_m? |p|+1
|8#l€sQ($1 — y) —6“k?($2— y)| § |$1 _x2|€75\/§‘z1*y‘ec\/§|11*932|6 2s g 2

Proof. Denote by z;:=x; — y. Taylor expansion yields with z(¢) := 21 — 9(21 — 23), ¥ €0, 1]
. . 1 .
|0#Gs(21) — 0"Gs(22)| < |21 — 22\/ VO Gy(2(1))|dY.
0

We have |z1| =21 — (21 — 22) + F(21 — 22)| < |21 — ¥(21 — 22)| + |21 — 22|, so as ¥ €0, 1]
—|Zl—19(2:1—22)|§|21—2:2‘—‘Zl|. (A4)

On the other hand, since for all 5> 0, r €R it holds that exp(—br?) <exp(c?/4b)exp(—cr), choosing
r:=./5|€|, b:=1/8 we have for all £ that

lp|+1 m? [p]—1 m?

IVOHG,(&)| Sps 7 e B e s, s 7 e oVAlEl

Combining this with (A.4), taking & := 21 —9(z1 — 22) we obtain

. |p|—1 m?2
VoG] S 55 VIl evAlnl
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proving the estimate for Gs. For k? , we proceed the same way. O
A.2 Proof of Lemma 3.5

Proof. (of Lemma 3.5) Recall that we want to prove the following: given ¢ < s, there exists a
constant C' such that for all 21, 29, 2 € R? with |z, — x| < |2 — 2| we have

Gr,s(xp = 2) = Gr, (1 —2) < C.

If |zg — 2| <|xp — 2|, then
Gt s(xp — 2) — G, s(zg — 2) <0.

Thus from now on assume |z, — z| < |zy — z|. Denoting by r:=|zs — x|, if r=0, then
Gt s(xy—2) — Gt s(xg —2) =0

so that we may assume r > 0. Then we split the scales [t, s] according to r:

Gi,s(wp— 2) — G, s(xg — 2)
S

= [tz Guln—2) ~ Guleg —Ndut [ 2z (Guln—2) — Guley — )i
t t
= Ilow+Ihigh~

In the low region, the Gaussian is flat and the mean value theorem is a good approximation: using
(A1)

|-’Zlow‘

N

r/ Tiu<r—2(u) 2du
¢

1
r(sAr=2)2
1.

NN

In the high region we exploit the exponential decay of the Gaussian: since r <|z, — z|, |z — 2|

|Ihigh| < 2/ 1{u2r72}|g.u(r)|du
éo m2 2
< / ule we “Tdu
—2
" 00 -2
hS 1+/ ule” T du
r;j\/l
hS 1+/ wle™vdw
1/4
= 1+ E(1/4)
yielding the statement. O

A.3 Scale decomposition of the free field

In this section we prove some standard technical results about the heat kernel decomposition
By := f; QsdW, of the Gaussian free field.

For the Wiener integral |, g QsdW; to be well-defined, by standard infinite-dimensional stochastic
integration theory [20] we have to show the following three properties:

1. Qi€ La(L?H) for every t, i.e. Q; is Hilbert-Schmidt when viewed as an operator from L?
to H.

2. The process (Q¢):cr, is predictable with respect to the canonical filtration of W.
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3. For every T'€ R, it has to hold that
T 2
P{/o QellZ,(L2ydt <oo | =1.

We take H to be the weighted Sobolev space H := Bj o({z)~¢) with k,£>0.

Lemma A.7. Suppose {>d/2. Then Q€ Lo(L?H).

Proof. By the Fourier multiplier property of the weighted Sobolev spaces (cf. subsequent remark),
for an ONB (ey,)nen of L2,

1Q:l1Z,(220) = Z ”QtenHHAZ () "H=A+ 1P 2Qq enl|72=[|(-) "H—A+ 1)*/2Qul|Z (12 12)
neN neN

That is, Q; is Hilbert-Schmidt as an operator viewed as L? — H if and only if (-)~4(—A 4+ 1)*/2Q;,
viewed as L? — L2, is Hilbert-Schmidt. Now consider the kernel

)¢ e2-m2\1/2
Ki(x,y):= EQET)dAW(Ié“IQH)’“”(%e' . ) W= 8de = (2)F L Hy) (z — )

=H(§)

Since H; € S(RY), we have that F~}(H;) € S(RY), and a standard computation involving polar
coordinates yields ||<$>_€H%2(Rd) < oo when £>d/2, so

K ellZ 2@y = 1)~ 22 @ay |7~ (He) 122 ma) < 00
Hence by Theorem 2.11 of [45], it defines a Hilbert—Schmidt integral operator A;: L? — L? with

1 Atll £or2; 12) = [ Kt|| L2 (ra xR

On the other hand, for any f €S,

(@) UQU-A+D2])(a) = (a)1F (<|s|2+1>'5(; gi”‘g)%(f))(x)

e [ e+ 03 (e ([ e say e
o A NGRS ( L )Qe“w@f(y)dyds

- [ (g}r)” /. (s|2+1>'5(,}2 e )ze“w@d&)f(y)dy

[ e

M

so A= (z)tQy(—A+1)F/2, O

Remark A.8. Weighted Besov spaces B;:Z’ are defined by multiplying each Littlewood—Paley
block with the weight function, “inside” the LP and ¢? norms. However, it can be shown (section
4.2.2 of [25]) B; , is an equivalent norm for B;’;". Moreover, it is well-known that
unweighted Besov spaces for p= g =2 coincide with Sobolev spaces. Hence, in particular, we have

1 llBs:y = 5= (A +1)*2(w f)| 2.
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On the other hand, by Proposition on p.158 of [25], we have, just as in the unweighted case, the
Fourier multiplier property

1f1

o= (A + D 2(f) gk

Hence

X

I(=A+1)*2(wf)lle> = | flpge
I(=A+1)"2(f)l| g
lw(=A+1)*"2(f)llg,

= Jlw(=A+1)"2(f)||r:

X

X

Lemma A.9. Let {>d/2 and H:= By =B5,((x)~). For all TER,, if k+d/2>1, then
T
E[||BT||2»1]:/() 1QlZoL220dt Sek,al+ T2 (A.5)
ifd=2, k=0, then

T
E[||Brll3] = /O 1Qel|Z 51270yt Sek,a1+1log(1V T). (A.6)

T 2 T
]E|: / Qsdm :l :/ ||QtH%2(L2;H)dt
0 H 0

is the infinite dimensional version of Ito isometry (see e.g. (4.30) in [20]). To prove the estimates,
we use the previous proof, a change of variables (z,y) — (z', 2’ — y’) and Plancherel to obtain

Proof. The fact that

T T
/ 1QuI2, eyt = / / / () F(Hy) (@ — y))2dedydt
0 0 R2J R T
= ) Bag / |51 oyt

< Ty =—m? ) L ol
<r 72¢ t (I€1F+1)fe = d¢ |de.
0 R

Now we focus on the d part of the above integral. Considering the change of variables &+ /¢,

/“5'2“)’@65'2(15#/2/ (tl€]2+ 1)ke 1€ dg
R4 R4

=7

Split

I:/ (t|£|2+1)’fe"5'2d€+/ (t]€]% + 1)k €A = T+ 11
t]€[2<1 t]€2>1
Now since e~ 1¢/” <1, we have

1 d
Irg/ 2’“6*‘5|2d§§2k\/old<t75>§k7dt75
lg|2<
thus
Tl —m2 T —m2
/ e+ t12Idt < / t72 ¢ dt < 1.
0 t 0

On the other hand,

II < / 2’“f’“(|s\2>'fe—lf‘2dfs?’“’f'“/ € [PRe~IEAg Stk
tlg|2>1 Ra
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since Gaussian random variables are in every LP. Thus when k+d/2 —2> —1, we have
Ty -—m? T -m?2
/ ﬁeTtdﬂMdt < / thtd/2=207qt <y, g TRHA/271 (A7)
0 0

Putting everything together,

T T T 2
1 =2 _
/ ||Qt|\%2(L2;H)dt§£/ HHtH%%Rd)dt:/ ¢ 421+ I)dt S 1+ THF4/271
0 0 0

proving (A.5). The bound (A.6) follows similarly with the term t**%/2=2 in (A.7) being replaced
by ¢t~ L. O

Thus, as (Q¢):er, is deterministic hence predictable, we obtained that the stochastic integral is
well-defined, and also get by standard results the following

Corollary A.10. For any t < oo, B; is a Gaussian random variable with covariance operator
ng?ds, and By € H almost surely.

B Calculus on the space of germs

B.1 Computing the trace

Consider F', G Frechet differentiable functionals on H. Recall that by Riesz—Frechet representation,
for any F € C2(H;R) we have the identification of D?F|, € L®)(H x H;R) with DQFH; € L(H).
Similarly, given F,G € C}(H;R), the continuous bilinear form

(v, w) = DF[4(0)DG|g(w)
is identified with a bounded linear operator DFDG |2) on H:
DF|4(v)DG s(w) = ((DFDGI ) (v), w),,.
Lemma B.1. For any F € C*(H;R) we have
TonD2F[EQuQ1) = | D2FI(kE(—2), k(=)

and for F,G € C}(H;R),

Tru[DFDGIQiQ1] = | DFI(KA(—2)DGo(k ().

Proof. The kernel representation of Q; ensures that for every f & L2, h€H, by continuity of the
Bochner integral and ||k (-—2)|3 € L3(dz),

(@it £z = (0, Qufye= (1, [ f(Z)th(~—2)dZ>H= JECI e

Thus Qih(z) = (h, th(fz»H for almost every z, thus applying the kernel representation again,

QuQih= / KQ(—2)Qih(=)dz = / KQ(—2)(h, kQ(—2))pedz.

76



Consider a bounded bilinear form b € L(?)(H x H;R) with RieszFrechet representation A € L(H),
ie. b(v,w)=(A(v),w)n. Then for (e,)nen ONB of H, u=3"_(u,en)e,

Trp[AQ:Qi] = ) (AQiQien, en)n
neN
= Al K2(—2 €n, tQ —z Z,6n
Z< [HEC=en Rz )
= [ 3 (ARRC=2).codmlens B2

neN

_ /XAk?c—z%k?C*z»Hdz
/ b(kQ(—2), kQ(—2))dx.

Here the interchange follows via Fubini from Cauchy—Schwarz, Parseval, and the aforementioned
fact that ||k2(-—z)|» € L2(d2):

Y HARZ(=2), en)rlen, ki (-—2))nl

IN

¢Z <Ak?<-z>,en>ﬁ2¢z [(en, k2(—2))nl?
2

neN neN neN
< N Alzeollke(—=2)3
Applying the above computation with A:= DQF{gs and A:= DFDG|§) yields the results. O

Notation B.2. It follows from (2.7) that
[ F = Ok = 946 =K (@ — ) = Gue — )

thus we write Gy instead of Q:Q% to mean the contractions of Lemma B.1.

Indeed, to highlight the effectiveness of the above abuse of notation, consider F' and G to be point
evaluations at x1, z2 € R%. Then DFDG|p =0z, ® bz, and thus

Try[DFDG|}Q.Q7] = A Gy (k2 (-=2)) 0y (K (- —2))dz = i1 — 2).

More generally, for functionals F:’H — R that depend on a finite jet of ¢ at a point, we have the
following computation.

Example B.3. Fix m € N and consider F: H— R given by

F(¢):=f< ® 8“¢(fﬂ)>=f0< ® <5woaa>¢>

la|<m la|<m

for an f € C?(RY;R) where N = N(d,m) €N is the number of d-dimensional multiindices of order at
most m. Note that this includes, as a particular case, every constant coefficient differential operator

P= Z\agm%ﬁa with the induced function fp(a):= vazl via; for all a € RN, Here H := Hé”m
where k = k(d) is the smallest integer such that Hf < C continuously (Morrey’s inequality).
Then chain rule and linearity yields that F €C!, and DF|4 € L(H;R) is given by

DF|y = Df|(®a<m,(5108“)¢)o< ® D5”3|BQ¢OD6Q|¢>

lo] <m.

<Vf< ® (aa¢<x>>>,-> ( ® @oaa),
jal<m ax  \lal<m
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that is, denoting by ®p:= ®‘a|<m (0% (z)) € RV, we have for every v € H that

DF¢v:<Vfd>F ® v( > )
]RN

la|<m
Thus
Try[DFDGIAQ:Q7] = (DG|s@DF|y,Gy)
) < Z Caf’agaaf6z®aagay’ét>
lag|<my,lag|<m,
with

Cagia, = (=1 VT f(@p)a, - [Vg(@6)]a,

where [V f(®r)]a, denotes the partial derivative of f corresponding to the multiindex ay evaluated
at (I)F

B.2 Flow equation computations

Proof. (of Lemma 3.1) For simplicity we will sometimes suppress the UV cutoff T' in the
notation. Of course

85%[8]:8s/v£e](§1zf)u)lzlp(xl:l)dgl:l:/asvie](glzl)wlzfp(xhé)dgl:é

and
Jaan! = gujeo( [ v”](«su)wmpme)dsu)}

N -
= / (&1:0) Z 0jokGs(2; — ox)P1.ep(21.0)d €10

7,k=1

/Us[e](&:e) s(§1:0)V1.ep(21:0)dE1 e

Noting that

51 €2
<Dw1:217 GSD¢1:Z2> = <Z iﬁgjézjwlzlla GSZ i60k51k¢1:22>
=1 k=1

y2% 2

—07) Y ojowGs(w; — xr) e

j=1 k=1

= 2@3(51:[17 51:z2)1/)1:z

we have, via permutation invariance of the kernels, i.e. e.g. Uyl] (&1:0,) :vEﬂ(%z) whenever {1 + o=
£, that

%<Dv;[zl]’ .oy
= %<D/’U‘yl](é-l:h)wl:@lp(l'l:&)dgl:fpGSD/’UyZ](51:52)¢1;£2p($1;g2)d61;g2>
= // [Zl 51 Ha wl elp(xl @1) (51 HaY) gl 52) (&1 [2)’(/)1 @2p<1;1 fz)dgl Z’dgl o
/Us IE1:0)GalErty, E1:)0 ™ (E1:0) Yrep(@1.0) Ao,

Thus, the equation (2.20) is satisfied if v,[f}T is such that

dwir(61:0) + i (E0GH &) = Y Cnnot () Guén, en)vl R (Er) (B.1)

LigIa=1:¢
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with C)7,|,|1,| combinatorial constants.

(4]

It remains to show that if vy 7 solves (3.3), then it satisfies (B.1). For brevity, we denote the right-
hand side of (B.1) by fi, so that (3.3) reads as

)

ULZ]T(& )_UT (€1.0) GtT&lz)_/ fth s(€1:0) .

The Leibniz integral rule says

b(t) b(t)
8t/ h(t,s)ds=h(t,b(t))0:(t) — h(t,a(t))Owa(t) + Oih(t, s)ds

a(t) a(t)

so in particular with a(t) =t, b(t) =T we have

Hence

all(€1.0)

as requested.

T T
at/ fsthYS(glzl)ds = _ftth't(&:Z)—"_/ fsate‘gt,s(&:z)ds
! t
T .
= 7ft+/ fsth,,s(glzz)(iGt(glzz))ds
.t T
= _ft_Gt(fl:e)/ foeCre(erads,
t

= OV p(€rg)eBrr &) / FucCrolEr0dg
T
= v’gé],T(gl:e)th’T(gl:z)(_Gt(gl:f)) + ft+Gt(§1:g)/ fser,S(flze)dS
t
. . T
= U¥],T(51:Z)eGn,T(§1:z)(_Gt(fhe)) + fi— (_Gt(gl;z))</ fseG’"S(&“")ds>
t

. / T
= <—Gt<51:e>>(v[TlT(gl;AeG«T(fw— / fser«’s<&:2>ds>+ft
t
= (~Gilr)vi,r(€e) + fi

Proof. (of Lemma 5.1) From (5.2) compute

DFS[’Z]T = Z ’yf]( )(51 (-1, ¥)P(y)* 1o,

kiO
D = 3T k= D (G 1), v)6(9) P20, ®6,)
Dyr.o-1y = iﬂz 00 010~ 1)

M.
,_.

e-1 -1
D1y = =2 > 050k(0u; @ 6 10— 1)
=1 k=1

Then from (5.1), as

D%

S

m’T(éﬁ):/Fs[,e]TDz%p:(Ln+¢f:(fzf1)D2Fm + 2DV DY, yduse—1)
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we obtain

1A qg]’T(éf’) = /1/11:(471)2 ’Ys[tj]z(ﬂk)(&:(zq),y)¢(y)st(§1:(efl))dfl:(eq)

2
+ [bre 1>Z AP e ) $()F 26 (0)dEr o1
+ /¢1 (- 1)2 k%[]T( : 1), Y)S(W)" 1285 (Er0— 1), y)dEree—1)
Moreover, as
/1/’1 o— 1)DF +FS[£TD1P1 @ —nd&: -1
and
// 1" [/,
v =ip Z / L) (1,00 0j5zj¢f;e~M(b)($1:e~)d§1:e~
bem:
(b)y=0"

we obtain for £/, ¢” such that ¢/ + ¢” =¢ by the symmetry of kernels that

(Dg", G, DV )

= > <USV O (100 Moy (21.00) 28B4 (§1:0, ) Z DErw—), )¢(y)’“_11/)f:(e_1)>
beMm: k=0
o(by=t"

+ Z <v£e”](b)(51:4")M(b)(331:e//)2Gs(§1:(e/1)»51:@// Z Mg, (=1 Y), ¢(y)k¢f;(g_1)>
beM: k=0
o(by=£"

hence the differential flow equation (2.19) for the coefficient of field content ¢y, ,_1) can be written
as

3

3" 0P o)k + 1K (1) Gl 1 e 1)

k=0

30 BEELL 096426, 0) + 280 () 1o, )

2
k=0

3

= > ST OO L) My (o) Bo(ér )Y Bl P (e, 1wy o(y)
IilgI>=1:£ beMm: k=0
£(b)=|1I2|

+ Z Z C\h\,\12\’0‘5]2”(1))(512)]\4(6)(xfz 511 175]2 Z ’79|II 511 lay)¢(y)k

IiigI2=1:4 beMm:
£(b)=|I2|

Matching powers of ¢(y) we obtain a system of equations for the kernels where corresponding to
#(y)* we have

Os f];pk)-i-G (§1:¢e—1))7s [ y[e]T(k)
and the statement follows from the Duhamel principle similarly to the proof of Lemma 3.1. g
B.3 UV stability estimates

Proof. (of Corollary 3.15) We are going show that for € > 0 sufficiently small depending only
on [, it holds for all t € R that

os 1S — ol o0y, S Aee(t) "1 M) 2 (8)=(T) = (B.2)
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The identically zero kernels, i.e. those w1th a €M\ M, and »(a)=1, are trivial. For the nonzero

[1 ](a)

kernel at £=1, the limit is vy )\egﬂgt( ). since ¢ — At is increasing,

A1 ¢,
HlUP,L(o ) U)El]lga |||t |)‘t_)\t/\T| ]l{tZT}p‘t_/\T:)\t]l{tZT}(l )\t> /\tﬂ{t>T}(1_€2 G, (0 )>
and using that 1 —e % <z for £ >0 and Lemma A.1

2 2
o) — ), < Atn{tZT}%gT,t(o) <AlsTy g—ﬂ(log(t V1) +C) S MG (t)(T) <.

[€](a)

Moving on to ¢ > 2, referring back to Section 2.7, we are going to show that the limits v; satisfy
vg]o(oa) = / er’Sﬁﬂs(f;g ds if aissuch that v%é]’(Ta) =0
, b (B.3)
v;goa) = — / ﬂ(‘;)j ds otherwise,
0

where <7;(?X)J are source terms obtained from the limiting kernels; since the system is triangular, we
may proceed inductively. Since bounds of (3.29) are uniform in T, they pass to the limits.

For kernels with irrelevant boundary conditions we have

[e%¢) T
pl®) @) _ / ere. (@) ds — /Y(T)d

_ /me@t,sy[a(de/T Sin( @ _ goll@)) g
tvT 500 tAT 5ee *
= I+1IL

The first term is bounded via Proposition 3.14:

o0
Mleew < /
tvT
»x(a)

AR AT ) ) ) T ) s

vT
=@
S /\le)\t\%‘)\th()\tVT@ VT) ) NGy (tvT) 2

e N [EAE S [NEARE

A

_x(a)

Now choosing € >0 to be small enough, depending only on d, s — )\;lxb\s()\s ()™ (s) T2 (s)
is decreasing when i

€

1—@5—|X\(1—5)—%a)+€<0 — ({U>H)V(x|=1)V(x(a)=1)V(6>1/2)

since 6 >1/4 and ¢ > 2; all irrelevant kernels satisfy this condition. Thus
1\¢—1yc —zla) € —€
LIl e,000) S Ae(AeE) =) T E(E) = (£)=(T) =

To estimate I, we streamline notation by defining <<vs“71711”( ), £|IT1”(C)>G, \Ila> via

<D<v£\7175\](b)7\1, > el D<v [112](c) .U, >> <<U

7

where ¥, denotes the field content arising from contracting ¥y and ¥, in the final representation
(that is, possibly after a nontrivial post-processing as in Lemma 3.8 or the lowering of the degree
of divergence as in cases 2. and 3. of Proposition 3.14); That is,

<<5ﬂ5[74]T(a)7 W,) = <A?i(vs[li]}d)), \I’a> + Z <<U£I7171\](b)’ UB,I%H(C)>@ \I’a>
LWl,=1:4
b,ceM
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where A‘,‘i(vs[lf]q(«d)) = A(UE]T(%)) introduced in (3.17).
Then using Proposition 3.14 and the induction on (B.2), by the linearity of A% we obtain

»(a)

1 AG(01DY — AB(lTBY 1 S A () ™) (s) T2 ()7 (T) 5 (s) ! (B.4)

b}

and by the bilinearity of <v£|I:,1~H(b), vg%”(c)>G

) Sy

UL®) [0y, Il®) [T
v, )¢ (s, )ells
I I.1|](b I>2]](e I I I2|](e
ey 112 B q) sn,zm >>G,< éu LE) ) ey (B.5)

Aa(ha{s) )0 UE(s) T (s) (T~ ()~

T
Il < / S
/\|t><|/ AT ()11 ) 22 ) T ¢ ()L
t

A(Ae(t) DR T () (T)

N N

so that

A

Lol A1 — FILD| L o 0yds

A

N

as requested.
It remains to treat kernels with relevant boundary conditions. In the regime we are working in,

the only such kernel is the one arising from the =2, x(&1.2) =0 dipole when ¢ € (%,%], cf. the
discussion preceding Lemma 3.8. Then

/ 4 tAT t

T R L
Ot/\T 7 0 t

| e - A [ A
0 tAT

The first term is bounded via the induction on (B.2) and Proposition 3.14 similarly to (B.4) and
(B.5) and using that the source term is local:

N

tAT o o t _x(a)
/O 1714 — 0@, s /O Ma(re(s) =) ME(s) 5 (5)F (T) < (s) ~Mds

< M) TR () (T)

~

(B.6)

since the integral diverges when the kernel is relevant (recall the proof of Lemma 3.9). The second
term is trivial: again by locality and Proposition 3.14,

t _x(a)
/ 179, o0ds S Ter<ahe (et 15 (E)
tAT

and we conclude from 174 < (t)*(T") °. This completes the proof on the claim about the kernel
limits.

To prove the statement about Vm’oo(qb), note that (B.3) implies that the limiting kernels satisfy
the same differential flow equation as the UV-cutoff kernels, and that the symmetries, in particular
permutation invariance also extend to the limit. Thus we may conclude from the first part of the
proof of Lemma 3.1 and Lemmas 3.8 and 3.14. O
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